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Lagrange's Theorem

The order of any subgroup dfin Example 9.4(h) divides the orderlbf

The same thing is true for the grobpn Example 9.4(i). Likewise, the
reader verified that the order lofn 89, Ex.4 is divisible byhe order of

any subgroupf L. These are special instances of a general theorem
named after J. L. Lagrange (1736-181@jch asserts that the order of
asubgroup divides the order of a group, provided, of course, the group
has finite ordeso that we can meaningfully speak about divisibility. It

is the first important theorem of group theory that we come across.

The proof of Lagrange's theoreraquires the notion of cosets, which
plays an important role in group theory.

10.1 Definition: LetG be a groupl << G anda € G. We put
Ha:={hae GheH}cG

and callHa aright coset of H in GWe put
aH={ahe GheH} <G

and callaH aleft coset of Hin G

Right and left cosetef H are subsets 0. When the group is written
additively, we writeH+a={h+ae€ G h e Hlanda+H={a+h e G h ¢

H} for the right and left cosets éf. A right coset is nobecessarily a left
coset and a left coset is not necessariiglat coset. However, when the
group is commutative, the right and left cosets coincidas asvident
from the definition. During a particulaiscussion, we usually fix a sub
groupH of a groupG and consideits various (right or left) cosets. Then
we refer toHa as theright coset of ac G, or as theright coset of H
determined by .aWe use similar expressions fot.
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Cosets are subsets of a group, so the equalityaotosets is defined by
mutualinclusion. We ask when two cosets are equal. The next lemma
gives an answer.

10.2 Lemma:Let G be a group, K< Gand gb € G.

(1) The right cosell =the subgroupl =the left coselH.

(2) Ha=H if and only ifa € H; aH =H if and only ifa € H.

(3) Ha= Hb if and only if a= hb for someh ¢ H; aH = bH if and only if
a =bhfor someh € H.

(4) Ha=Hb if and only if ac Hb; aH =bH if and only if ac bH.

(5) Ha = Hb if and only if ab' € H; aH = bH if and only if &b € H.

(6) Ha = Hb if and only if Hab' = H; aH = bH if and only if abH =H.

Proof: We prove only the assertiorder right cosets and leave the
discussion of left cosets to the reader.

(1) From the definition ofil and 1, we get
HiI={hl1cGheH}={he G heH}=H.

(2) If Ha=H, thena = 1a €{ha < G h € H} = Ha=H, soa € H. Conversely,
if a € H, then

a €H and al cH,
ha € H and hal € H for anyh € H, sinceH
is closed under multiplication),
ha € H and h=(haba € Ha for allh € H,
Ha c H and H < Ha,
soHa =H.

(3) If Ha = Hb, thena € Ha = Hb, soa = hb for someh ¢ H. Conversely,
assumea = hb, whereh € H. Then

a =hb and b =hia,
h'a =h’hb € Hb andh’b=h"h"a € Ha for allh” € H,
Ha € Hb and Hb < Ha,
soHa = Hb.

(4) This is just a reformulation of (3).
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(5) Ha=Hb if and only ifa = hb for someh ¢ H, and there is a unigus
with a = hb, namelyh = ab® (Lemma 7.5(2); thusa = hb for someh ¢ H
if and only ifab™ € H.

(6) Ha = Hb if and only ifab® € H by (5), andab?! € H if and only if
Habl=H by (2).

10.3 Lemma:Let H<< G. Then G is the union of thh@ght cosets of H
The right cosets dfl are mutually disjoint. Analogous statements hold
for left cosets

Proof: AsHac G for anya € G, we getaLeJG Ha < G. Also, for anyg € G,
we havegy € Hg, sog € U Ha, thusG < |J Ha. This provess= U Ha.
acG acG aeG

Now we prove that the right cosetstbfare mutually disjoint. Assume
Ha n Hb # &. We are to showla = Hb. Well, we takec € Ha n Hb if
Ha n Hb # . Thenc € Ha andc € Hb. SoHa=Hc andHc = Hb by Lemma
10.2(4). We obtaifla = Hb.

The left cosets are treated similarly. O

In the terminologyf Theorem 2.5, right cosets Hfform a partition of

G. Theoren®.5 tells us that the right cosets are the equivalence classes
of a certain equivalence relation 6nBy the proof of Theorem 2.5yve

see that this equivalence relatiors given by

for alla,b € G a ~ b if and only ifHa = Hb,
which we can read as

for alla,b € G:a ~ b if and only ifab?® € H.
It may be worth whileto obtain Lemma 10.3 from this relation
instead of obtaining the relatienfrom Lemma 10.3.

10.4 Definition: LetH < G anda,b € G. We writea = b (modH) and
saya is right congruent to b modulo H abt € H. Similarly,we write
a = b (modH) and saya is left congruent to b moduloiHa™b € H.

