811
Cyclic Groups

Let G be a group ana € G. Consider the se{ € G n € 7} of all integral
powers ofa. We designate this subset 6fshortly by<a>. It is not
empty and is in fact a subgroup®f

(i) if aMa" € <a>, thena™a" =a™M € <a>, asm+ n € Z when
mn € Z,

(i) if aM € <a>, then @M t=a™e <a>, as-m € Z whenm ¢ Z.

11.1 Definition: LetG be a group anal € G. Then<a>={a" € G n € 7}
is called thecyclic subgroup of G generated bylait happenghat<a> =
G, thenG is called acyclicgroup and is called agenerator of G

Any cyclic group is abelian. Indeed, Gfis a cyclic group, generatdxy
a, then any two elemen&8'a" (mn € 7) of G commute:

aman — aran — an+m — anam_
The converse is false. There alelian groups which are not cyclic. For
example, the group of Example 9.4(h) is abelian but not cyclic since
the cyclic subgroups generated$,5,7 are all proper subgroups f

11.2 Examplesi(a) Consider the subgroup> of C\{0} under multipli-
cation. We have
i%°=1,il=i,i?=-1,a3=-i
and other powers ofdo not give ris¢o other complex numbers. To see
this, letn € Z and dividen by 4 togem=4q+r,0<r < 3, qr € 7.
Then
i =4t =4 = (D9 = 14 =i e {1,i-1-i}

Hence<i>={ 1,i,-1,-1} is a cyclic group of order 4.

(b) In 89, Ex.4, the reader proved that {1,2,4,5,7,8} is a group under
multiplication (mod 9). Let us find the cyclic subgroud_ajeneratedby
2. We have

20=1,21=222=4,2%=8,24=7,25=5,
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are proper subgroups bf In particular,4,7,8 are not generators &f
On the other hand,

and5 is another generator bf

A cyclic group has many generators. The number of generatoes of
cyclic group will be determined later in this paragraph.

11.3 Definition: Let G be a group and € G. The order|<a>| of the
cyclic subgroup ofG generated by is called theorder of a and is
denoted bwy(a).

Thuso(a) is either anatural number oro. Of course,f G is a finite
group, then every elemeatof G will have finite order, in fac'o(a)||G|

by Lagrange's theorem. An infinite group, on the other hand,irhas
general, elements of finite order as well as elements of infinite order.

11.4 Lemma:Let G be a group and a G. Theno(a) is finiteif and only
if there is a natural number n wieh = 1.If this isthe casetheno(a) is
the smallest natural number s such thrat 1.

Proof: We putA={n ¢ N: a" = 1}. The claim is thao(a) is finite if and
only if A is not empty. First we suppos@) is finite and prove thai is
not empty. If o(a) is finite, then<a> is a finite subgroup o6 and the
infinitely many elements

ata?a3a? ...
of <a> cannot be all distinct. S& = a™ for somekm € N with k z m.
Assumingk < m without loss ofgenerality, we obtairn™® = aMa¥ =

aM@9Ht=am@M1=1, som-k € AandA = 2.
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Suppose now there are natural numbrevgith a" = 1, thatis, suppose
that A z &. We prove that(a) is finite, and is in facthe smallest natur
al number inA. To this end, les be the smallest natural numberAn
We show firsts << 0(a) and thero(a) < s

Consider thes elements®,ala? ... aSt of <a>. These are all distinct, for

if al=aizj,0<ij<s-1
say withi < j, then
at=1j-i<(s-1)-0,j-i €N,
j-ieA j-is<s-1,
contradicting thas is thesmallest natural number . So there are at
leasts distinct elements ina>. This givess << [<a>| = o0(a).

Next we show thathere are at moss$ distinct elements irka>. If
a" € <a>, whereh € Z, we divideh by sto get

h=qgs+r, qr € 7, os<rs<s-1,
ah = gdstr = g% = (a%qar = 19" = ar’
so <a> c{a%ata? ... a1,
lkay] < |{a®ala? ...,a%Yl,
o(a) <s

since the element®,ala? ... .aT are all distinct.

