85
Divisibility

In this paragraph, we remind the reader of certain propertiagegers
concerning divisibility. First we recall the definition.

5.1 Definition: Leta, b € Z. If az 0 and ifthere is a& such thatac = b,
thena is called aivisor or afactor of b, andb is said to be divisible by
a. We also saw divides b

We write alb to express that divides b. Whenever we employ the
notation alb , it will be assumed of coursez 0. We shall writeatb
whena # 0 andb is not divisible bya. Thus we have|8, 39, 28, 59,
510, 347, 48, -36, 2-4, -2/-4. The notations |[b and Gb are
meaningless: not true or false, simply undefined.

Some basic properties of divisibility are collected below.

5.2 Lemma:Let abcmnm,m, ... m,b, b, ... b, be integers
(1) If alb, thenal-b, -al]-b, -alb.

(2) If a]b andb|c, thena]c.

(3) If a|Jb and cz O, thenadbc.

(4) If adbc, thenalb.

(5) If alb andajlc, then gb +c.

(6) If a]lb andalc, thenalb - c.

(7) If alb and 4c, thenajmb+nc.

(8) If alb,, alb,, ... ,alb, thena| mb, + mb,+--- + mb_
(9) If a=0,then alo.

(10) 14 and-1ja.

(11) If alb andb = 0, thenla] < |b|.

(12) If alb andbja, then|a| = p|.

Proof:(1) If alb, thena # O andak = b for somek ¢ Z. Soa # 0 and

a(-K) =-b; a= 0 and ¢a)k =-b; az 0 and ¢a)(-kK) = b; with k-k € Z.
Henceal-b, -a|-b, -a|b.
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(2) If a]b andbjc, thena =z 0z b andak = b andbh = c for somekh ¢ Z.
Soa(kh) =bh=c and, sincd&h ¢ Z, we obtairg|c.

(3) If a]b, thena z 0 andak=b for somek € Z. So @c)k =bc Froma = O,
c # 0, we concludac =z 0. Henceadbc

(4) If agbc, thenac # O and &c)k = bc for somek € Z. Fromac z 0, we
obtaina # O andc # 0. Sincec # O, we haveak = b. Sincea # 0, we can
write a|b.

(5) If a]b andalc, thena = 0, andak=Db, ah=c for somekh ¢ Z. So
a(k+h) =b +c. Sincek+h € Z anda =z O, we havea|b+c.

(6) This can be proved in the samway as (5). We might also observe
thatal-c if a|c by (1), henceal|b+(-c) by (5), saa|b-c.

(7) If a]b andalc, thena = 0, andak=Db, ah=c for somekh ¢ Z. So
a(km+hn) =akm+ahn =bm+cn=mb+ nc. Sincekm+hn ¢ Z anda = O,
we haveambtnc

(8) This can be proved by a simple applicationtioé principle of
mahematical induction.

(9)a0 =0 foranya € Z. If az 0, we can writa|O.

(10)a=1a=(-1)(-a). Hence H and-1|a.

(11) If a]b, thena z O andak=b for somek ¢ Z. Sola|lk|= b| Sinceb = O,
we havekl| = 1. Thusb| = p|lk| = [a].

(12) If alb andbla, thena =z O andb # O, so we may apply (11) to get
la] << |b] and b| << |a|. Thus4| = p|. O

5.3 Theorem(Division algorithm): Let ab € Z, b > 0. Then there
are unique integers,g< Z such that

a=gb+r, o<r <h.
(The integern is called thequotient and r is called theremainderob-
tained whera is divided byb.)
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Proof: There arégwo claims in this theorem: (1) that there are integers
q,r, with the stated propertiesd (2) that these are unique, that is, the
pair of integersqg,r is the only one which has the stated properties. The
proof of this theorem wilhccordingly consist of two parts. In the first
part, we prove the existenceagf, in the second part, their uniqueness.

Existence. Consider the skt {a- ub u € Z} € Z. This setT contains
nonnegativentegers (for exampla -(-|a])b is nonnegative). We choose
the smallest nonnegative integefTirLet itbe calledr. Thusr = 0 and,
by the very definition of, we inferr =a - gb for someq € Z. We claim
r < b. If we hadr = b, then, sincd > 0, we would get
r>r-b=a-(Qq+1b>0
andr - b would be a nonnegative integerTliysmaller than the smallest
nonnegative integer ii, which is absurdSor = b is impossibleand
r < b. Hence there are integeags such that
a=gb+r, o< r <h.

