813
Groups of Isometries

For any nonempty set thesetS  of all one-to-one mappings fro

ontoX is a group under the composition of mappir{@ample 7.1(d).

In particular, ifX happens to b#he Euclidean pIanE,' thenE is the set

of all points in the plane arg] is agroup. We note tha& iIs not merely

an ordinary set of pointsAn important feature oE is that there is a
measure of distance bétween the points #imong themappings inS,

we examine those functionshich preserve the distance between any
two points. Clearly, such 'functions will be more important thather
onesin S, éince such mappings respect an important structure of the
Euclidean plané&.

We choose an arbitrary but fixed cartesian coordisygéem orE. Each
point P in E will then be represented by the ordered Paly) 'of its
coordinates. We will not distinguish between the poirt ahd the
ordered péir>(,y). So we write Xy)a in place ofPa, wherea € S.. The

distance between twmointsP,Q in E is given by\/(xl—x2)2+(y1—y2)2, if P
andQ have coordinates(y,).(X,)y,), respectively. This distance whble

denoted byd(P,Q) or by d((X,,Y,),(%,¥,))-

13.1 Definition: A mappinga € S is called ansometry(of E) if

d(Pa,Qo) =d(P,Q
for any two point$,Qin E

This word is derived from "isos” and "metrontneaning "equal“and

"measure” in GreekThe set of all isometries d&f will be denoted by
IsomE. Since the identity mapping: E — E is evidently an isometry,
Isom Eis a nonempty subset §f. In fact,Isom E< S_.

13.2 Theorem:lsom Eis a subgroup o%_.
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Proof: We must show that the@roduct of two isometries and the
inverse of an isometry are isometries (Lemma 9.2).

(i) Let «,p € Isom E Then, for any two point3,Q in E

d(Pap,QuB) = d((Px)B,(Qx)B)
= d(P«,Qu) (sinced is an isometry)
= d(P,Q) (sincex is an isometry),

soaf € Isom E Hencelsom Eis closed under multiplication.

(i) Let a € Isom Eand letP,Q be any twopoints inE. Since
o € S, there are uniquely determined poiRt®  in E such thaP’« = P,

Qu =Q. ThusP” =PoL, Q =QuL. Then

d(P",Q) =d(P ,Q ) (sincex is an isometry)
d(Pa.Qx™) =d(P,Q
«1 €lsomE

Hencelsom E<C SE. O

We examine some spectgpes of isometries, namely translations, fota
tions and reflections.

Loosely speaking, a@aranslation shifts every point df by the same
amount in the same directidin. more detail, a translation is a mapping
which "moves" any pointx(y) in E by a units in the direction of the
X-axis and byb units in the direction of thg-axis (the directions being
reversed when or b is negative). See Figure 1. The formal definition is
as follows.

13.3 Definition: A mappingE — E is called atranslation if there are
two real numbersg,b such that

(xy) — (x+ay +b)
for all points &y) in E under this mapping.

The translationxy) — (X +a,y + b) will be denoted by, |,
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(x+a,y+b)

(X,y)

(a,b)

(0.0)

Figurel

13.4 Lemma:lLett, , andr_ 4 be arbitrary translations
(1) Ta,brc,d = Ta+C,b+d'

(2) o0~ =1

(3) T_a‘_bTa,b =17= Ta,bT—a,—b'

Proof: (1) We have Xy)(1, 7. o) = ((X¥) T2 p) e g
= (xX+ay+b)r. g
=((x+a) +c,(y+b) +d)
=(x+@+c)y+ (bo+d)
= (X’y) 1"a+c, b+d

for all (xy) € E. Thust, yt. 4 = Tarcpra:

(2) We haveXy)i; o= (X + Oy + 0) = KYy) = (xy): for all (xy) € E. Thus
T5.0= 7
(3) From (1) and (2) we get, 1., = Tra)+a,(-b)+b — T0,0 = / and likewise

Tab'a-b ~ Tat(-a),b+(-b) — 0,0~ % =

13.5 Lemma:Any translation is an isometry

Proof: First of all, we must show that any translation belongsta et
T, be an arbitrary translatiofa,b € R). There is a mapping: E —E
such that, v = /=y1, ,,, namelyp =1, ,, by Lemma 13.4(3). Thus, , is
one-to-one and onto by Theorem 3.17(2). Henge: S..

Next we showd((x,.¥,),(%:¥,)) = d((<.¥) % XY,)T ) for any two
points &,.y,).(X,Y,) in E. We have
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A (XY o oY) Ta ) =d((X +ay, +b), (X, +ay, + b))
= \/[(X1+a) - Ogra)]? + [(y,th) - (Y, th)]?

= \/ (X" X) (YY)
= d((x,¥;),(%»¥,))

and sor, , € Isom E O

13.6 Theorem:The set T of all translations is a subgroup of Isam E

Proof: LetT ={r, ;s ab € R} be the set of all translation$.is a subset
of Isom Eby Lemma 13.5. From Lemma 13.4(2f 15, € T, soT # @.

