8§83
Mappings and Operations

Functions, also called mappings, build a very important oypelations.
Let us recall thaa relation fromA into B is a subset oA X B. Under
special circumctances, a relation will be called a funabioa mapping.
These two terms will be used interchangably.

3.1 Definition: Let A andB benonempty sets. A relatiohfrom A into
B is called dunction from A into Bora mapping from A into Bf every
element ofA is the first component of a single ordered pairdnA X B.

This definition embraces two conditiosrst, every elemerda of A will
appear as the first component of at lesst ordered pairag) in f, that

is, the first components of the ordered paird should make up the
whole A. No element oA can be lefbut. There should be no element of
A which isnot the first component of any pair i Second, for any
a € A there can be only one ordered pailf whose first component is
a. In other words, ifg,b) and @,b") are both inf, these pairs shoulde
identical, which meanls =b". A relationf from A into B is a mapping if
and only if every element & is the first component of one and only
one ordered pair ih

If fis a mapping fromA into B, thenA is called thedlomainof f, andB is
called therangeof f. A functionf from A into B must be thought of as a
rule or mechanism by which elements &f are assigned to certain
elements oB. The first condition, that every element Afis the first
component of at least one ordered pairf,ins a formalway of ex
pressing that elements Af not of any other set, in particulaot of any
proper subset of\, are the objects that are assigned (to selaments
of B). The second condition, that every elementhAois the first com
ponent of at most one orderpdir in f, is a formal way of expressing
that no element oA is assigned to two, three or more elemen& of

We introduce some notation. We wrftéd —B to mean thaf is a map
ping from A into B. Occasionally, we writé&\ . B. The reader probably
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expects that we writa) = b in place of(a,b) € f. This is the symbolism
that the reader is accustomedand reminds us of a mapping rule that
assignd to a. However, we will rarely writd(a) = b. We prefer to write

(a)f = b or af = Db, with the functionsymbol f on the right side of the
elementa. This might seem odd, and the reader might wonder abisut
strangeorder of elements and functions. It takes some time to get
accustomed to this way of writing functions tre right, but the ad
vantage®f this notation will far outweigh the little trouble it causes at
first. This will be amply clear in the sequ&l/e remark that not every
algebraist conforms to this usage, and an isola@dtion will have
different meanings according as whether filmections are written on
theright or on the left. We will point out these differences as occasions
arise.

Supposd is a mapping fromA intoB anda € A andb € B are such that
af = b (in this case, we sometimes wride—b or a X b and say that
mapsa to b). Thenb is called themage of a under. We also sawn is a
preimageor aninverse image of b underflease mark the articlel:is
theimageof a, sincea has one and only one image, hust a preimage
of b, for b may have many preimages.

3.2 Examples:(a).et A be a nonempty set and let

1= {(aa): a eA} € AX A Then: is a function fr.om.A into A. In our
second notation, this reads = a. This function is calledthe identity
mapping on AWhen we want to point out the ggtwe write z, instead
of #

Now let A € B and putu={(a,a) € AXB: acA} € AXB. Thenyu is a
function fromA into B. In our second notation, this reass= a. This
function is called theclusion mapping from A into.BVriting au for a is
a formal way of recallind\ € B anda € B.

(b) LetA={1,2,3,4,5} andB = {a,b,c,d}. Consider
f={(1.b), (2a), (4d), (5d)}.

Then f is not a function fromA into B since 3 € A is not the first
component of any ordered pairfia A X B. Consider

g={(1,b), (2a), (3a), (3Db), (4¢), (5A)}-
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Theng is not a function fromA into B since 3<€ A is the first component
of two distinct ordered pairs S A X B.

(c) Let A andB be two nonempty sets and letce B be a fixed element
of B.~Thenf, defined by

af=bforallac A ie.,,f={(ab) € AXB: a € A}

is a mapping fromA into B. This is sometimes callethe constant
function b

(d) For any §¢b) € R X R, put @b)s=a + b. Thensis a function from

R X R into R. Thiss may be called theumfunction. It is an example of

a binary operation. We will examine binary operations later in this
paragraph.