Uniqueness. Led =gb+r, O<r < b, anda=qgb+r, 0<r;, <Db,
where qr,q,r, are integers. We wish to prow = g andr, =r. It
sufficesto proveq, = q, for then we would gat, =a-qgb=a-qgb=r
also. Suppose, by way of contradiction, that gq,. Then there are two
possibilities:q > q, orq < q,. Interchangingy,r with q,.r, if necessary,
we may assumg > ¢, without loss of generality (make suréhat you
understand this reasoning). Fro» g, we getg - g, = 1, hence
r,=r,-0=2r,-r=@-qb)-(@-gb)=(@Q-qg)b=1b=b,
a contradiction. Sq, =q andr  =r. O

This therom formalizew/hat everybody learns at primary school: When
we dividea by b, we geta quotient, and a remainder smaller tlart
primary schoolpne learns it in the caseis positive, but hera can be
negative. Also, division is carried out by successive subtractions
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We subtracb from a until we get a number smaller thanb. This is
exactlywhat happens when we perform division, and this is essentially
the proof of Theorem 5.3.

Given any two integers,b, an integed is said to be @ommondivisor

of a and bif dla andd|b. Using the division algorithm, we can show that
any two integers have a greatest common divisor, provided onlgdhat
both of them are equal to zero.

5.4 Theorem:Leta,b € Z, not both zeroThenthere is a unique integer
d such that

(i) dla and d|b,

(i) foralld e Z, if dlaandd,|b, thend,|d,

(i) d>0.

Proof: The proof will be similar to the proof oTheorem 5.3. We
consider the se) = {ax - by € Z: xy € Z}. Now U contains positive
integers.(For examplea(¥1) - bO is positive whera # O and the sign is
chosensuitably. Where =0, al - b(+1) = # b is positive, provided we
choosethe sign appropriately, sincb # O whena = 0 by hypothesis.)
We choose the smallest positive integeUirLet it becalledd. Sod > O
andd satisfies(iii). Moreover, ifd |a andd,|b, thend,|ax - by for any
Xy € Z by Lemma 5.2(7), sd, divides every element &f. In particular,
d |[d. Thus {)) is satisfied. It remains to prove (i).

By the very definition o), we haved = ax, - by, for somex,y, € Z. We

want to proved|la andd|b. Using the division algorithm, we write
a=qd+r, where O<<r < d. Then

a =q(ax, - byy) +r,

r=a- (ax, - byy)

=a(l-gxy) - b(-yy), with 1-qgx,, -y, € Z,

sor is an element off and O<< r < d. Sinced is the smallest positive
integer inU andr < d, we have necessarity= 0. This givesa = qd, so
dla. The proof ofd|b is similar and will be omitted.

Now the uniqueness af. Supposal” satisfies the condition®), (i), (ii),
too. Thend'|a, d'|b by (i), and sad’|d by (i). Also, d|a, d|b by (i), and so

38



dld” by (i). By Lemma 5.2(12), we obtaid| | d’|. From(ii), we getd> 0,
d > 0, which yieldsd =d". Thusd is unique. m|

5.5 Definition: Let a,b € Z, not both zero. The unique integdrin
Theorem 5.4 is called tlgreatest common divisor of a and b

The greatest common divisof a and b will be denoted byalb). This
notation is standard. The read#rould not confuse it with an ordered
pair. The greatest common divisoraodndb is a naturahumber, not an
ordered pair.

Definition 5.5 and the proof of Theorem 5.4 enables us to write the

5.6 Theorem: Let ab € Z, not both zeroThen (a,b) is the smallest
positive integer in the séax- by e Z: Xy € Z}. O

Theorem 5.4 is a typical existence theorem. It tellthas the greatest
common divisorq,b) of any pair of integersb exists (providedh andb
are not both zero), but gives no method for finding ita lAand b are
small in absolute value, we might try to find tlsenallest positive
integer in the setgx- by € Z: xy € Z}. This is not very satisfactory, of
course. Also, its almost impossible i# andb are rather large. We pro
pose to give a systematic method for findiregb) for any pair of
integersa,b, not both zero. This method will proamew the existence of
(a,b) and in addition will give us a systematic metloddinding integers
X,y such thatg,b) = ax- by. It is Proposition 2 iftuclid's ElementsBook
VIIl. (in algebraic notation) and is known as the Euclidean algorithm.

