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Equivalence Relations

In mathematics, we often investigate relationships betwessmain
objects (numbers, functions, sets, figures, etc.). If an elenadra setA
is related to an elemehtof a seB, we might write
a is related tdo
or shortly
arelatedb
or even more shortly
aRb
The essential point is that we have twipects,a andb, that are related
in some way. Also, we say 'is related tdo", not"b is related toa", so
theorderof a andb is important. In other words, the ordered paib)(
is distinguished by the relation. This observation suggest®itbeing
formal definition of a relation.

2.1 Definition: Let A andB be two sets. Aelation R from A into Bis a
subset of the cartesian prodécx B.

If A andB happen to be equake speak of a relatioon A instead of
using the longer phrase "a relation frénmto A"

Equivalence relations constitute a very important type of relatiores on
set.

2.2 Definition: Let A be a nonempty set. A relatiéhon A (that is, a
subseR of A X A) is calledan equivalence relation oA if the following
hold.

(1) (a,a) € Rfor alla € A

(i) if(a,b) € R, then p,a) € R (for alla,b € A)

(i) if (a,b) € Rand p,c) € R, then 4,c) € R
(for all a,b,c € R).



This definition presents the logicalructure of an equivalence relation
very clearly, but we will almost never use this notation. We prefer to
write a~ b, ora ~ b, ora= b or some similar symbolism instead of

(a,b) € R in order to express thatb are related by amquivalence
relationR. Herea ~ b can be reada'is equivalent tab". Our definition
then assumes the form below.

2.2 Definition: Let A be a nonempty set. A relatiéhon A (that is, a
subseRr of AX A) is calledan equivalence relation on A the following
hold.

() a~aforallac A,

(i) ifa~b,thenb~a (forallab ¢ A),

@ii) if a~bandb~cthena~c (for allab,c € A).

A relation ~ that satisfies the first condition (i) is calledraflexive
relation, one that satisfies the secanddition (ii) is called asymmetric
relation, one that satisfigbe third condition (iii) is called @ransitive
relation. An equivalence relation is therefore ra@lation which is
reflexive, symmetric and transitive. Notitlkat symmetry and transi
tivity requirements involve conditional statements. (if then...). In
order to show that is symmetric, for examplewe must make the
hypothesisa ~ b and use this hypothedis establishb ~ a. On the other
hand, in order to show thatis reflexive, we have to establish- a for
all a € A, without any further assumption.

2.3 Examples: (a) Let A be anonempty set of numbers and let
equality = be our relation. Then = is certainly an equivalaetation on
A since

(i) a=aforalla e A,

(i) ifa=b,thenb=a (for allab € A),

(i) if a=banda=bthena=c (for alla,b,c € A).

(b) Let A bethe set of all points in the plane except the origin. For any
two pointsP andR in A, let us pufP ~ Rif R lies on the line through the
origin andP.

(i) P~ P for all pointsP in A since any point lies on the line
through the origin and itself. Thudgs reflexive.



(i) If P~R, thenR lies on the line through the origin aRd
therefore the originR, R lie on one and the same line; therefBrelies
on the line through the origin aRdandR ~ P. Thus~ is symmetric.

(i) If P~RandR~ T, then the line through the origin and
R contains the point® andT, soT lies on the line througtihe origin and
P, so we geP ~ T. Thus~ is transitive.

This proves that is an equivalence relation &n

(c) Let Sbe the set of all straight lines in the plane. Let usnpuh if
the linemis parallel to the lina. It is easily seen that (parallelism) is
an equivalence relation é

(d) LetZ be the set of integers. For any two numhdrsn Z, let us put
a =bif a—bis even (divisible by 2).

(i) a=aforallace Z sincea-a= 0 is an even number.

(i) If a= Db, thena- b is even, thed —a =- (a — b) is also
even, s = a.

(i) If a=b andb =c, thena- b andb —c are even. Their
sum is also an even number.&oec = (a—b) + (b —c¢) is even ana = c.
We see that is an equivalence relation dn

(e) The last example may lgeneralized. We fix a whole humber O
(n is called theamodulusin this context). For any two numbexr® in Z,
let us puta = b if a- b is divisible byn.

(i) a=aforallae€ Z sincea—a =0 =n0 is divisible byn.