(e) Let A={uxy,z} andB = {1,2,3}, and put
uf=1,xf=2,yf=2,zf=1.
Thenf is a function fromA into B.

() Let A be a nonemptget and leS be the set of all subsets Af For
anya € A, putaf={a} € S. Thenf is a function fromA into S.

(9) Putxf=x? for all x € R. Thenf is a function fronR into R.

(h) Considerf = {{xy) € R X R: x> =y?}. Thenf is not a function fronRR

into R, since 1, for example, is the first component of two distinct
ordered pairs (1,1) and €1) in f. On the othehand, if @' denotes the
set of positive real numbeitheng = {(xy) €R" X R": x>=y?} is a function

from R into R". In fact,g is the identity function off.

(i) Letf: A—B be a mapping fromA into B and letA, be a nonempty
subset ofA. For anya € A, we putag = af. Theng is a mapping fronf\;

into B. In terms of ordered pairs, we have
g=fn (A XB).

g is called theestriction of f to A. We usually writef , or fIA to denote
1 1
the restriction off to A . If g is a restriction off to a subset of the

domain off, thenf is called arextension of g
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()) Let A be a nonempty set and Bebe a fixed subset &. For anyain
A, we put

_ Oifa¢g B
8~y 1ifac B
Then x; is a function fromA into {0,1}. It is called thecharacteristic

function of B Here we wrote the function on the left.

(k) For anyx € R, we put

£ :{ (@) if x ?s irra_ttional
1 if X is rational.
Then f is a function fromR into R. In fact, f is the characteristic
function of the set of rational numbers. The image of samme not
known. For instance, it is ndtnown whether Euler's constant is
rational or not. Nevertheledsis a genuine function. Thexample is due
to L. Dirichlet (1805-1859).

() Let A be anonempty set and let be an equivalence relation én
Let A/~ be the set of equivalence classes urd@&hen

v A A/~
a— [a]

iIs a mappingrom A into A/~. It is called thenatural mappingor the
canonical mapping from A into/A.

3.3 Definition: Letf: A—B and fl: A1 —B be two functionsf and f1
are callecequalif A=A, andaf=af forallac A=A,

So, in ordethat two functions andf, be equal, their domains must be
equal and the images afy element inthis common domain under the
mappingsf andf, must be equal, too. In particulaf,f: A —B is a

function and c C, then the functiory, defined byag = af for all a € A,
is equal tof. The ranges do not play any role in the definitmn
equality. (In soméranches of mathematics, for example in topology,
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two functions with different ranges are sometimes considered distinct,
even if their domains and functional values coincide.)

In the definition of a mappin A —B, we required that every element
of A be the first component of at least one ordered pdiand alsahat
every element oA be the first component of at most ook@lered pair
in f. There was n@analogous requirement for the elementsBoif we
impose similar conditions on the elementBp¥ve get special types of
functions, which we now introduce.

3.4 Definition: Letf: A—B be a mapping. If every element Bfis the
second component of at least one ordered pafy timen f is called a
mapping fromA onto B

The reader must be careful about the usagwefprepositions "into"
and "onto", for they are used with differenteanings. Thatf is a
function fromA ontoB means thaevery element oB is the image of
some element oA. For an arbitrary mapping A —B, an element oB
has perhaps no preimage at all, bditisf a mapping frorA onto B, then
each element d has at least one preimageAn

The range should be specifiedhenever the term "onto" is used. A
function is not "onto" by itself, it is onlpnto a specific set. We shall

frequently treathe word "onto"™ as an adjective, but it will be always
clear from the context which range set is meant.