We first observe that the sé&t in Theorem 5.6 does not change if we
write -a in place ofa or-b in place ofb. This yields
@b) = (-a,b) = (-a,-b) = (@,-b)

for all a,b, not both zero. Hencea,b) = (j|,b]) and,when we want to find
(a,b), we may assume = 0,b = 0 (the casea = 0, b = 0 is excluded)
without loss of generality. Moreover, the §ein Theorem 5.6 remains
unaltered if we interchangeandb. Thus

(a,b) = (b,a).
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Therefore, when we want to find,l§), we may assuma = b without
loss of generality. (Instead of appealing to Theorem 5.6coud use
the definition to obtaina(b) = (-a,b) = (-a,-b) = (a,-b) = (b,a).)

The greatest common divisor afc¢ Z (a # 0) and O is easily founde
have 4,0) = p|, as follows from Theorem 5.6r immediately from
Theorem 5.4.

Suppose nowa = b > 0 and we want to finda(b). We dividea by b and
get
a=q¢b+r, Os<r;,<b.

Herer, may be zero. If, # O, we divideb by r, and get
b=qyr, +r, O<r,<r,.
Herer, may be zero. If, # O, we divider, by r, and get

= <
r,=0agr, trg, o< rg <<r,.

We proceed in this way. We hake>r, > r,> r;> --- . Srcethe rj's are

nonnegative integers and is a finite positive integerthis process
cannot go onndefinitely. Sooner or later, we will meet a division in
which the remainder is zero, say at thel()-st step K = 0):

= <
Neo>=00 4 Mo o< M << M1
N1 = Ot ¥ ey O =g

We claim thatr,, the last nonzeroemainder, is the greatest common

divisor ofa andb, and that it can be written the formax - by , where
Xy are integers.

5.7 Theorem:Let a= b > O be integers and let

a =qb+r,, o<r, <b,

b:q2r1+r2, O<r2<r1,

r, =ogr, +rg, o<ry;<r,,
r|—1 = qi+1ri r|+1’ o< r|+1< r| !
N2 = A e oS <r g
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be the equations webtain when we use the division algorithm
(Theorem 5.3yuccesively until we get a nonzemeamainder (This chain
of equations is known as tieeiclidean algorithn) Thenthelast nonzero
remainderr,
be written inthe formr, x-r.y, Xy € Zfori=k-1,k-2,...,2 1,0 (we
putry=Db,r_, =a). In particular, there are integers, y, such that(a,b)

= ax, - by, and eliminating,, r,, ... ,r,_, from theequations above gives
a systematic way of finding the integggsy,,

is the greatest common divisoraocAnd b. Moreover r, can

Proof: We must show that, satisfies the conditions (i)j0,(ii) of
Theorem54. Weknow r,_> O from thek-th equation in the Euclidean

algorithm, sqjii) of Theorem 5.4 is satisfied.

We prove(i) of Theorem 5.4, namely thgfa andr |b. We start fronthe
last equationin the algorithm and go up through thiorithm.From
the +1)-st equation, we getlr, ,. Using Lemma 5.2, we ggfr, , from
the k-th equationSor,|r andr |r,_,. From the k-1)-st equation, we
getr |r, 5, sor Jr,_, andr Jr,_.. In general, if we have|r, , andr |r,, the
(i+1)-st equation giveg]r;_,, Going through
the equations in this way, we finalgetr, |r, that is, we get
r /o andr |a. This proves (i) of Theorem 5.4.

k-1

so wehaver, |r;, andr
andr

Whioas
LY

Now (i) of Theorem 5.4Assumee€la andelb. We must provelr,. We start
from the first equationin the algorithm and go down throughe
algorithm.From the first equation, we gefa - b and elr;, by Lemma
5.2. Soelb andelr,. From the second equation, we @t - q,r, ander,,
Soelr, andefr,,. In general, if we haver,_;, ande]r,, the (+1)-st equation
givesegr,_-q_,r; ande€r, .. So€lr,, and€r,, ;. Going through the equa
tions in this way, we finally gedr, . This provesii) of Theorem 5.4.

