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Mathematical Induction

Examine the propositions

2" >n for alln € N,
+ 1
1+2+---+n:n(nz) foralln e N,
M*1> (n+ 1) for alln € N.

How dowe prove them? They are statements involving a variable
running through the infinite sé&t. Strictly speaking, each one of these
propositions above is a collection of infinitely many propositidvis.can
verify them for a finitenumber of cases whereassumes some specific
values. Thus wenight verify 2' > n forn=1,2,3,... ,1 000000 and
convince ourselves of the truth of this statement, but tHer ifFom a
proof. On the other hand, we cannot chdwok truth of infinitely many
statements within finite time. So we must resort to some other means.

In order to prove propositions about all natural numbers, an alsiom
introduced. It is the fifth Peano axiom abd&u{Giuseppe Peand. 858
1932), an Italian mathematician alogjician). It is called the axiom of
mathematical induction.

4.1 Axiom (of mathematical induction): If S is asubset ofN such
that

l. 1¢esS,

II. forallke N,ifke S, thenk+ 1e N,
thenSis the whole of\, i.e.,S=N.

We can use this axiom prove statements of the form for alln € N
as follows. We leg c N be the seof all natural numbersa for which p_
is true. First we verify E S, that is, we verify thap, is true. Secondye
assumethat k € S and under this hypothesisyvhich is called the
inductionhypothesiswe prove thap_,, is true. So we show thate S
implies k+1 €S. By the axiom ofmathematicalinduction, S = N, so the
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statementp, is true for alln € N. We formulate the axionas an

operational procedure.

4.2 Principle of mathematical induction: Let p, be a statement

involving a natural numbear. We can prove the proposition

foralln e N, p,

by establishing that
l. p, is true,

1. for allk € N, if p_is true, therp_, , is true.

Proofs by the principle of mathematicatluction consistof two steps.
In the first step, we show thpa} is true. In practice, this is ofteguite
easy, but we should not neglectlih the second step, we assume fhat
is true. This assumption is the inductive hypothesising this hype
thesis, we prove thgp  , is true. Aproof by induction will not be
complete (and valid)f we carry out the first step babt the second, or
if we carry out the second step but not the first.

+

4.3 Examples:(a) Provethat1 + 2--- +n= n(nzl) for alln € N.
We use the principle of mathematical induction.

. 1= 1(1;1), so the formula is true for= 1.

II. Make the inductive hypothesis tHat- 2 +--- +k = k(k2+1)

+ +1) +
We want to establish 1 + 2-+ +k+ (k+1) = (k 1)((k2 n+1 - We have
+
1+ 2+ +k+ (k+1) = k(kzl) +(k+1) (byinductive

hyp.)

k
- (5 + ) (k+ 1)
(k+DHK+ 2)
B 2
so the formula is true for=k + 1 if it is true fom = k. Hence

+
1+2+--+n :n(nzl) for alln € N.
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(b) Prove that 2 +2+ 22+ ... +2"=2"1_2 for alln € N,

. We have 2 =21- 2, which proves the assertion for 1.

II. Assume 2 + 2+ 22+ ... +2K=2X1_2 Now wemust prove

2+ 2+ 284+ 42K Kl oktDFl_ 5 \We have

2+ 2+ 28+ 42Ky L = (Z*1-2) + Z*! (by inductive
hyp.)
= 2(FYHY -2
= 2X¥2_2
so the assertion is true o=k + 1 ifitis true fom =k. Thus
2+2Z2+284+ ... 420 =2"1_2 foralln € N.

(c) Leth > -1 be a fixed real numbedprove that (1 +©)" = 1 + nh for
all neN.
I. We have (1 -h)! = 1 + 1h, so the inequality is true far =
1.
Il. Let us assume (1 WK > 1 +kh. We want to prove that
1 +h*1> 1+ k+ 1h. We have
(1 +h)krt = (1 +h)k (1 +h)
= (1 +kh)(1 +h) (by inductive hyp. and 1 k= 0)
= 1 +h+kh+kh?
= 1+h+kh+0
= 1+K+1h,
so the inequality is true fan = k + 1 if it is true forn = k. By the
principle of mathematical induction,
A1+h)">1+nh foralln eN.

Sometimes it is convenient to usee principle of mathematical induc
tion in a slightly different form. We assungeot only q,, but rather)
each one ofg,, d,, d,, ..., g, is true and then conclude thgt , is true.

This establishes the truthf q, for all n € N, as the following lemma
shows.

4.4 Lemma: Let g, be a statemeninvolving a natural numben.

Assumehat
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i. q,is true

ii. forall ke N, if d, &4, 4 ---, G are true thenq_ , is true
Thenq, is true for all neN.
Proof: We prove the lemma ke principle of mathematical induction.
We put

P, =9
pi = qi andg, and... andq,_ (for allk €N, k= 2).
Now induction.
l. p, is true (by the hypothesis i.)
Il. Make the inductive hypothesis thatis true. Then
g, andqg, and... adq_is true (definition qd)
a, d, -..,q are all true (truth value of conjunction)
0., Is true (by the hypothesis ii.)

q,d, -G, G, are all true
g, andqg, and... axdq_andq_, , is true

P, IS true.
Hence, for allkk € N, if p. is true, therp_,, is true. By the principle of
mathematical inductiorp, is true for alln € N. So

g, andqg, and... ardq, is true for alh € N.
In particular,q, is true for alln € N. This completes the proof. O

We can now formulate a new form of tipeinciple of mathematical
induction. This form will be used many times in the sequel.

4.5 Principle of mathematical induction: Let q, be a statement
involving a natural numbear. We can prove the proposition
foralln e N, q,

by establishing that
. q, is true,
1. for all k € N, if d, 4 ..., g are true, then

Ohrq is true.

The statement "2Z= n? is not true forall natural numbers, but true
for all natural numbera =5. The principle of mathematical induction
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can be used to prove this and similar propositionsa bet a fixed inte-
ger (positive,negative or zero) and lgt be a statement involving an
integern = a. We prove the truth g, for alln = a by showing that

1. p,is true

2. for allk = a, if p_is true, themp,__, is true.
This is easily seen when we pyt=p_,_ , forn ¢ N anduse Principle

4.2 withq_ in place ofp . There is a similar modification of Principle 4.5.

Exercises

Prove the assertions in Ex. 1-6 for malE N by the principleof mathe-
matical induction.
1. 1+ 3+ + (2n-1) =n?

2. 1+4+7+--+(3n—2):n(3nz_1).
3 22424... 2= FDHE@ +1)
' 6
2 >
4 13+23+...+n3:w_
' 4
5 14+24+___+n4_n(h+1)(2n+1)(312+3n - 1)
' B 30

6. Prove that®>= n?foralln > 5,n ¢ N.
7. Prove that®+3n2+2n+1>0 foralln>=-2,n ¢ Z.

8. Prove that, for ang € N and for any positive real numbers
a8y A,
on ajtayt -
qa, A, S on -

9. Prove that, for ang € N and for any positive real numbers

al, az,...,an,
N _ At
al%. .. an == n

(Hint: if mz 2", then choosa so that 21<m < 2". Put

b =(a,+a,+ ..+ )/m. Then use Ex. 8 with a,, ...,a_,3 ,a_, where

1 Yon?

A= - =8, =Db)
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