3.5 Examples:(a) The mappingf: R — R, given byf(x) = x® for all
X € R, is not onto, sincel € R, for instance, has no preimage unfler

(b) Let R denote the set dll positive real numbers. Then the map
ping f: R —R*, given byf(x) = x? for all x € R, is onto.

(c) The mapping: {1,2,3,4,5}— {a,b,c}, given by

1g=a,2g=a,3g=a,49=b,5 =c

is onto.
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(d) Let A be any nonempty set. Thep: A —A is onto, for anya € A
has a preimagein A under:, sincea:, = a.

3.6 Definition: Letf: A—B be a mapping. kvery element oB is the
second component of at most one ordered paft thenf is called a
one-to-onamapping fromA into B.

A functionf: A —B is therefore one-to-one if an arbitrary elemenB of

has either no preimage Aor exactly one preimagany two preimages

of b €B (if b has a preimage at all) must be equal. So the necessary and
sufficient condition for a mappinig A —B to be one-to-one is

af=b anda f=Db = a=a, (a2, € A b e B)

or, more shortly

akFa,f = a=a ea, €A,

whose contrapositive reads

aza, = afzaf (aa, € A.
A one-to-one mapping is a mapping by which different elements in the
domain are matched with different elements in the range. Beoge
to-one function is the negatiasf being a "many-to-one" function, by

which many elements ithe domain are matched with one element in
the range.

3.7 Examples:(a) {(xy): x> =y} € R X R is not a one-to-one function
from R into R, for two distinct elementg and-x (if x # 0) have the
same image.

(b) Let ¥ denote the set of all positiveal numbers. Then the mapping
{(xy): x* =y} € B X R is a one-to-one function frof into 1.

(c) The mapping: {1,2,3} —{a,b,c,d}, given by

1g=b,2g=d, 3g=a
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is one-to-one.

(d) LetAbe a nonempty set. Then A—A is one-to-one, for if
az, =bi,, thena =b from the definition ot,.

Suppose we have two functioh®\ —B andg: B —C. For anya € A, we
find af = b € B and then applyg to this elemenaf = b of B. We get an
elementc = bg of C. In this way, the elemerat of A is assigned to an
elementc of C. Here af =b is uniquely determined by (sincef is a
mapping) andbg=c is uniquely determined ky (sinceg is a mapping).
Soc is uniquely determined: we have a a mapping ffomito C.

3.8 Definition: Letf: A—B and g: B—C be two functions. Then

h={(a,(af)g) e AXC: ae A} 2 AXC,

which is a function fronA into C, is called thecomposition of with g, or
the product of f by g

We writeh =f og or more simplyh = fg. Thusa(fg) is defined as&af)g.

In order tocompose two functionk andg, we must make sure that the
range of thefirst function f is a subset of the domain of the second
functiong. Otherwisetheir composition is not definebtllote the order of
the functiond andg. We applyf first, theng; and we write first, theng

in the composition notatiofig. One of the advantaged writing the
functions on the right becomes eviddrdre. If we had written the
functions on the left, thefg would have meant: first apply thenf [as

in the calculus, wherd {g)(x) = f(g®)] and we would havbeen reading
backwards. Notice also that the domairigois the domain of.

3.9 Examples:(a) Letf: A—B be a mapping. Then it is easily sebat

fz, =f and,f =f. Indeed, the domains &, f, ..f are all equal t&\ and
a(fg) = (@hg =af and a(s,f) = @y )f =af

for alla € A. In particular, ifg: A—Ais a mapping, thegu, =g = 2,9.

(b) Letf: {1,2,3,4} —{a,b,c,d} and g: {a,b,c,d} —{5,xU,g,n} be given by

af —a ag=U
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X =c bg =x

3f =d cg=n

4 =b dg =5

Then we have

1(fg) = (g = ag=U
2(fg) = (Fg =-cg=n
3fg) = (g =dg=>5
4(fg) = (4Hg = bg=x

(c) Givenft: {1,2,3} —{a,b} and g:{a,b} —{xVy,z}, where

f: 1 —a and g:a —Yy
2 —a b —z
3 —b c —2Z
we have
fg: 1 —Yy
2 -y
33—z

Notice thatgf is not defined.