Hencer _ is the greatest common divisoraoandb.

k

Finally, we show the representability of in termsof r,_, r, as
described. We start from the penultimaguation in the algorithm and
go up through the algorithm. From tkeh equation, we obtain .
Ne=reo " .G sor,can be represented gs,x —r,_,y, hamely withx

=1,y =q. Substituting, _,-q_,r,_, forr,_, in this equation, we get

M= N2 Nea% = N2 e G M) G
=N3(ta) +r (1 +aq.,a).
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so r, can be represented ag X - r_y, namely with x = -q,

k
y=-(1+q_,9). In general, if, can be written in the form

rX —r Y Xy € Z,
we get, using tha«1)-st equation in the Euclidean algorithm,

Ne =hiX Mgy
=X = (- G Y
= ri—l(_y) + ri (X + qi+1y)!

which shows that,_can be written also in the form, x - r;y,, namely
with X, = -y, y, =-(x+dq,,y). Going through the equations in thisy,
we finally obtain

e =ax, —by,
for somex,y, € Z. This completes the proof. O

5.8 Example: To find the greatest common divisor of 14732 and
37149, and to express it in the form 14337149, with Xy € 7.

We have 37149 = 2.14732 + 7685
14732 = 1.7685 + 7047
7685= 1.7047 + 638
7047= 11.638 + 29
638= 22.29
and the last nonzero divisor is 29. So (14732,37149) = 29. Also
29=7047- 11.638
= 7047- 11(7685- 1.7047)
12.7047- 11.7685
=12(14732 1.7685)- 11.7685
=12.14732 23.7685
=12.14732 23(37149- 2.14732)
= 58.14732 23.37149,
S0 29 = 1473%2- 37149/ with x = 58,y = 23.

5.9 Definition: Let a,b be integers, not both zera is said tobe
relatively prime to bf (a,b) = 1.

Since 4,b) = (b,a), b isrelatively prime toa in casea is relatively prime

to b. This observation enables ususe a symmetric phrase in this case.
We saya andb are relatively prime ifgb) =1.
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5.10 Lemma: Let ab be integersnot both zeroThena andb are rela-
tively prime if and only if there are integegsy, such that &, —by, = 1.

Proof: If (a,b) = 1, then there are integetsy, such thatx; —by, =1
by Theorem5.6 or also by Theorem 5.7. Conversely, there are
integersx,y, with ax; —by, = 1,then 1 is certainly the smallest positive

integer in the setgx- by ¢ Z: xy € 7}, hence(a,b) = 1 by Theorem 5.6.
m|

5.11 Lemma:Leta,b be integersnot both zerpand letd = (a,b). Then
a/d andb/d are relatively prime

Proof: a/d, b/d are integers, not both of them zero. We haxveby=d
for suitable integersy € Z by Theorem 5.7. Dividing both sides of this
equation byd > 0, we get

@/d)x - (b/d)y =1,
and sod/d, b/d) = 1 by Lemma 5.10 O

Using Lemma 5.10, we prove an important result that will be crucial
the proof of the fundamental theorem of arithmetic.

5.12 Theorem:Let a b,c be integersif albcand(a,b) = 1,thenajc.

Proof: Since ab) = 1, we haveax - by = 1 with somexy ¢ Z.
Multiplying both sides of this equation bywe obtaimacx- bcy=c. Now
alacx and, sinca|bc by hypothesisalbcx hencealacx - bcy by Lemma
5.2. Saalc. O

We separat&\{0} into three subsets: (1) units, (Pyime numbers, (3)
composite numbers. The numbers 1 ahaill be calledunits Theunits
divide every integer by Lemma 5.2(10). Any othegera has at least
four divisors:¥1, fa. These are called thgvial divisors of a. A divisorof
a, which is not one of the four trivial divisors af is called aproper
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divisor of a. If a nonzero integen is not a unit andhas no proper
divisors, thera is called gorime number. Thus 23, 5, 7,-11 are prime
numbers. A nonzero integer, which is neither a unit nor a prum#ber,

will be called acompositenumber. Sa € Z\{0} is a compositenumber if

and only if there is d € Z with 1 < |[d| < |a] andd|a.

Prime numbers are the building blocks of integers in fail®wing
sense.

5.13 Theorem:Any nonzero integewhich isnot a unit is either a
prime number or a product of prime numbers

Proof: Take an integen # O, and assumeéhatn is not a unit. Ifn is
prime, there is nothing to prove. #f is composite, them = n,n, for
somen,n,€Z, 1< n|<< [n[, 1 < [n,| << [n]. If n, andn, are prime, we
are through. Otherwise, facto] andn, into two numbers. Keefactor
ing until you get down to prime numbers. Since the facgetsmaller
and smaller in absolute valuge will reach prime numberat the end.
This is the basic ideand we make this reasoning into a rigorpusof
by induction.

