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Integers Modulo n

In Example 2.3(e), we have definbdte congruence of two integeasd
with respect to a moduluse N. Let us recall thaa = b (mod n) means
nja —b. We have proved that congruence iseguoivalence relation oA.
The equivalence classes are caltbd congruence classesr residue
classegdmodulon). The congruence class @ofc 7 will be denoted ba.
Notice that there is ambiguity in this notation, for there igeference
to the modulus. Thus represents the residue class of 1 with respect to
the modulus 1, also with respect to the modulus 2,wwido respect to
the modulus 3, in fact with respet® any modulus. However, the
modulus will be usually fixedhroughout a particular discussion aamd
will represent the residue classaokith respect to that fixed modulus.
The ambiguity is therefore harmless.

By the division algorithm (Theorem 5.3), amytegerk can be writteras
k=qgn+r, withqr € Z, 0<r < b. So any integek is congruentmod n)
to one of the numbers 0,1,2,n- 1. Furthermoreno twodistinct of the
numbers 0,1,2,.,n- 1 are congruent (may, forifr,r, € {0,1,2,..,n-
1} andr, = r, (modn), thenn|r,-r,, son < |r,- r,| by Lemma 5.2(11),
and saon =< (n- 1)-0, which is impossible. Thus any integer is congruent
to one of the numbers 0,1,2, n- 1, and these numbers are pairwise
incon-gruent. This means that 0,1,2n- 1 are the representativesadif

the residueclasses. Hence there are exactlyesidue classes (mad,

namely

O={xeZ:x=0(modn)} = {nze Z:ze€ 7} = nZ
1={xeZ:x=1(modn)} = {nz+1le Z:z€ 7} =nZ+1
2={xeZ:x=2(modn)} = {nz+2c7Z:z€7Z} =nZ+2

N - I={xe€Z:x=n-1(modn)}={nz+(n-1) € Z:z€ 7Z}= nZ+(n -

1).

The set ,1,2,...,n - 1} of residue classes (mad) will be denoted by

Z_. An element o , thas isa residue class (mag) is called arinteger

modulon, or aninteger mod nAn integer mod is notan integer, not
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an element o¥; it is a subset of. An integer modh is not an integer
with a property "moah”. It is an object whose name consists ofttiree
words "integer”, "mod(ulo)”,r".

6.1 Lemma:Let ne N, aa;,bb, € Z. If a=a, (modn) andb = b, (modn),
thena +b=a +b, (modn) and ab= a, b, (modn).

Proof: If a=a, (modn) andb = b, (mod n), thenn|a - a;, andn| b - b,.
Hencen | @ -a,)) + (b - b)) by Lemma 5.2(5), which gives
nij@+b)-(a,+b)), soa+b=a+b (Mmodn). Also,n|b(a -a,) +a,(b-b,)

by Lemma 5.2(7), which gives|ba- a b, soab=a b, (modn). O

We want to define a kind of additighand a kind ofmultiplication & on
Z_. We put

a—+Db *()
ab “£)

| o
ol Ol

@
S
forallab € Z_ (for alla,b € 7). This is a very naturatay of introducing
addition and multiplication o#_.

(x) and ¢<) seem quiteinnocent, but we must check thitatand ® are
really binary operations of). The reader might sat this point that
and® are clearly defined o#_ and that there isothing to check. But
yes, there is. Let us remember that a binary operatior/ ofs a
function fromZ_X Z_into Z_ (Definition 3.18). As such, teach pair 4,b)
inZ X Z_,there must correspondsingleelementa ® b anda ®b if &
and® are to bebinary operations od  (Definition 3.1) We must check
that the ruleg~) and ) produce elements of that are uniquely

determined by andb.

The rules ) and ¢ ) above convey the wrongmpression thak © b
anda ®b are uniquely determined lay andb. In order to penetrate
into the matter, let us try to evaluaXe® Y, whereX)Y € Z_ are not
givendirectly as the residue classes of integeglosc 7. (We discussp;
the discussion applies equally well@ How do we find X & Y? Since
XY € Z_, there are integeesb ¢ Z witha =X, b=Y. Now adda andb in

Z to getatbe Z, then take the residue classadb. The result iX @ Y.
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Theresult? The question is whether we hawy one result to justify
the article "the". We summarize telegrammatically. To Kri&lY,

1) choosa € Z from X,

2) chooséb € Zfrom Y,

3) finda+bin Z,

4) take the residue classaof b.

