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Group of Units Modulo n

Let n be a natural number and consider We defined twaperations
on this set, namely addition andultiplication (Lemma 6.3). With
respect to additiory  forms a groupWhat about multiplication? With
respect to multiplication/_ is not agroup unlessn = 1. This can be
easily seen from the fact th&@t has nomultiplicative inverse inZ_
(Lemma 6.4(12); note that= 1 whenn # 1). However, as in Example
9.4(h), a suitable subset Af is a group under multiplication.

12.1 Lemma:Letne Nand gb € Z. Ifa = bin Z_, then(a,n) = (b,n).

Proof: If a = bin Z_, thena = b (modn), sonb - a, sonk=b - a for
somek € Z. We putd, = (a,n) andd, = (b,n). Wehaved,/n andd,|a, thus
d,Ink+a, thusd,|b. Fromd,|n andd,|b, we getd, |(b,n), sod, |d,. Likewise
we obtain d,|d,. So|d,| = |d,] by Lemma 5.2(12) and, sina#,d, are
positive, we havel, =d.,,. O

The preceding lemma tells that the mappipg- N is well defined. The

a — (a,n)
claim of the lemma is not self-evidaantd requires proof. Compare it to
the apparrently similar butrong assertiorthata = b implies @,n?) =
(b,n?). By Lemma 12.1, the following definition is meaningful.

12.2 Definition: Letn € N anda € 7 _, wherea € Z. If (a,n) = 1, thena
is called aunit in Z_. The set of all units id_ will be denoted by’

The reader will observe thdtin Example 9.4(h)s exactlyzg. We see

numbem. SoIZEI =p-1. Whenn > 1, 7 consists of the residue classes
of the numbers among 1,2,3,,n - 1,n that arerelatively prime ton.
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By the definition of Euler's phi function, we concludg = ¢(n). Sop(12)
= 4 and infact Z, = {15711 Also, ¢(15) = 8 and Z =

12.3 Lemma:Letne Nand gb € Z. If (a,n) = (b,n) = 1, then(abn) =
1.

Proof: This follows from thdundamental theorem of arithmetic (Theo
rem 5.17), but we give another proof. WM&t d = (abn) and assume, by
way of contradiction, thatl > 1. Thenpld for some prime numbgp
(Theorem 5.13). So

plab and pN
pla orplb and pin (Euclid's
lemma)
pla andpln or plb andpln
pl(a,n) or pl(b.n),
contrary to the hypothesigt) = 1 = pb,n). So gbn) =d = 1. O

12.4 Theorem:For any ne N, Z; is a group under multiplicatian

Proof: (cf. Example 9.4(h).We check the group axioms.

(i) Is Z; closed under multiplication? Leib € Z;, so thata,b
are integers witha(n) = 1 = p,n). We ask whetheab ¢ Z;, i.e.,which is
equivalent to asking whetheal(n) = 1. By Lemma 12.3ab is indeed
relatively prime tan and soZ:] is closed under multiplication.

(i) Multiplication in Z; is associative sincie is in fact asse
ciative inZ_(Lemma 6.4(7).

(i1 e Z as(1n) =1 anda 1 =2al =a for alla € Z. Hence
1is an identity element af’.

(iv) Each element i/  has an inverse i . This follows
from Lemma 6.4(9). Let us recall its proof. df € 7., with a € Z and
(a,n) = 1, then there are integeqy such thatx+ny = 1. From this we
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geta x =1, sox is an inverse dd. Yes, but this is not enoughve must
further show thak ¢ Z;, or equivalentlythat &n) = 1. This follows
from the equatioax+ny= 1, sinced = (x,n) impliesd|x, dn, sod| ax+
ny, sod1, sod = 1.

HenceZ; is a group under multiplication. O

Z) is a finite group of ordeg(n). Using Lemma 11.7, we obtagf™ =1
for all a € Z;. Writing this in congruence notation, we get an important

theorem of number theory due to L. Euler.

12.5 Theorem (Euler's theorem)let n<€ N. For all integers that are
relatively prime to nwe have
a®™M = 1 (modn). m|

The case whem is a prime number had already been obsenred
Pierre de Fermat (1601-1665). The result is knawifrermat's theorem
or as Fermat's little theorem.

12.6 Theorem(Fermat's theorem): If p is a positive prime number
then
aP1=1 (modp)

for all integers a that are relatively prime to (pe., for all integersa
such that pa. O

Multiplying both sides of the congruene®! = 1 (modp) by a, we get
aP = a (modp). The latter congruence is true alsibhout the hypothesis
(a,p) = 1, since botlaP anda arecongruent to 0 (mog@) when @,p) = 1.
This is also knows as Fermat's (little) theorem.

12.7 Theorem (Fermat's theorem)if p is a prime numbethen
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aP =a (modp)
for all integers a O

Exercises

1. Prove thaZ:l is an abelian group under multiplication.
2. Construct the multiplication tablesBr:ffor n=24,6,10,12.

3. What are the orders Bfin Z;, 2in Zg, 3in Z;, 2in Z;_,U 2in ZXB, 3in

7, 2in 74 5in Z,,? What do you guess?

4. Show thaﬂg, .

22 §3, Z§4 are cyclic.

5. Assumep is prime,Z;’ is cyclic, andm € N, m = 2. Prove thaﬂgm is
cyclic by establishing that, & in Z; iS a generator OZ;, theneither a
or a+p in ng is a generator cﬁgm.

6. Find the order d& in ZXS, in leﬁ, in Z?fz, in Z&.

7. Proveor disprove: ifa € Z anda = 5 (mod 8), then the order afin
7 is 2™ for allm=> 3.

8. Show thaﬁpxq is not cyclic ifp andq are positive odd prime numbers.

(Hint: Whatis ¢(pq) and what isa®P@D/2 congruent to (mogbo) if a is
an integer relatively prime {og?)
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