Now we use our subgroup criterion (Lemma 9.2).

(i) The product of two translationg, andz_g isa translation
Trcbrd € T DY Lemma 13.4(1). S®is closed under multiplication.

(i) The inverse of any translatiop, € T is also aranslation
T,.p € Tby Lemma 13.4(3). Sdis closed under taking inverses.

ThusT is a subgroup dsom E O

Next we investigate rotations. By a rotation abaytointC through an
anglep, we want to understand a mapping fréimto E whichsends the
point C to C and whose effect on any poibtz C is as follows: we turn
the line segmer@P about the point through the angle into a newline
segment, say toQ; the pointP will be sent to the poin (see Figure 2).
We recall that positive valued ¢ measure counterclockwise angles and
negative values gf measure clockwise angles.

Rotations are mostasily described in a polar coordinate system. We
choose the center of rotation, the pdintisthe pole. The initial ray is
chosen arbitrarily. The poiit with polarcoordinates r(6) is then sent

to the pointQ whose polar coordinates aregg* o). If C is the origin and
the initial ray isthe positivex-axis of a cartesian coordinate system,
then the polar and cartesian coordinates of a paan¢é connected by

X=r co® Y =r Sine.
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Figure 2

In our fixed cartesian coordinate system, the image of any peai(ity)
can be found as follows. F has polarcoordinates r(6), then its image
will have polarcoordinatesr(6 + ¢), so the cartesian coordinat€s/ of
Q:=(r,0+9) are

X =r cosp +¢) =r(co cosp - Sind sinp)
= (r co®) cosp - (r sinvd) siny
=X COSp - Yy Sinyp,

Y =r sin® +¢) =r(sind cosgp + coP sinp)
= (r sing co® + (r coL) siny
=y COSp + X Sinp
=X Sinp +y cosp.

This suggests the following formal definition.

13.7 Definition: A mappingE — E is called arotation about theorigin
through an angle if there is a real numbersuch that

(Xy) — (X cosp - y sinp, X sinp +y cosp)
for all points &y) in E under this mapping.

The rotation Xy) — (X cosp - y sinp, X sinp +y cosp) will be denoted by
Py- We have an analogue of Lemma 13.4 for rotations.
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13.8 Lemma:Let Py and Py be arbitrary rotations about the origin
(1) PPy = Py
@) pg=1=1
(3) PP, = 7= PP,
Proof: (1) We havexy)(ep,) = ((x¥)p,)e,,
= (x cogp -y sinp, X sinp +y cogp)p,,
= ((xcosp-y snp)cosp - (X Snp+y cosp)sng , (X cosp-y Snp)siny + (X Sinp+y cosp)cosy)
= (x(cosp cosp - sinp siny) - y(sinp cosp + co®p siny),

Xcosp sinyp + sinp cosp) + y(- sinp sinp + co® cosp))
= (x cosfp +y) - y sinf +y), X sinp +y) +y cos@ +y))
= (XY)Pyy
for all (X,y) € E. ThUSpcpplp = Py
(2) We have XYy)p, = (x cosO-y sin0,x sin0 +y cos0) = k- 0,0 +y)

= (xy) = xy):
for all (xy) € E. Thusp, =

(3) From (1) and (2) we gep’gcppcp = ;7 and Iikewisepcpp_cp

= p(-cp)+<p = Po

Por(9) “Po = * =

Lemmal3.8 was to be expected. When we carry out a rotation through
an anglep and then a rotation through angley, we have in effect a
rotation through an angket p. This iswhat Lemma 13.8(1) states. Also,
when we carry out a rotation through an anglend then a rotation
through the samangle in the reverse direction, the final result will be:
no net motion at all. This is what Lemma 13.8(3) states.

13.9 Lemma:Any rotation about the origin is an isometry

Proof: First of all, we must show that any rotation about the origin
belongs toS.. Let Py be anarbitrary rotation about the origip € R).
There is a mapping: E —E such thafpcplp =7=vp, namelyy = Py by
Lemma13.8(3). ThUSpCp iIs one-to-one and onto by Theorem 3.17(2).
HencepCp € SE.
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Now we prove thapgﬁ preserves distance. For any two poixy),(u,Vv)
in E, we haved?((x.y) P (UMIP)

= d2((x co®p - Y Ssinp, X sinp +y cosp),(U cosp - V Sinp, U Sinp + Vv cop))

= [(x - u)cosp - (y - V)sing]® + [(x - U)sinp + (y - v)cosp]?