This sounds a perfectly good recipe for findkh@ Y, but notice that we
use some auxiliary objects, namelandb, to findX ®© Y, which muste
determinedby X andY alone.Indeedthe resula + b dependxplicitly
on the auxiliary objecta and b. We can use our recipe with different
auxiliary objects. Let us do it. 1) | chocsérom X € Z and youchoosea,
from X. 2) | chooséd from Y < Z and you choosk, from Y. 3) | compute
a+band you compute, +b,. In generala+b = a +b,. Hence our recipe
gives, generally speaking, distinct elementsb anda;+ b,. So far, both
of us followed the sameecipe. | cannot claim that my computation is
correct and yours is fals&lor can you claim the contratow we carry
out the fourth stepl find the residue class @f+ b asX @ Y, and you
find the residue class af +b, asX @ Y. Sincea+ b z a, + b, in Z, it can
very well happen thag +b z a;, + b, in Z . On the other hand, ¥
isto be a binary operation @), we must have + b =a, + b,. This is
the central issue. In order thatbe a binary operation o# , there
must work a mechanism whi@msuresa + b =a, +a, whenevera =
a,, b, =b, evenifatbza, +b,. If there is such a mechanism, we say
is a well defined operation od_ . This meansd is really a genuine
operation or/ : X @ Y is uniquely determined b¥ andY alone. Any
dependence ok ® Y on auxiliary integersa ¢ X andb € Y is only
apparent. We will prove th& and® are well defined operations af,
but before that, we discuss more generally well definition of functions.

A functionf: A —B is essentiallya rule by which each elemeatof A is
associated with a unique elemenf@) = b of B. The important point is
that the rule produces an elemeftt) that depends onlyon a.
Sometimes we consider rules having the following form. Tofijax

1) do this and that

2) take arx related ta in such and such manner
3) do this and that

4) the result i$(a).
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A rule of this type uses an auxiliary objectlhe result thedepends on
a andx. At least,it seems so. This is due to the ambiguity in the second
step. This step states that we choose aiith such and sucproperty,
but there may be many objecty,z, ... related toa in the prescribed
manner. The auxiliary objecxsyy,z, ... will, in general, produce different
results, so we should perhaps that the resé,}9 (or f(a,y), f(a,2), ...).

In order the above rule to be a function, it mpsbduce the same
result. Hence we must haf(@,x) =f(a,y) =f(a,2 =--- . The rule must be
so constructed that the same result will obtain even if waliisFrent
auxiliary objects. If this be the case, the functiensaid to bewell
defined

This terminology is somewhatnfortunate. It sounds as though there
are two types of functions, well defined functicarsd not well defined
functions (or badly defined functions). This is definitely not ¢hse. A
well defined function is simply a function. Baddlefined functions do
not exist. Being well defined is na property, such as continuity,
boundedness, differentiabilityytegrability etcthat a function might or
might not possess. That a functio —B is well defined means: 1) the
rule of evaluatingf(a) for a € A makes use of auxiliary, foreign objects,
2) there are many choices of these foreidpjects, hence 3) we have
reason to suspect thapplying the rule with different choices may
produce different results, which would imply thadar rule does not
determinef(a) uniquely and is nota function in the sense of Definition
3.1, but4) our suspicion is not justified, for there is a mechanism,
hidden under the rule, which ensures that same result will obvam

if we apply the rule with different auxiliary objects. The quesasnto
whethera "function™ is well defined arises only if that "function” uses
objects notuniquely determined by the elememtin its "domain” in
order toevaluatef(a). We wrote "function” in quotation marks, for such
a thing may not be a function in the sensB®efinition 3.1. Given such a
"function”, which we want to befanction in the sense of Definition 3.1,
we check whethef(a) is uniquely determined by, that is, wecheck
whether f(a) is independent of the auxiliary objects tlvee¢ use for
evaluatingf(a). If this be the case, our supposed "functiéns indeed a
function in the sense of Definition 3.1. We say then tlimtvell defined,

or f is a well definedunction. This mean$ is a function. In fact, it is
more accurate to say that a function is defined insteacdyhg that a
function is well defined.
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6.2 Examples:(a) LetL be the set of alitraight lines in the Euclidean
plane, on which we have a cartesian coordinate systéenconsider the
"function"s L - R U {0}, which assigns the slope tbfe linel to |. How

do we finds(I)? As follows: 1) choose point, say X,.y;), onl; 2) choose
another point, say{y,), onl; 3) evaluate, - x; andy, - y,; 4) put s(l)
=M, - YP/% - x) if X 72X, ands(l) = « if X, = X,. Clearly we can choose
the points in many ways. For example, nvight choose>(_L',y1') Zz (X.¥,)

as the first point,)&',yz') # (X%,¥,) as the second point. Then we have, in
generalx,” - x," # X, - X, andy,’-y,” # ¥,-y,, SO we might suspect that
Vo =Y =%) = (VomY D/ (X-%)). It is known from analytiggeometry
that these two quotients are equal, hestigelepends only oh and not
on thepoints we choose. Thusis a well defined function. Ultimately,
this is due to théact that there passes one and only one straight line
through two distinct points. The nextample showthat well definition
breaks down if we modify the domain a little.

(b) LetC be the set of all curves in the Euclidean plave considethe
"function"s C - R U {0}, which assigns the "slope" of the cunvéo c.
How do we finds(c)? As follows:1) choose a point, sa(y,), onl; 2)
choose another point, sax,§.), onl; 3) evaluatex, - X, andy, - y,; 4)
puts(l) = ¢, - V/( - X)) if X, #2X, ands(l) = » if X, = x,. This is the
same ruleas the rule in Example 6.2(a). Let us find the "slope" of the
curvey = x2. 1) Choose a point othis curve, for example (0,0). If you
prefer, you might choosgl,1). 2) Choose another point on this curve,
for example (1,1). If you prefegjou might choose (2,4) of course. 3)
Evaluate the differences of coordinates. We firddland 1- 0. You find

2 —(-1) and 4- 1. Hence 4) the slope is 2/1. You find it 3/3. Saos(c)

= 2 ands(c) = 1. Thisis nonsense. We see that different choices of the
points on the curve (different choices of the auxiliabyects) give rise

to different results. So the above ruleat a function. We do not sag "

is not a well defined function's is simply not a function at alk is not
defined.