We use Principle 4.5. Leq be the statement that € N is a prime
number ora product of prime numbers. We begin inductiahn = 2.
Since 2 is a prime numbaetg, is true.q, is also true, for 3 is primey, is

true, for 4 = 2.2 is a product of the prime numbers 2 and 2.

Suppose now,, d,, q,, ... ,q_, are true, so that 2,3,4, ,k-1 are either
prime numbers or products of prime numbers.Wéat to prove thak
is a prime number or a product of prime numbkr& is prime, we are
done. Ifk is notprime, we have = klk2 1 <kl < kK, 1.< k2 < k, for
some integer< K,. Sinceqkl anqu2 are true by thenduction hype

thesis, each ok}, k, is either a prime number a product of prime

numbers:

K =PPy P K =P, P
wherep,,p,, ..., P.P P ---» Pg areprime numbersr(= 1 ors =1 is
possible, in which cadg =p, ork, = p’1 are prime numbers), and so

k=kk,=pp,-PP,P5- Py
is a product of prime numbers. Herggds true.
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This proves théheorem for positive integers. For a negative integer
where-n is not a unit, we have

n=p,p,..P
for some prime numbem.p,, ... .p, by what we provedbove (possibly
t=1). Hence

-N= (PP, Py
is prime or is a product of prime numbers. O

After reading the proof of this theorem, it will be clgar the reader
that an abbreviation of the phrase "prime nunadreax product of prime
numbers" will be very useful. When we speak of a productinwan a
product oftwo, three, or more terms. We now extend this to one factor.
A single term will be called a product offie factor (or of one factors). A
prime number islso a product of prime numbers with this convention.
Our theorem reads now more shortly as follows.

5.13 Theorem:Any nonzero integewhich is not a unjtis a product of
prime numbers O

Now that we know any integer, whichnet zero or a unit, can be -ex
pressed as a produdft prime numbers, we ask if it can be written as a
product of prime numbers in different ways. By way of exampleajdet
begin decomposing 60 infmrime numbers as in the proof of Theorem
5.13. We can begin from any decomposition of 60 ifdgotors. For
instance,

60 = 10.6 60 =154
Now we aredo decompose each one of the factors 10,6,15,4 into smaller
factors until we getrime numbers. Will we reach the same prime
numbers if we use théewvo different decompositions as our starting
point? We know of course that further decomposition

60 = (2.5)(2.3) 60 = (3.5)(2.2)
yields the same prime numbers 2,2 @&&de from order). Nevertheless,
our question should not be takaghtly. It is a very pertinent question.
We remark that Theorem 5.13 says nothing in this reGaebrem 5.13
saysthat, after enough factorizations, the factors will be prime. As it is,
the prime numbers we obtain may very vl distinct if we start with
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different factorizations. Indeed, if you start with different things, why
on earth should you end with the same things? da@0Dbe written as a
product of factors itwo different ways, as above, why should it not be
written as a a product of primectors in two different ways? The
readers experience with thenigueness of prime factors of integers
should not mislead hirfor her) to believe the uniqueness is obvidts.
is anything but obvious.

Let us clarify what we mean by uniqueness. The two decompositions
2.5.2.3 3.5.2.2
of 60 involve the same prime numbers. Their order invloeedecompe
sitions are different, but nobody would consider tllessompositions as
very distinct. After all, multiplication of integers is commutatisad we
can permute the factors without changing the value of the product.
would be foolish to regard two factorizations as different wtisey
consist of the same prime numbers in different orders.

Moreover, we have (2)(5)(2)(3) = 2.5.2.3, where the numbers
appearing are prime. These decompositionS®@fare not essentially
distinct, of course. Given twoonzero integers, b, we saya is associate

to bif a=b ora =-b. Thenb is associate ta as well.Hence we may also

say thata andb are associate. Thimeansalb andbla. It is clear from

the definition that, wheneve@rand g are associate amuis prime, then

g isa prime number, too. When we say unigueness, we shall mean that
the prime numbers in the decompositions oindger are associate; we
shall not mean that they are identical.

With this understandingye will prove that any integeg ©,1;-1) has a
unique decomposition into prime numbers. We need some lemmas.