Froms < o(a) ando(a) < s, we geb(a) =s. O

11.5 Lemma:LetG be a group and & G. Then d@a) = o« if and only if
powers of awith distinct exponents are distingte, if and only if
am =z akK whenevem = k (mk € 7).

Proof: If a™ = ak whenevem z k, then the infinitely many elements
3,2,1,0,1,2.3

L,asaaaahasa’c, ...

of <a> are all distinct. Se@a> is an infinite group anala) = .

Suppose now the condition in the lemma does not hold. THere are
mk € Z with a™ = aK m z k. Assumem > k without loss of generality.
Thenm- k € N anda™k = 1. There is a natural number namelyn
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=m- Kk, with a" = 1. Theno(a) is finite by Lemma 11.4. Henaxa) = w
implies that™ z aX whenevem z k (mk € 7). O

11.6 Lemma:Let G be a group and leta G be of finite orderLet n ¢
Z. Then & = 1if and only ifo(a)/n.

Proof: We puts=o0(a). If §n, thenn =sqfor someq € 7, hencea" = a4
= @%9=19=1 sincea® = 1 by Lemma 11.4. Conversely, suppaSe 1.
We dividen by s and get

n=qs+r, qr € Z, oOos<r<s-1,
1=a"=a%" =a%%" = (@%% " = 19" =a".

If r # O, thenr would be a natural number smaltban s with a" = 1,
contradicting Lemma 11.4. $o= 0,n = gsandsgn.
O

11.7 Lemma:lf G is a finite groupthen & = 1for all a € G.

Proof: For anya € G, o(a) = [<ka>| divides|G by Lagrange's theorem. So
a® =1 by Lemma 11.6. =

Next we show that subgroups of cyclic groups are also cyclic.

11.8 Theorem:Let G be ayclic group and let H< G. Then His cyclic
More informativelylet G =<a>. Then{l} = <1> and ifH z {1}, then H=
<a'>, where tis the smallest natural number in the get N: a" € H}.

Proof: The subgroup {1} ofG = <a> is clearly the cyclic subgroup &
generatedby 1, hence {1} =<1> is cyclic. Suppose now {1¥ H < G. We
prove thatl is cyclic, and in facH =<a'> as statedéh the theorem. Since
H = {1} by assumption, there is a nonidentity elemenHjrsaya™ € H,
with m € Z\{0}. Then a™ € H sinceH is closedunder the forming of
inverses. S@Ma™ e H, mz 0. So there is a natural numbesuch that
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a" € H, for instancen = |m|. Thus the set{ € N: a" € H} is not empty.
From the natural numbens this set, we choose the smallest one and
call it t.

Now at € H. Alsoa™® = @)™ € H. SinceH is closed under multiplication,
we obtain<t= @)X =a'al...a' € H anda®'=@HX=ata'...a' ¢ H for all

k € N. Sincea® = 1 ¢ H, we seea™ = a'"™ ¢ H for all m € Z. Thus we
have<al>={a'"™ ¢ G me 7} C H.

Assume nexb € H, whereb € G =<a>. We writeb =a" with a suitablen
in Z and dividen by t. This gives

n=tg+r, qr € Z, os<r<t-1,
a"=a"=a"@a"9 ¢ H,

sincea"a® € H. If r # 0,thenr would be a natural number smaller than
t such that" = 1, contradicting the definition df Sor = 0, n = tq, t|n
andb =a" =a' ¢ <a%. This holds for alb € H. HenceH < <a%.

From<a'> ¢ H andH c <a%>, we getH =<a%, as claimed. O

11.9 Lemma:Let G be a group and aG. Let ke Z, kz 0.
(1) If o(a) = », theno(aX) = .
(2) If o(a) =n € N, then ¢a“) = n/(n,K).

Proof: (1) Suppose(a) = ». If 0(aX) were finite, sap(@") =m ¢ N, then
@9™M = 1, soakM = 1 =2a° althoughkm and O aredistinct integers,
contrary to Lemma 11.5. S¢a) = « implieso(aX) = .