(i) If a=b, thena—-b =nmfor somem ¢ Z, so
b - a =-(a-b) = n(-m) is divisible byn, andb = a.

(i) Ifa=b andb =c, thena—-b =nmandb —c = nk for
somemk € Z ,soa—-c=(@-b) + (b —c) =nm+ nk=n(m + K) is divisible
by n, and sa = b.

Therefore,= is an equivalence relation ofl. This relation iscalled
congruence For each nonzero integey there isa congruence relation.
In order to distinguish betwedinem, we write, whem is the modulus,
a=b (modn) rather thara= b.

() LetsS=72X (Z\{0}). Thus Sis the set of all ordered pairs of integers
whose second components are distinct from zero. Let us write
(a,b) ~ (c,d) for (a,b), (c,d) € S if ad=bc
() (a,b) ~ (a,b) for all (@a,b) € S, sinceab =bafor all a € Z,
b ¢ Z\{0}.



(i) If (a,b) ~ (c,d), thenad =bc, thenda =cb, thencb=da, so
(c,d) ~ (a,b).
@iy If (a,b) ~ (c,d) and ¢,d) ~ (ef), then
ad=bc and cf=de
df=bcf and bcf=bde

adf = bde
d(af-be =0
af-be=0 (sincd = 0)
af =be

(a,b) ~ (ef).
Thus~ is an equivalence relation 8n

(g) LetT be the set of all triangles in the Euclidean plane. Congru#nce
triangles is an equivalence relation©n

(h) LetS be the set of all continuous functions defined on the closed
interval [0,1]. For any two functiorfg in S, let us writef 8 g if

J'ol £()dx :J'ol g09dx

A . . .
Then = is an equivalence relation on S.

An equivalence relation is a weak form of equalByppose we have
various objects, which arsimilar in one respect and dissimilar in
certain other respects. We muaysh to ignore their dissimilarity and
focusour attention on their similar behaviour. Then there is no need to
distinguishbetween our various objects that behave in the same way.
We may regard them as equat identical. Of course, "equal® or
"identical' are poor words temploy here, for the objects are not
absolutely identical, they are equal only in one respect thatisve to
investigate more closely. So we emplihwe word "equivalent”. Thaa

and b are equivalent meanshen, a and b are equal, not in every
respect, but rather asr as a particular property is concerned. An
equivalence relation isa formal tool for disregarding differences
between various objects and treating them as equals.

Let us examine our examples undeis light. In Example 2.3(b), the
pointsP and R may be different, but the lines they determmiéh the
origin are equal. Iixample 2.3(c), the lines may be different, but their
directionsare equal. In Example 2.3(d), the integers may be different,
but their parities are equal. In Exam@®e3(e), the integers may be
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different, but their remainders, when they are dividedhbsire equal.

In Example 2.3(f), the pairs may be different, blaé ratio of their
components are equal. IBExample 2.3(g), the triangles may have
different locationsn the plane, but their geometrical properties are the
same. In Example 2.3(h), the functions may be differenttHmut'areas
under their curves" are equal.

An equivalence relatior on a setA givesrise to a partition ofA into
disjoint subsets. This means thaits a union of certaisubsets oA and
that the distinct subsetere are mutually disjoint. The converse is also
true: whenever we have a partitioha nonempty sef into paiwise
disjoint subsets, there is an equivalence relatiorAoBefore proving
this important result, we introduce a definition.

2.4 Definition: Let ~ be an equivalence relation on a nonemptyAset
and leta be an element &k. The equivalence class af is defined to be
the set of all elements é&fthat are equivalent

The equivalence clasg a will be denoted bya] (or by clas{), cl(@),ba
or by a similar symbol): aJ]={ x € A: x~a}l.

An element of an equivalence class A is called arepresentative of X
Notice thatx € [a] and x~a have exactly the same meaning. In partic
ular,we havea ¢ [a] by reflexivity. So anya € A is a representative of
its own equivalence class.

The equivalence classeq pre subsetsef A. The set of all equivalence
classes is sometimes denotedAd. It will be agood exercise for the
reader to find the equivalence classes in Example 2.3.

We now state and prove the result we promised.

2.5 Theorem: Let Abe a nonempty set and letbe an equivalence
relation on A. Thenthe equivalence classes form a partition ofl
other wordsA is theunion of the equivalence classes and the distinct
equivalence classes are disjoint
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A= a%JA [a] and if [a] # [b], then [a] N [b] = &.