5.14 Lemma: Let abe an integer angb be a primenumber If pfta,
then(a,p) = 1.

Proof: Letd = (a,p). Thend|p. Sincep is a prime number and > O,
eitherd =tp ord = 1. Fromd|a, pta, we concludeal # tp. Sod = 1. O

46



Our proof will depend heavily on the following corollary to Theorem
5.12. It is Proposition 30 in EuclidEementsBook VII. We shall refeto
it as Euclid's lemma.

5.15 Lemma (Euclid's lemmma):Let a,b,p be integersif p is prime
and pab, thenpla or p|b.

Proof: If pj|a, the lemma is proved. fta, then @,p) = 1 by Lemma 5.14
and, sinceo|ab, we getp|b by Theorem 5.12 (witlp,a,b in place ofa,b,c,
respectively). O

5.16 Lemmai:lLeta, a,, ...,a_ p be integerslf pis prime andla,a,. .. a,
then ge, or pla, or ... or pla .

Proof: This follows from Euclid's lemma by a routine induction
argument. The details are left to the reader. O

We can now prove uniqueness aside from trivial variations.

5.17 Theorem (Fundamental theorem of arithmetic): Every
integer which is not zero or a unitan be expressedas a product of
prime numbers in a unique wapart from theorder of the factors and
ambiguity of associate humbers

Proof: Letn € Z, nz 0,n z unit. By Theorem 5.13) can be expressexs
a product of prime numbers. Weust show uniqueness. This will be
done by induction om| € N. Given two decompositions

PP, P, =N=0q,Q,...q

of n into prime factors, we have to show that
r=s
and that
PP, ...,p, are, in some order, associatejjm,, ...,q,
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Assume firstj] = 2. Thenn = 2 orn = -2 is prime andn = ¥2 is the
unique representatiaf n as a product of prime numbers (having only
one factor). So the theorem is true maf |n| = 2.

Now we make the inductivéhypothesis thatn] > 2 and that the
theorem is true for ak € Z with 2<< |k| << n- 1, and prove it fon.

If nis a prime number and .

pP,---Pp.=N=qq,..d, (rseN;p'sandgs are prime),
then necessarily=1,s =1, p,| = [n| = p,|, sop, =+q,. Sop, andq, are
associate and the decomposition is unique.

Assume now that .
pP,---Pp.=N=q,q,..d, (rseN;p'sandgs are prime),
and thamn is not a primenumber. Fronp,[p,p,...p,, we getp |q,q,. .. d.
By Lemma 5.16p |g for some = 1,2,...,s Changing the order of thgs
if necessary, we may assum. The divisors ofy are+1, rq_ Sincep,
is prime, so not a unit, and sing4q,, we obtainp, =g orp, =-d_. Letp,
= Eq,, with the appropriate unit=+1 € Z. Then we get
Ep,p,...p, =En=q,q,...(Eq)
=0y O 1Py
so Ep,p,...p..; =En/p. =q,q,...q_
as two decompositions @&fn /p. into prime numbers. Since is not a
prime number andp| > 1, we have 1< [En/p| < n. The induction

hypothesis tells us that the two decompositions

EpiPy Py = G- G g

of |En/p | are essentially the same:

r-l1=s-1
and Ep,p,, ... ,p._, are, in some order, associatejm, ... ,q_,. Then
r =s
andp, p,, ... , p,_;are, in some order, associateyjj@m,, ... ,d_,; andp, is
associate to. This completes the proof. O

5.18 Remarks:Collecting the same prime divisorsmkE N (n>1) in a
single prime power, we can write
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n=p*p,2..p%, €)

where O<<p,<<p,<<... << p, are the distinct prime divisors of and
a,a,,...,a positive integers. Then X is called thecanonical decomposi

tion of ninto prime numbers.

Sometimes it is convenient telax the condition that the exponenjs

be all positiveto the condition that they be nonnegative. For example,
the divisors oin € N, whose canonical decompositien (x), are exactly
the numbers

-n bip b b
+pl 1p2 2___pr T

where 0<< bI < a; for alli =1,2,... ,r. If mandn are two natural

numbers and

m= plclpzcz_ N prCr1 n= plelpzez_ . prer 1
wherep,, p,, ..., p, are distinct prime numbers agd= 0, g = 0 for all
i =1,2,...,r, then mn) is given by

(mn) =p,"p,2..p"

with t. = min{c;,p,} for all i = 1,2,..., r. Here min{,y} denotes the smaller
(minimum) ofx andy whenx # y and denotexs whenx =vy.