(2) Now let us suppose(a) = n € N. Then<a*> < <a> and soo(a) is
finite. By Lemma 11.4,

0(a¥) = smallest natural numbeisuch thatg<)S= 1
smallest natural numbesuch that®s=1

= smallesthatural numbeis such thatn|ks (Lemma
11.6)
= smallest natural numbseisuch tha n |Ls
il (i
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n
= smallest natural numbearsuch that — - | s (Lemma

(n,K)
511 and
Theorem 5.12)
_n
T (k) =

From Lemma 11.9(1), we infer that amontrivial subgroup of an
infinite cyclic group is infinite. Using Lemma 11.9(2), we can fin
number of generators of a finite cyclic group. IGet <a> be a cyclic
group of ordem € N. Which elements are the generatorsGef Any
elementX genera-tes a subgroaﬂ(> of <a> andaK is a generatoof <a>
if and only if<a*> = <a>. Weknow <a*> < <a>, so, sincd<a>| = n is finite,
a¥is a generator ah> if and onlyif [<a*| = |<a>]. ThusaK is a generator
of <a> if and only ifo(ak) =o0(a), that is,if and only if n = n/(n,k), and so
if andonly if (n,k) = 1. There area distinct elementa®ata? ... a" "t in
<a>, and among these,
(a Nk =1,0<k<n-1}={ak Nk =1, 1< k<n}

is the set ogenerators ofa>. Hence the number of generatorsatfis
the numberof positive integers smaller than (or equal te)and
relatively prime ton. This number is traditionally denoted b{n). For
example

e(1) =1, ¢(2)=1, 9(3)=2, ¢4)=2, o05)=4,

¢(6) =2, o(7)=6, 9(B8)=4, ¢(9) =6, ¢(10)=4.
The functionp: N — N is known as Euler'phi functionor Euler'stotient
function(L. Euler, a Swiss mathematician (1707-17)83)

Lagrange's theorem asserts thaiJ!GI when there is a subgroup of
order|H| = m (providedG is a finite group). The converse of Lagrange's
theorem is false: & is a finite group and"l||G|, then itis not necessarily

true thatG has a subgroup of orden (see 816, Ex.7). However, for
cyclic groups, the converse of Lagrange's theorem is true.
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11.10 Lemma:Let G=<a> be acyclic group of orderG = n. For any
positive divisor m of there is a uniqueubgroup H of ordefH| = m,
namelya™™>.

Proof: o(a) = n by hypothesis. We writa = mk Consider the subgroup
<a®> of <a>. We observéa's| = o(aX) = n/(n k) = mik/(mkk) = mk/k = m,
so<ak> is a subgroup of orden

We now show thata®> is the unique subgroup 6fof orderm. LetL be
a subgroup of orden. We want to prove. = <a*>. SincelL| = [<a*>| = m
is finite, it will suffice toprove thatL < <aX>. This is certainly true if
L = {1}, that is, ifm = 1.Whenm z 1, we have, by Theorem 11.8B,=
<a'>, wheret is the smallest natural number such thatL. In order to
show<a® = L < <ak, we need only prove' € <a*>, i.e., we need only
prove Kt. This is easy: since(a') = |[<a*>| = |L| = m, we get §)™ = 1 by
Lemmall.6, soa'™ = 1, sontm by Lemma 11.6 again, which gives
kmtm, henceKt.

O

Lemma 11.10 implies that finite cyclic groupG has, for any positive
divisor k of |G, a unique subgroup of indek This reformulation of
Lemma 11.10 extends immediately to infinite cyclic groups.

11.11 Lemma:Let G=<a> be a cyclic group of infiniterder. For any
m € N, there is a unique subgroup H of G of indéH| = m, namely
H =<a™>. Any nontrivial subgroup of G has finite index in G

Proof: We haveG =<a>, 0(a) = ©. Theelements ofs are the symbolsk,
wherek runs through the set of integers. By Lemma 14¥%;, a/ for k =

j. Two symbols are multiplied by adding the exponeaits: = a¥*l. Also,
a® is the identityand @)@ is the symbok™. Essentially, we have the
group of integers under addition, but the integersnaiiten as expo
nents.