99



10.5 Lemma:Let H<< G. Right congruence modulo H and left congru
ence modulo H are equivalence relations on G

Proof: We givethe proof for right congruence only. We check that it is
reflexive, symmetric and transitive.

() For alla € G, a = a(modH), as thismeansaa® = 1 ¢ H. So
right congruence is reflexiveReflexivity of right congruence follows
from the fact that £ H.

(i) If a = b (modH), thenab?! € H, then abH™ € H, hence
bal € H andb = a (mod H). So right congruence isymmetric. Sym
metry of right congruence follows from tiact thatH is closed under
the forming of inverses.

(i) If a =r b (modH) andb =, ¢ (modH), thenab® ¢ H and
bct € H, then abb(bc?) € H, henceac?t € H anda =, ¢ (mod H). So right
congruence is transitive. Transitivity of right congrueféiws from
the fact that is closed under multiplication.

Hence right congruence is an equivalence relatiod on O

According to Theorem 2.5; is the disjointunion of right congruence
classes. The right congruence class ofG is the right coset cf:
[a] ={x € G: x= a(modH)}

={x € G xa' e H}

={x € G: xat=h, whereh ¢ H}

={x € G: X =ha, whereh ¢ H}

={ha e G h € H}

= Ha.
This gives a new proof of Lemma 10.3.

10.6 Lemma:Let H<< G. There are as many distinct right cosets ahH
G as there are distindeft cosets of H in GMore preciselylet ‘R be the
set of rightcosets of H in G and l&t be the set of left cosets of H in G
Then®R andf have the same cardinalithR| = |£].
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Proof: We must find a one-to-one correspondence betviieeand {..
We put o R—-4
Ha — a™H.

We show thats is a one-to-one, onto mapping. First yweve it is a
mapping. We have to do it. Indeed, how do we #adf X ¢ R? Well,
we writeX = Ha, that is, we choose anc X, then we find the inverse of
thisa, and "map'X = Ha to the left cosed™H of H determined bya™ So
we must show thakXs is independent of the elementve choose from
X., i.e., that is a well defined function. We are to prove

Ha=Hb = (Ha)o = (Hb)o.
If Ha = Hb, thenab! € H by Lemma 10.2(5), theralfH)™ ¢ H, soba® ¢
H, soa™H = b H by Lemma 10.2(5), andHf)s = (Hb)s. Hences is indeed
a well defined function.

¢ is one-to-one sinceH@)o = Hb)s = aH=bH = GHatecH
= baleH = ®ad)teH = able H = Ha=Hb, ando is onto as
well, since anyH ¢ £_is the image ofibl¢ R undero:
(HbYHe = OH™H =bH.
HencelR| =14]. O

10.7 Definition: LetG be a group anH < G. The (cardinal) number of
distinct right cosets ofl in G, which isalso the (cardinal) number of
distinct left cosets dfl in G, is calledthe index of H in G and is denoted
by IGH]I.

So|GH]| is a natural number ¢&H| = ©. Notice thatG is written befored

in |GHJ|, but when we readH" is pronounced befor&": index ofH in G.
Lemma 10.6states essentially that we do not have to distinguish
between "right" and "left" index.

Note thatGH| = 1 means$l =H1 is the only right coset of in G, whence
a € Ha=Hfor alla € Gand sdG € H. Thus|GH| = 1 if and only ifH =G.

We will be mostly interested in cases whdel| is finite. This can
happen even ifj isinfinite. For instance, 4 is a subgroup of (under
addition) by Example 9.4(c) and the left (right) cosets
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O+4,1+4,2+4,3+4U
of 47 in Z are all the left cosets ofZ4in Z. Hencel|Z : 47| = 4. Inciden
tally, we see that Definition 10.4 is a natural generalizatbnthe
congruence relation oh

We need one more lemma for the proof of Lagrange's theorem.

10.8 Lemma:Let G be agroup and H< G. Any right coset of H and
any left coset of H in Gave the samé&ardinal)l number of elements as
H. In fact |Ha =|aH| =|H| for all a € G.