(d) Givenf: R —R and g: R —R, we have

X —sinx X—>X2

x(fg) = (xfg = (sinX)g = (sinx)? = sirfx,
x(gf) = xgf = (x)f = sinE).

(e)Givenf: R —-R andg: R —R, we have
X —Xx2-1 x—Xx2+1

x(fg) = (xNg = (x*-1)g = (x*-1)* + 1 =x* - 2+ 2

x (gf) = (xg)f = (C+1)f = (X°+1)° - 1 =x* + 25

Given two functiond: A —B andg: B —C, we might be tempted task
whetherfg = gf. Example 3.9(b) and Example 3.9(c) tad that this
guestion is meaningless, for, althoudghs defined in these examplas,
is not even defined, let alone is equalgoExample 3.9(d) and Example
3.9(e) show that the two functiofgsand gf, even if they both exist, are
not necessarily equal. We hafg z gf in general: the composition of
mappings is not commutative.
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However, it is associative.

3.10 Theorem:Letf: A—B, g:B —C, h:C— D be three functiong hen
(fg)h = f(gh).

Proof: We must prove that the domains fof)lf andf(gh) are equal and
that an arbitrary element in the common domain is assigrieée teame
element by fg)h and byf(gh).

The domain offg)h is thedomain offg, which is the domain df, which
iIs A. Thedomain off(gh) is the domain of, which isA. So the domains
of (fg)h andf(gh) coincide.

Now leta be an arbitrary element 8f Then

a((fg)h) = (a(fg))h (by the definition offg)h; forget thatfg is a
composition itself)

= ((af)g)h (recall now th&g is acomposition,
applied to an elemeax
= (af)(gh) (definition ofgh, applied to an elemeaf)

= a(f(gh)) (definition of f(ghy),

which yields {g)h = f(gh). O

Onto mappings and one-to-om&appings behave very nicely when they
are composed.

3.11 Theorem:Let f A—B, g: B—C be two functions and lé&f; A —C
be their compositian

(1) If fis onto and dgs ontq thenfg is onto

(2) If T is one-to-one and ¥ one-to-ongthen fgis one-to-one

Proof: (1) Supposd andg are onto. For ang € C, we must find a
preimage ot underfg.The only thing we know aboutis thatC is the
range ofg. Nowg is onto, s@ hasa preimage irB underg. Letb € B be
such thabg =c. Sinceb € B andB is the range off, andf is onto,b hasa
preimagea € A underf, so thataf =b. Then we ge#(fg) = (af)g = bg = c.
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Soais a preimage of underfg. This proves thag is onto. (Summary: a
preimage of a preimage is a preimage that works.)

(2) Now supposé andg are one-to-one. We must prowve a, whenever
a(fg) =a,(fg), for alla, a, € A. Indeed, if

@) =a,(fg),
then ahg = (a,fg,
af= af (sinceg is one-to-one),
a = a (sincéis one-to-one).
This proves thafg is one-to-one. O

The converse of Theorem 3.11 is wrond: A —B and g: B—C are two
functions and iffg. A —C is onto, it doeshot always follow that both
andg are onto. Also, if: A—B and g: B—C are two functions and if
fg: A —Cis one-to-one, it does not always follow that bbthndg are
one-to-one. This can be read off from the functions displayed below.

{abc & {(xy.z2 % {1,2} bl B (xyz % {1,2,3}
a X 1 a X 1
b \Y 2 b \Y 2
c Z Z 3

Herefg is onto, buf is not onto; and, g, is one-to-one, buy is not one
to-one.

However, we have a partial resuit this direction. Observe that is
onto andf, is one-to-one in these examples. This is not a coincidence.