First we provehat a nontrivial subgroup & has finite index irG. Let
L < G=<a> L # {1}. From Theorem 11.8, we know = <a'>, wheret is
the smallest natural number such titag L. Any element" of G = <a>

112



can bewritten asa'®", with some uniquely determined integeags,

where O<r <t - 1. Thus any elemernt' of G belongs to one and only
one of the subsets

{a'% qe 7}, {a'9t q e 7}, {a'92 q € Z}, ..., {a' 9" (D q € 7},
which are just the right cosets

<atal, <atal <at>a2, ..., <at>att
La°, Lal, LaZ, e Lat?

of L. The uniqueness af andr implies that these cosets are distinct.
Alternatively, one can show that thesesets are distinct by noting that
La' =Lad (0<ij < t- 1) implies, when = j, say wher < j, thatL =

La? and thus(Lemma 10.2(2) a' ¢ L, where0 <j -i <t - 1,
contrary tothe definition oft as the smallest natural number such that
a' € L. So there are exacthdistinct right cosets df in G and|GL| =t is
finite.

We proved in fact thaG<a® =t whent € N. Thus, for anym € N, there
is a subgrouf G of index m, namely<a™. We proceed to show that
<a™ is the unique subgroup 6fof indexm. AssumeK << G with |GK| =
m € N. We are to show =<a™. Now K = <a*>, wherek is thesmallest
natural number such that € K (as|GK| is finite,K # {1}). So m = |GK| =
1G<a®>| = k anda™ = aK, which yieldsk = <a%> = <a™. Therefore<a™ is
the unique subgroup &fof indexm. O

We learned thstructure of cyclic groups quite well, but we had only a
few examples. We have not seen any cyclic group of ordef75For all
we know aboutyclic groups up to now, it is feasible that there is no
cyclic group of order 5 or 7. We show next that thege égclic group of
any order. Incidentally, this shows that there are groups of all orders.

11.12Theorem: There is a cyclic group of infinite orderAlsg for
any ne N, there is a cyclic group of order n

Proof: We give examplesf cyclic groups in additive notation. In this
notation,<a> is the group fia n € 7}, the group operation beinma + ma
= (n + m)a, the additive counterpart of the raf&a™ =a™m
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Z (under addition) is a cyclic group of infinite orderZas {m1 : m ¢ /}
=<1> is generated by 4 7.

Z_ (under addition) is a cyclic group of ordemasZ_ = {ml:m e 7} =
<1>is generated by € 7 .

O

11.13 Theorem:Let p be a prime numbdf G is a group oforder p
then G is cyclic

Proof: Sincep is prime |G =p # 1 and sd doesnot consist of the iden
tity element only. Let be any element db distinct fromthe identity.
Then 1z <a> << G andl|<a>| is a positive divisor ofG = p by Lagrange's
theorem. Sincea> # 1, we havéd<a>| # 1, and sd<a>| = p =|G. This forces
G =<a>. ThusG is a cyclic group. (In fact, any nonidentity elemeiG is
a generator o&.) O

Exercises

1. LetG be agroup and lea be an element of finite orderin G. Show
that, for allmk € Z, the equalitya™ = aX holds if and only if
m= k (modn).

2. Find allsubgroups of a cyclic group of order 8, of a cyclic group of
order 10, and of a cyclic group of order 12.

3. LetG be a groupa € G ando(a) = 36. What are the ordersasf a3, a%,

a7,a12’a15’a17?

4. LetGbe a group anal € G. Letnk € N and letm = [n,k] be the least
common multiple of andk. Prove thata™>n <a> =<a™.

5. LetG be a group and € G with o(a) = nn, € N, wheren,,n, are
relatively primenatural numbersShow that there are uniquely deter
mined elements, a, of G such that

a, =a=aa,
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and o(a,) =n;, 0(a,) =n,

6. LetG be a group analb ¢ G. Assume that(a) € N, o(b) € N and that
o(a),o(b) are relatively prime. Prove: #b = ba, theno(ab) = o(a)o(b).

Prove also that(ab) = o(a)o(b) is not necessarily truewhen the hypeo
thesisab = bais omitted.

7. Show that, ip,n € N andp is prime, therp(p™) =p" - p™*
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