It can be shown thd{(a,b),c) = (a,(b,c)) for anya,b,c € Z, provideda,b
are not both equal taero andb,c are not both equal to zero. The
positive numbeK(a,b),c) is called thegreatestcommon divisorof a,b,c,
and is denoted shortly bw,l§,c). Oneproves easily thatafb,c) is the
unique integed such that

() dja, d|b, dc,
(i) for alld, € Z, if d;|a, d,|b, d |c, thend,|d,
@id > O,

and that there are integeqy,z satisfying
ax+by+cz= (a,b,c).

Inductively, if the greatest common divisafrn-1 integersa,a,, ..., a

%1
has already been defined and denotedags,(. .., a_ ;). then the
greatest common divisoa, (@, ...,a__;, ) of nintegersa a,, ...,a__;, a,
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is defined to be((al,az, co@ ), a ). One can show that their greatest

common divisore(l,az, T an) is the unique integeat such that

() dlaj, dla, ..., da__,, dla,
(i) for alld, € Z, ifdj|a;, dfa, ...,dla_;, dj|a ., thend|d,
@ind > 0.

In addition, one proves that there are integgxs, ...,x _,, X, such that

a‘1)(]_ + aZXZ ot a‘n—1xn—1 + anxn = (al’aZ’ U ’an—l’ an)'

If (al,az, 8, an) =1, we say thastl,az, ...,a _,,a are relativelyprime.
In this case, there are intege[x,, ..., X_,, X satisfying

alxl + a2X2 toee t an—lxn—l + aan = 1.

The proofs of these assertions are left to the reader.

Our final topic in this paragraph will be the least common multiple of
two nonzero integers. #b € Z andalb, we say thab is amultiple of a

5.19 Theorem:Let ab € Z, neither of them zer@.e.,a # 0 # b). Then
there is a unique integer such that

(i) almand m,
(i) forallm e Z, if ajm andb|m, thenm/m,,
(i) m=> 0.

Proof: The proof will be similar to that of Theorebd. We consider the
setV ={n € N: ajn andb|n}. This set is not empty, since, for example,
[abl is in V (here we use the hypothesisz 0 #z b). We choose the
smallest positive integer IN. Let it be calledm. Thusm > 0 and m
satisfies (iii). Also, alm and bjm since m € V, and m satisfies ij. It
remains to show tham satisfiegi).

Supposem € Z, andalm; andb|m,. We dividem, by m and get, say,
m, =gm+r, whereqr € Z and O< r << m. Sincealm, ajm, and bjm,
blm,, the equatiorm, = gm+r yields thatalr andb|r. Hencer € V. We
know O < r << m. If r werenot zero, them would be a natural number
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in_ V smaller than the smallasatural numbem in V, which is absurd.
Thusr = 0, som, =gm, andm|m,. This shows tham satisfie(i).

Now the uniqueness oh. Supposen” satisfies the conditions (i)ii)( (i),
too. Them|nT, bjnT by (i), and som|nT by (i). Also, ajm, bjm by (i), and
so nYm by (i). Hencem|nT and ntjm. By Lemma 5.2(12), we obtain
M| = pr|. From(ii), wehavem > O, m™ > 0O, which yieldsm = n7. Thusm
IS unique. O

5.20 Definition: Leta,b € Z, neither of them zero. The unigugeger
min Theorem 5.19 is called tlheast common multiplef a andb.

The least common multiple afandb will be denoted byd,b]. From the
proof of Theorem 5.19, we see thapo] is indeed the smallesif the
positive multiples ofh andb ([a,b] is the smallest number IX). From
the fact thatajm and-ajm are equivalent, and likewise thhBm and
-blm are equivalent, ibllows that the defining conditions (i)ij)( (iii) do
not change when we replazgdy-a or b by -b. Therefore, §,b] = [-a,b] =
[-a,-b] = [a,-b]. In the same way, the conditions (i}),((ii)) in Theorem
5.19 are symmetric im andb, and this givesalb] = [b,a].

The greatest common divisor and tleast common multiple of two
integers will be connected in Lemma 5.22. We need a preliminary result.