(c) LetF be the set adll continuous functions on a closed intervab]
We want to "define" an integral "function" F: —[R, which assignes the
real number[ab f(x)dx tof € F. So If) = |° f(x)dx | is a "function"
whose "domain" is a set of functions. How dofinel I(f)? As follows. 1)
Choose an indefinite integral &f that is, choose :Euncﬁon F on [a,b]
suchthatF (x) = f(x) for all x € [a,b] (we take one-sided derivativesaat
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and b). 2) EvaluateF(a) and F(b). 3) Put If) = F(b) - F(a). There are
many functionsF with F(xX) = f(X) for all x € [a,b]. For two different
choicesF, andF,, we haveF, (b) = F,(b) and F,(a) # F,(a) in general. So
we may suspect thaf(b) - F,(a) # F,(b) - F,(a). In order to show thdt
is a well defined function, we must pro¥gb) - F,(a) = F,(b) - F,(a)
wheneverr, andF, are functions onalb] such thalFl'(x) =f(xX) = F2'(x)
for all x € [a,b]. We knowfrom the calculus that, whelj andF, have
this property, there is a constansuch that~ (x) = F,(X) + ¢ for all

x € [a,b]. SoF (b) - F,(a) = (F,(b) +c¢) - (F,(a) +c) = F,(b) - F,(a). There

fore, | is well defined.

After this lengthy digression, we return to the integers madd to the
"operations'® and®.

6.3 Lemma:® and® are well defined operations of).

Proof: We are to prova ®b =a” ®b” anda ®b =a” ®b” whenevera = &
andb =b" in Z _(different names for identical residue classes should not
yield differerent results)his follows from Lemma 6.1lndeed, ifa =a’
andb =b’, thena = a” (modn) andb = b" (modn) by definition, so we
obtaina +b=a"+b” (modn) andab=a"b” (modn) by Lemma 6.1, hence
a—+b = a+b andab=ab, which givesa @b=a +b = a+b =

—

a @b "anda ®b=ab=ab =a ®b. O

Having proved that® and ® are well defined operations oﬁn, we

proceed to show thai and ® possess mangpbut not all) properties of
the usual additiomnd multiplication of integers. First we simplify our
notation.From now on, we write + andinstead of® and®. In fact, we
shall even dropand use simply juxtaposition to denotpraduct of two
integers modn. Thus we will havea + b= a +b andab = ab or
simplya b= ab. The reader should note that the same sign "+" is used
to denote two very distincoperations:® in the old notation and the
usual addition ointegers. If anything, they are defined on distinct sets
Z_ andZ. The same remarks apply to multiplication.
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6.4 Lemma:For all a,b,c € Z_, the following hold
(1) a+be Z;
(2)@+b)y+c=a+ ([ +c);

(3)a+0=a;

(4)a +-a =0;

(5)a+b=b+a;

(6)abeZ;

(7) @b)c =a(bc)

(8) a-1=a;

(9) if (a,n) = 1,then there is ax € Z_such thaax =1,
(10)a-b =ba;
(11)a(b+c)=ab+a-cand(b+c)a=Dba+ca;
(12)a-0=0.

Proof: (1) is obvious. (2) followdrom the corresponding property of
addition inZ. We indeed have

@+b)+c=(a+Db)+c

=(@+b) +c

=a + (b +0)

=a+ ([ + ¢)

=a + (b +7c).
The remaining assertions are proved in the samebyagrawing bars
over integers in the corresponding equationd.itwe proveonly (9),
which is not as straightforward as the other claimsa,H) = 1, Then
there are integersy with ax- ny=1 (Lemma 5.10)Using (3) and (12),
wegetl= ax - ny=ax-ny=axXx-ny=ax-0y=ax-0=ax. O

Exercises

1. Determine whether the "functiory: le — N is well defined, ifg is

defined as follows.
(@9@) = @,13);
(b) 9(a) = @,26);
(©)g(a) = (,169);
(d) g(@) = @°,13);
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(e)g(a) = @3169);
(f) g(a) = @.,6);
(9) 9(a) = (@%,65);

wherea ¢ Z,;anda € Z.
2) Letf: Z,,X Z —Z,,be such thata(b) - a2+abb2. Isf well defined?

3) For an integex, we denote bw the residuelass ofa (mod 12), bya

the residue class af(mod 6), and by the residue class af(mod 5), so
that a e Z,»,a¢€ Zyand a € Z_. Determine whether the following

"functions" are well defined.
@) 7,,—Zy a —4
(b) Zg =7, a—a;
() Z,,—7Zg a —4&;
(d) Z, —Z4 a—4&;

(e)Z, —Z, a—a+l.
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