CHAPTER I

Preliminaries

81
Set Theory

We assumdé¢hat the reader is familiar with basic set theory. In this pa
ragraph, we want to recall the relevant definitions and fix the notation.

Our approach tget theory will be informal. For our purposessetis a
collection of objects, taken as a whole. "Set" is theredocellective term
like "family”, "flock", "species", "army", "club", "team" etcT'he objects
which make up a set are called #Hementof that set. We write

X €S

to denote that the objexis an element of the s&t This can be readx™
is an element d¥', or "x is a member o%", or "X belongs t&", or "X is in

S", or "X is contained ir5", or "S containsx”. If X is not an element 4,

we write

X & S.

For technical reasonsye agree to have a unique set that has no
elements at all. This set is called grapty seand is denoted by.



A setS is called asubsetof aset T if every element ofS is also an
element ofl. The notation

ScCT
means tha$ is a subset ofl. This is read S is a subset ofl, or 'S is
included inT", or "Sis contained iT". By convention, the empty s@tis
a subset of any set. 3fis not a subset af, we write

SZT.
This means there is at least one elemeSBStwafiich does not belong t©

If SCTandTc S, thenS andT have exactly the same elements. In this
caseS andT are said to b&lentical or equal We write

ST

if SandT areequal sets. Whenever we want to prove that two $ets
and T are equal, we must show thats included inT and thatT is
included inS. If S andT are not equal, we put

S =T.

If SCTbutTzS, thenSis said to be groper subsebf T. SoSis a
proper subset of if and only if every element & is an element ofl
butT contains at least one element which does not beloaglitee nota
tion

ScT

means tha$ is a proper subset of This is readSis a proper subset of
T, or "S is properly included i, or "S is properly contained im". By
convention, the empty s@&tis a proper subset of every set except itself.

Some authors writ8 =T to mean thas is a subset of, the possibility
S=T being includedand$S = T to mean thaf is a proper subset dt

The reader should be careful aboutrtieaning of the symbol=™ he or
she uses. In this book;™ denotes proper inclusion.

Sets are sometimes writtéy displaying their elements within braces
(roster notation). Hence

{1,2,3,4,5}
is the set whose elements are the numbers 1,2,3,4 ahdibusly, only
those sets which have a small number of elementbeavritten in this



way. In many cases, the elements of a $etre characterized by a
propertyP and the set is then written
{x: x has property}.

In this book,N ={1,2,3,...} is the set of natural numberg, = {0,172, ..
.} is the set of integer§) = {aB :a,b € Z, bz 0}isthe set of rational num

bers, R is the set of real numberg, is the set of complex numbers.
These notationsare standard. Some authors regard O as a natural
number, but we agree thateONin this book.

Given two set$ andT, we consider those objects which belon§ tor to
T. Such objects will make up a new set. This set is calledinifan of S
and Tand is denoted byyu T. We remark here that 'on' the definition
of a union is the logical 'or'. Let us recall that
'‘pord is true in casep' is true, ' is true;

'P'is true, ' is false;

'P'is false,q' is true;
ad

p orq is false in case 'p' is false, (' is false.
Thus we have
SUT={X: xXeSorxeT}

In particularSUT=TUS.

If we have set§,.,S,, ...,S , their unionS, U S, U ... U S is given by

S;US,u...US ={Xx: xXe§ orxeS§,or...orx e S}

n
We usually contract this notatiointo iL_J1 S, just like we write ) g

i=1
instead ofa, +a,+ -+ +a_ . More generally, if we have se$s indexed by
a setl, then their unior?l_EJI S is the set

iL€JI S ={x: x € § for at least onec¢ I}.
Given two set$§ andT, we consider those objects which belond tand
to T. Such objects willmake up a new set. This set is called the
intersection of S and &and is denoted bg N T. We remark here that
‘and’' in the definition of a intersectias the logical 'and'. Let us recall
that

b and(q' is true in casep' is true, ' is true;



and
b and(' is false in cas&' is true, ' is false;
'P'is false,q' is true;
'P'is false,q' is false.
Thus we have
SNT={x: xeS andx € T}

In particularSN T=TnN S.