Proof: We prove the lemma for right cosets only. For anyg G, we
must find a one-to-one correspondence betwkeandHa. What ismore
natural than the mapping

¢. H— Ha

h— ha

from H into Ha? Nowg is indeed a mapping into Ha. It is one-to-one,
for hp=h'e (hh'e H) impliesha = h"a, which givesh = h” after cancelling
a (Lemma 8.1(2). Also, it is onto by the vergefinition of Ha. Sowe get
|Hal = [HI. O

10.9 Theorem (Lagrange's theorem)if H << G, then|G = |GHI[HI|. In
particular, if G is a finite groupthen|H| | |G

Proof: From Lemma 10.3, we knows = aLEJG Ha and that theHa are

mutually disjoint. Avoiding redundancies, we write

G= U Ha
Hae R
where®R is the set of distinct right cosetstbfn G. SinceHa are disjoint,
we obtain

G = ) IHd

HaeR
when we count the elements. Sinlda = |H| for all Ha € R by Lemma
10.8, we get

G = > IHa = > [HI =IRIIH =IGHIIH]
Hae R Hae R

as|GH| = |R| by Definition 10.7. O

102



The basic idea of the preceding proof is simple. We halig@nt union

G= U Ha and we counthe elements. Then we g& = Z IHal. In
Hae R HAT R

the sequel, we will prove some important resulta lsymilar reasoning.
We will have a disjoint uniols = iLEJI T, and, counting the elements, we

will get|S = ) |T,l. See §§25,26.

i€l

Here is an application of Lagrange's theorem.

10.10 Theorem:Let p be a positive prime number and G lraup of
order p Then G has no nontrivial proper subgroup

Proof: We are to showhat {1} andG are the only subgroups Gf Now
if H<< G, then|H| | |Gl by Lagrange's theorerso [H| | p andl|Hl = 1 orp.
If [H = 1, then necessarily ={1}. If |Hl = p, then|H| = |G andH < G
together yieldH =G. O

If Gis a finite group and << H << G, Lagrange's theorem gives

|G |H IG |Hl |G
GH| = —,|HK =—, so|GH||HK| =— — = — = |GK]|.
(GHI= ) HKE= o SOIGHIHKE= ) = g T1GK

We give another proof of this reswithich works also in the case of
infinite groups and infinite indices.

10.11 Theorem:If K << H << G, then |GHI|/H:K| = |GK|. In particular, if
any two ofGH|,GK|,/HK| is finite then the third is finitegoo.

Proof: Let R ={Ha, :i € 1} be the set of all distinct right cosetstbfn G.
We have

G=U Ha, witha. € G, Ha = Ha fori =i, [Il =IGHI. (@D
1

i€l

Let R = {ij 1] € J} be the set of all distinct right cosetskoin H. Then

H=U Kb, withb € H, Kb Kb forj=j., J = HKI. )
j€J J J J Jq 1
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We must proveGK| =|1][J. Sincell X J =]1[|J], this will be accomplisheid
we can find a one-to-one correspondence betweeh and the set of
right cosets oK in G. How we find this correspondence will be clear
when we observe

Ha, ={ha, € GheH}={ha e G he jLeJJ ij}
={ha, € G: there are ¢ Jandk € K with h = kbj}
:{kbjai €GjelkekK}
=jLéJJ{kbjai €eGkeK}= J,LEJJ Kba,

sothatG=U Ha =U U Kba = U Kba.. This suggests
iel ! iel jed [ (i,jel X J Ja
(i)~ Kda

as a mapping frorhX Jinto the set of right cosets kfin G. Let uscheck
if it works.
For eachi() € I XJ, bjai iIs an element d3, henceKbJai is a right cosedf

K in G. Thus the above correspondence is indeaedapping froml X J
into the set of right cosets Kfin G.

It is onto, for ifKg (g € G) is any right coset df in G, then
g € (ij)laJ 3 ijai by our observation, so, by the definition of union,

there is iGj)) € | X J with g € Kb a . ThenKg = Kb a, andKg is the
lo 1o lo 1o
image of (jj)) € I XJ.

It is one-to-one: if(b]ai = ijlail’ thenbjai = kbjlail for somek € K € H by
Lemma 10.2(3), them, = bj'jkbjlail with bl'lkbJl € H, soHa = Ha by
Lemma 10.2(3), sb=i, by (1).Thusa, = ail and we get(bJ = KbJ aiai'l =
Kb a atl= Kk)Jlaiai'l =Kb by Lemma 10.2(6), which yields=j, by (2).

1 !
HenceKbJai = ij a, implies () = Gl,jl). The mapping is one-to-one.
1 "1

Thus|GK| =1 X J =1l |J =|GHIH:KI. O

Exercises
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1. Find the right cosets of all subgroups Wf(Example 9.4(h), of E
(Example 9.4(i) and ofL (89,Ex.4).

2. Let T bethe subgroup ofpp ) that we discussed in Example 9.4(Q).
Show that & € Spp,1): Oc = 1} is a right coset of in S 1. IS it a left coset
of T? Would your answer be different if we wrote the functionghmn
left? What igSj0,1)Tl ?

3. Find all cosets afZ in Z. What is|Z : nZ|?

4. Why do we not use the "mappinfR — £_ in the proofof Lemma
10.67? Ha—aH
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