3.12 Lemma:Letf: A—B, g: B—C be two functions and let:fg —C
be their compositian

(1) If fg is ontethen gis onta

(2) If fg is one-to-onghenf is one-to-one

Proof: (1) Assumédg is onto. For ang € C, we must find a preimage of
c in B underg. Now anyc € C has a preimage ¥ underfg. Let ¢ = a(fg),
wherea € A. Thenc = (af)g. Soaf € B is apreimage ofc in B underg.
This proves thag is onto.(Summary: the imagef a preimage is a
preimage that works.)
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(2) Assumefg is one-to-one. We wish to provéhat f is one-to-one.
Suppose thaaf = a,f, wherea, a, € A. Applying g to both sides of this
equation, we getf)g = (a,f)g, thereforea(fg)= a, (fg). Sincefg is one-te
one by hypothesis, we geta,. Thisproves thatf = a,f impliesa = a,.

Thusf is one-to-one.

In view of its importancewe record the most important corollary of
Theorem 3.11 as a separate theorem.

3.13 Theorem:Let f A—B, g: B—C be one-to-one and ontbhenthe
compositiorfg: A —C is one-to-one and onto O

Assume we have a mappificA —B. We want to define a new mapping

g: B —A by inverting the order of the components of the ordered pairs
in f. In other words, we want to defigdoy putting @,a) € g if and only

if (a,b) € f. Thisg is a relation fronB into A. The question arises: when

is g in fact a mapping frorB into A?

The necessary and sufficient conditionddo be amapping is that each
element ofB be the firstcomponent of at least one and at most one
ordered pair irg. By the definition ofg, this is equivalent to the cen
dition that each elememnf B be the second component of at least one
ordered pair irf (i.e.,f be onto)and also of at most one ordered pair in
f (i.e., T be one-to-one). Let us observe that the mappings then
uniquely determined by

bg=a if and only ifaf=Db.
We proved the

3.14 Theorem:Letf: A—B bea mapping The following assertions are
equivalent
(i) fis one-to-one and onto
(i) There is a unique mappirggB —A such that
bga ifand only ifaf=b (@ A b € B) O
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3.15 Definition: The mappingy of Theorem 3.14 isalled theinverse
mapping of for simply thenverse of flt is denoted by ™.

3.16 Theorem:Let f: A — B beone-to-one and ontand let ¥: B — A
be its inverserhenff 1= I andf1f = 4

Proof: We must show that the domains dndctional values coincide.

The domain off ! is the domain of, which is_A, andA is the domain of
1, Further, for anya € A, we havea(ff') = (aff' = a = a 4, by the

definition of f*- This provesf* =,

The domairof f1f is the domain of 1, which is B, andB is the domain
of .. Further, for any € B, we have

b(f1f) = bfHYf =af (wherea is the unique element #f with af = b)
=b= sz.
This proves™f = .. O

3.17 Theorem:(1) Let f: A—B be one-to-one and ont®dhenf: B —
A is one-to-one and onto

(2) Letf: A—B be a mappinglf there is a mapping: B — A such that
fg = 2, and gf= 4, then f is one-to-one and ontand therefore g ishe
the inverse of)f

Proof: (1) We havef1f = % by Theorem 3.16. Sinceg is one-to-one

(Example 3.7(d) f1 is one-to-one by Lemma 3.12(2). Also, we have
ff-1= ;. by Theorem 3.16. Sincg is onto (Example 3.5(d), f1 is onto by

Lemma 3.12(1).