If we have setS§ S,,..., S, their intersectio®, N S,Nn ... N S is given by

SNS,N...ng ={x: xe§ andx € S, and... andx € S }.
n
We usually contradhis notation intoifjl S. More generally, if we have

setsS, indexed by a sdt then their intersectioit:gJI S is the set
ifgl S ={x: xeS§ foralli € I}.

Two setsS andT are said to bealisjoint if their intersection is empty:
Sn T=g. Given a family of set§;, indexed by a sel, the setsS are
calledmutually disjointif any two distinct of them are disjoint:

S, n§,=oforalli,i,el, § =35,

The sets we consider in a particular discussioruavally subsets of a
setU. This setU is called theuniversal setGiven a set, which is a
subset of a universal s€t those elements af that do not belongp S
make up a new set, called themplementf S and denoted bg or &
or C (S). Hence

S={x: x€ U andx ¢ S}.

More generally, we write

T\S={x: xeTandx ¢ S}

and call this set theeelative complemerdf S in T or thedifference set
minus SThe se6 may or may not be a subsetlofiNote that

T\S=TnNS.

According to our definition of equality, the s¢as} and {b,a} are equal.
Frequently, we want tdistinguish between,b andb,a. To this end, we
define ordered pairsAn ordered pairis a pair of objecta,b, enclosed
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within parentheses arsgparated by a comma. Thuas) is an ordered
pair. Theadjective "ordered" is used to emphasize that the objects have
a status of being first and being secanid. called thdirst componenof

the ordered pair(), andb is called itssecond componeritwo ordered

pairs are declared equal if their first componeaeares equal and their
secondcomponents are equal. Thusbj and €¢,d) are equal if and only

if a=candb = d, in which case we writeafp) = (c,d). Notice that we
have é,b) # (b,a) unlessa = b (herez means the negation of equality).

The set of all orderepairs, whose first components are the elements of
a setS and whose second components aredleenents of a sef, is
called thecartesian producof S and Tand is denoted X T. Hence

SXT={(a,b):ac Sandb € T}.

We can also define ordered triplesb(c), ordered quadruples gb,c,d),
more generally ordered-tuples &,.a,...,3a). Equality of orderedn-
tuples will mean the equality of their correspondicgmponentsThe
set of all ordered-tuples, whoséth componentsare theslements of a
setS,, is called thecartesian producof S ,S,.., S and is denoted by
SXS,X...X§,. Hence

SXS,X...X§ ={(a,a,...,a) a€S,a,€S,...,a €S}

It is possible to define theartesian product of infinitely many sets, too.
We do not give this definition, for we will not need it.

A set can have finitely many or infinitelmany elements. The number
of elements in a sé&tis called thecardinality or thecardinal number of

S. The cardinality of is denoted by5| ThesetS is said to bdinite if ||

is afinite number.S is said to bdanfinite if S is not finite. A rigorous
definition of finite and infinitesets must be based on the notion of-one
to-one correspondence between sets, which will be introduncess.
However, we will not make any attempt to give a rigorous definiion
finite and infinite sets. We shall be contemtith the suggestive
description above.

Exercises

1. Show that, iRis a subset of andS is a subset off, thenR is a
subset off.



2. Show that RS UT=RUESUT
and RNS NT=RN(ESNT).
3. ProveSnT=SifandonlyifSCT,andSc Tifandonly ifSUT=T.

4. Prove the distributivity of union overtersection and of intersection
over union:

RUSNT) =RUS NnRUT),

RYSUT) =RNS) URNT).

5. Prove the deMorgan laws:
SuD =SnT and $NT) =SuUT
for any subsetS T of a universal sét.

6. ShowthaT\ @ =T and T\ T = for any sef.

7. Prove: 3\ TDHU(T\ S =EGuUuTD\N(T\S). This set is called the
symmetric difference of S andITis denoted by A T.

8. With the notation of Ex. 7, prove that
R &S) AT =RA(SAT)

SAD =S
AS =¢
SAT =TAS.

9. LetS andT be finite sets. Prove the following assertions.
a) IfSNnT=g, then$u T| =B+ [T].
b) BuT|=8+[T-ISNT. (HiIN:SUT=SU(T\YS).)

10. Find all subsets @f, {1}, {1,2},{1,2,3},{1,2,3,4}.

11. Prove: iSis a finite set, thef has exactly 3 subsets.