Converselylet

A= UP, PNP=0 ifiz]

acA |

be a union ofnonempty,mutually disjoint set®, indexedby | Then
there is an equivalenceelation on A such that theP/'s are the

equivalence classes under this relation

Proof: First we proveA = aIEJA [a]. For anya € A, we have §] € A, hence
a%JA [a] SA. Also,if a € A, thena ¢ [a] by reflexivity, soa € a%JA [a] and
Ac UJal.So A= U ]a].

acA acA

Now we must prove thalistinct equivalence classes are disjoint. We
prove its contrapositive, which is logically the sanigwo equivalence
classes are not disjoint, then theye identical. Suppose that the
equivalence classes] [and b] are not disjoint. This means there isia

A such that < [a] andc € [b]. Hence

c~a and c~Db

a~c and c~ b (by symmetry)
(1) a~Db (by transitivity)
(2) b~a (by symmetry).

We want to proved] = [b]. To this end, we hav prove j] < [b] and
also p] < [a]. Let us proved] c [b]. If x € [a], thenx~aanda~ b by (1),
thenx ~b by transitivity, thenx € [b], so R] € [b]. Similarly, if y € [b],

theny ~ b, theny ~b andb ~a by (2), theny ~a by transitivity, then
y € [a], so [b] < [a]. Hence §] = [b] if [a] and [b] are notdisjoint. This
completes the proof of the first assertion.

Now the converse. LeA :aIEJA P., where any two distinctP/'s are

disjoint. We want to define amquivalence relation oA and want the
P,'s to be theequivalence classes. How do we accomplish this? Well, if
theP,; are to be the equivalence classes, we had belidwo elements
equivalent if they belong to one and the s&pe

Leta € A SinceA = aIEJA P, ., we see thaa € Pi, for someiO € |I. This

indexi is uniquely determined by. That is to saya cannot belong to
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two or more of the subsefts for thenP, would notbe mutually disjoint.
So each element &f belongs to one and only one of the subBets

Leta,b be elements of and suppose €P;, andb € Pj. We puta ~ b if
Pi, = Pi,, i.e., we puta ~ b if the setsP, to whicha andb belong are
identical. We show thatis an equivalence relation.

(i) For anya € A, of coursea belongs to the sé&%_ it belongs
to, and s@ ~ a and~ is reflexive.

(i) Leta ~ b. This means andb belong to the same skgt,
say, sd anda belong to the same d&t, henceb ~ a. So~ is symmetric.

(i) Leta =~b andb =c. Then the seP, to which b belongs
containsa andc. Thusa andc belong to the same s@tanda ~c. This

0

proves that is transitive.

We showed that is indeed an equivalence relation Anlt remains to
prove thatP; are the equivalence classes undeFor anya € A we
have, ifa €Phi,
[a]={x € A: x=~a}

={x e A: x belongs t&;_ }

={x € iLEJI P, :x belongs t&; }

:Pil'
This proves thak, are the equivalence classes under O

Exercises

1. OnN X N, define a relatioe by declaring 4,b) = (c,d) if and only if
a+d=Db+c. Show that is an equivalence relation &hx N.

2. Determine whethdhe relation~ on R is an equivalence relation on
R, when~ is defined by declaring~ y for all X,y € R if and only if
(a) there are integeash,c,d such thatd- bc=+1 andx = iyy;;?;

(b) K-y < 0.000001;

©) Kl = M

(d) x-y is an integer;

(e) x-y is an even integer;

(f) there are natural numbansn such thakn = ym
(9) there are natural numbeTen such thahx=my,
(h) x=v.
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3. Let ~ and~ be two equivalence relations on a 8eWe define= by
declaringa = b if and only ifa ~ b anda ~ b; and we define2 by
declaringa =b if and only ifa ~b or a =~b. Determine whethex and=
are equivalence relations én

4. If a relation orA is symmetric and transitive, then it is ateflexive.
Indeed, let- be the relation and late A. Choose an elemehte A such
thata ~ b. Thenb ~ a by symmetry, and frorm~ b, b ~a, it follows that
a ~ a, by transitivity. Sa ~ afor anya € A and~ is reflexive.

This argument is wrong. Why?
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