5.21 Lemma:Let a,bm be integers and & 0, b # 0. If ajmbjm and
(a,b) = 1,thenabm.

Proof: This follows immediately fromthe fundamental theorem of
arithmetic (Theorem 5.17), but wgive another proof.Sincealm and
blm, there are integers b, such thata, = m = bb,. Hencea|bb,. Since
(ab) = 1, Theorem 5.12 yieldgb,. Sob, = acfor some integec andm =
bb, =bac=abg soabm, as claimed. O

5.22 Lemma:Leta andb be integersneither of them zerdrhen we
havela,b] = |abl/(a,b).
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Proof: As neither §b], nor @b), nor pb| changes when we replaee
andb by their absolute valuesye assume, without loss of generality,
thata > 0,b > 0. We putd = (a,b). We show thatb/d satisfies the
three conditions (i),ii§, (ii) in Theorenb.19. Leta =a d, b = b d, so that
(a,b)) =1 by Lemma 5.11.

We havealab,, soala(b/d); andbla,b, sob|(@/d)b. Thusa divides ab/d
andb dividesab/d. Henceab/d satisfies (i).Clearly ab/d > 0, soab/d
satisfies(ii). We now show thaab/d satisfies(i) as well; i.e., we show
that ab/d divides m; wheneveraljm, and bjm,. Let m € Z and ajmy,
blm,. Then dim, and in facta, divides m/d and b, dividesm/d. By
Lemma 5.21 (witha ,b,,m/d in place ofabm, respectively), we get
a,b,dividesm/d, soabjmd, so ab/d dividesm,. Thusab/d satisfies(ii)

andab/d = [a,b] [ —

It canbe shown thal[a,b],c] = [a,[b,c]] for anya,b,c € Z, provideda,b,c

are all distinct from zero. The positive numblarb],c] is called theleast
common multiple of,b,c, andis denoted shortly byalb,c]. One proves
easily that ¢,b,c] is the unique integan such that

(i) alm, bjm, ¢c|m,

(ii) for all m, € Z, if a|rr&, blml, c|rr&, thenm|ml,
@i)m > 0.

Inductively, if the leastommon multiple o - 1 integersa a,, ...,a__;

has already been defined and denotedcages,[. .., a__,], then theleast
common multipled, a,, ...,a_,.a ] of nintegersa a, ... a _,a is defined

n-1’ Tn-1"Tn
to be[[al,az, cna ], an]. One can show that their leastimmon multiple
[a,.8,, ...,a ;.4 ] is the unique integen such that

M amam....,a ,Im a]|m
(i) forallm, € Z, if a lm;, ajm,, ...,a_ ,|m, a |m, thenmm,
(i)m > 0.

Exercises

1. Find (10897,16949) and express it in the form 1R89716949,
wherex andy are integers.
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2. Assumann € N andmz n. What is (2" + 1,2+ 1)?

3. Leta,b € Z, neither of them equal to zero, and assuail® € 1. Let
XY, be integers such thak, + by, = 1. Prove that all integer paixy
satisfyingax+ by = 1 are given by

X=X +bt, y=y,-at
ast runs through all integers.

4. Letab,c be integers, none of theraqual to zero, and letp) = d.
Prove that there aiategersxy satisfyingax + by = c if and only ifdlc.
Moreover, ifdic andx,y, are integers sudhatax, + by, = c, prove that

all integer pairgy satisfyingax+ by =c are given by
X=X+ b/d)t, y=y,- (@/d)t
ast runs through all integers.

5. Prove the assertions in Remark 5.18.

6. Letm andn be two natural numbers and

m= plclpzcz_ . prcr’ n= p1e1p2e2' .. prer ,

wherep,,p,, ..., p. are distincprime numbers ang = 0, g = O for all
i =1,2,...,r. Show that
[mn] = p,"p,"2..p*

with u, = max{c;,g} for all i = 1,2,..., r. Here max{,y} denotes thegreater
(maximum) ofx andy whenx # y and denotes whenx =vy.

7. Prove or disprovea(b,c]) = [(a,b),(a,c)] for all a,b,c € N.

8. Letab e Z,b> 0,anda =qgb+r, with qr € Z, 0O << r < b. Prove
directly that §,b) = (a,r).

9. Leta,b € Z and ,b) = 1. Show thatg- b,a +b) =1 or 2.

10. Leta,mn be natural numbers. Show that ¢ 12" - 1) =a(™m"™- 1,
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