(2) We use the sameasoningfg = ¢, is one-to-one, sbis one-to-one,
andgf =4 is onto, sd is onto. O

A mappingf: A —B is said to be @ane-to-one correspondenbetween

A andB in casd is one-to-one and onto.flisa one-to-one correspond
ence betweeA andB, thenf1l is a one-to-one correspondence between
B andA by Theorem 3.17(1).
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We now introduce binargperations. They constitute a generalization of
the four elementary operations addition, subtraction, multiplicatrah
division thateverybody learns in the primary school. Consider addition,
for example. Giverany two numbers andb, their sum is a uniquely
determined number. This is the coifethe operation concept: given two
objectsa andb, associate withthem a unique object of the same kind.
More precisely, we have the

3.18 Definition: LetS bea nonempty set. Ainary operationon Sis a
mapping fronS X S into S.

The important thing about a binary operatiors thatit is defined for
all ordered pairsa(b) € SX S and that theesult of the operationa,p),
is an element d$.

Although a binaryoperationx is a mapping, we will not employ the
functional notationg,b)». As in the case of the elementary operations,
we write a sign like "+", X, "o", "®", "®" between the elemenasandb to
denote themage of §,b) underi. So the image ofa(b) will be denoted
bya+b,a-b,a.b a® b, a®b or by a similar symbol.

3.19 Examples: (a)The elementary operatioraldition, subtraction,
multiplication are binary operations d#&. Subtraction isnot a binary
operation orlN, since 1-2, for instance, is not an elemeahtN (although
1 and 2 are).

(b) LetM be a set and I&be theset of all subsets d¥l. Taking union
andtaking intersection are binary operations SnThe usual notation
"A U B","AnN B" conforms to the remarks above.

(c) LetF be the setf all functions from a seA into A. The usual com
position of functions is a binary operationsfFon

(d) Let us writex oy = x +y? andx A y = x>+x+1 for realnumbersx,y.
Theno andA are binary operations dd. Herey does not enter into
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X Ay in any way, but this doesot precludesr from being a binary
operation.

(e) LetV be the set of all vectors in the three spBRée Taking dot
product of two vectors is notkanary operation orv, since the result is

a scalar(real number), not a vector. On the other hand, taking cross
product is a binary operation oY, since the result is a uniquely
determined vector IN.

() For any natural numbemn, let m « n denote their (positive)
greatest common divisor. Then « is a binary operatioN.on

(g) LetSDbe the set of all students in a classroom. For any studénts
in S, leta-b be that student who sits in front af Then- is not a binary
operatiornon S, for a-b is not defined ifa happens to sit in the foremost
row. Remember that a binary operation ®rmas to be defined for all
pairs inS X S.

(h) For any ordered pairg,b), (c,d) of real numbers, we put
@b)+(cd) =(@+c b+d),
(a,b).(c,d) = (ac- bd, ad+ bo).
Then + and are binary operations dd X R. Notice that one and the
same symbol "+'Stands for two different binary operations, onel®n
and one ok X R.

Exercises

1. Letf : A—B be a mapping. Prove thhis one-to-one if and only if
there is a mapping B —A such thaffg = ,,; prove thatf is onto if and

only if there is a mapping: B —A such thatf = 4.

2. Letf : A—B be a mapping. For any subggtof A, we put

f(A) ={f(a) € B: ac A}
and for any subsét, of B, we put

f°(B) ={a € A:f(a) € B}}.
(f(A) is called themage of A, andf"(Bl) is called thepreimage of B
Most people refer t&(A) as the range dif Here we wrote the functions
on the left.) Prove that

(A NA) € T(A) N TA), f(ALVUA) =TA) UTA)

f(8,nB,) =F"(B) N f(B,), f°(B,UB,) =f"(B) Uf(8)
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A, < F(fA)), f(f°(B)) < B,

for any subsets A, of A and for any subseB;,B, of B.

3. Keep the notation of Ex. 2. Prove th& one-to-one if and only if

f(A, N A) =f(A) n f(A) for any subsets,, A, of A.

4. Keepthe notation of Ex. 2. Assume thlais one-to-one and onto, and
let f1: B —A be its inverse. Show that

f°(B) =F(8) and FH A =f(A)

for any subsetB, andA, of B andA, respectively.
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