= (X - U)?cosp - 2(X - U)(Y - V)cosp sinp + (Y - V)Zsinfe

+(x - U)?sinfp + 2(x - U)(Y - V)cosp sinp + (y - V)?°cosp

= (X - U)?(cosp + sirfy) + (Y - V)2(sinfe + cosy)

=(X- w2+ -V

= d?((xy),(uV)),

henced((x,y)pcp,(u,v)pcp) =d((xy),(u,Vv)). Sop,, is an isometry. O

13.10 Theorem: The set R of all rotations about the origin is a
subgroup of Isom E

Proof: LetR = {pcp: ¢ € R} be the set of all rotations about tbegin. R is
a subset oflsom Eby Lemma 13.9By Lemma 13.8(2); = py € R, sOR #
. Now we use our subgroup criterion (Lemma 9.2).

(i) The product of two rotationscp and Py about the origin is
a rotationpwlp € R about the origin by Lemma 13.8(1). Bois closed

under multiplication.

(i) The inverse of any rotatiqrc}) € R about the origin is also
a rotationp_cp € R aboutthe origin by Lemma 13.8(3). SR is closed

under taking inverses.

ThusR is a subgroup dsom E O

So far, we have been dealing with rotations abouttiggn. What about
rotationsabout an arbitrary poirt, whose coordinates arely), say. A
rotation abou€ through an angle will map a pointP with coordinates
(x+ a,y + b) to a pointQ with coordinatesx + a,y + b), where «y) is

the point to which(x)y) is mapped under a rotation about the origin
through an angle. So the image of(y)t, ,, will be Q(,y)p;ﬁra,b. See Figure

3. This suggests the following formal definition.
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13.11 Definition: LetC= (a,b) be a point irE. The mapping
(ra’b)'lpcpra,b: E — Eis called aotation about C through an angte

(X"+a,y’ +b

(x+a,y+b)

Figure 3

We put €, p) 'R, = {(Tap) P, Tap P, € RE- This is the sebf all rotations
about the pointa(b). It isa subgroup ofsom E The proof of this state

ment is left to the reader.

Now we examine reflections. The cartesian equationsreflaction are
very cumbersome. For this reason, giee a coordinate-free definition
of reflections. We need sonmotation. LetP,Q be distinct points in the
planeE. In what foIIows,FTQ will denote the line through and Q, andP_Q
will denote the line segmebetweenP andQ. SoP_Q is the set of points
R in E such thad(P,R) + d(R,Q) =d(P,Q).

The geometric idea of a reflectisthat there is a linen and that each
pointP is mapped to its "mirror imag&)'on the other side ah. SoP_Q is
perpendicular ton andd(P,R) = d(R,Q), whereR is the point of intersec
tion of m andP_Q. See Figure 4.

m

Figure 4
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13.12 Definition: Letm be a straight linéen E and lets_: E — E be the
mapping defined by
P = Pif Pis onm
and —
P =Qif P is not onm and ifmis the perpendiculdisector ofPQ.
., Is called theeflection in the line m

The perpendicular bisector B_Q is the line thats perpendicular t@_Q
and that intersectgg at a poinR such thad(P,R) =d(R,Q). It is also the
locus of all points irk which are equidistant frofandQ. So it is theset
{R € E: d(P,R) = d(QR)}. We will make use of this description of the per
pendicular bisector in the sequel without explicit mention.

13.13 Lemma:Let S be the reflection in a line .rﬂ'hencm# 1= Gr%r

Proof: Po 7 P if P is not on the linen and so__# «. Now we prove that
=z We havePcri =P(o,0,) = Po o, =Po =P whenP is a point on
m by definition. It remains to ShORb’z =P also wherP is not onm. Let
P be a point not omand letQ = Po o P1= Qo ThenQ iIs not onm and
m is the perpendicular bisector I@@ as well asof QP,. So PQ and QP1
are parallel lines.Since they have a poir@ in common, they are
identical lines. LeR be thepomt at whichm and PQ intersect. ScP Z Q
andP, is that point orPQ for whichd(QR) = d(P,,R). SinceP is on PQ and
d(Q,R) =d(P,R), we obtairP =P_, as was to be proved. O

13.14 Lemma:Any reflection in a line is an isometry

Proof: Let m be a line,s_ thereflection inm and letP,Q be arbitrary
points in the plane. Weut P, =Po_, Q = Qo _. We are to showd(P,Q =
d(P,,Q). We distinguish several cases.

Case 1. Assume bothandQ are orm. ThenP, =P andQ, =Q. Sod(P,Q)
=d(P,,Q)-

Case 2. Assume one of the points isnanthe other is not. Weuppose,
without loss of generality, that is onm andQ is not onm. Let QQ,
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intersectm at S. Thend(Q,\S) = d(SQ), d(P,S) = d(SP,) sinceP =P, and
the anglesrPSQand<P,Q S are both right angle8y the side-angle-side
condition, the trian_gles AQPS and AQP,S are congruent. So the
corresponding sidéX andP,Q, have equalength. This meand(P,Q) =

d(P,.Q).

From now on, assume that neitlRenorQ is onm. Letm intersecl$l at
N andQQ, atS.

Q P Q = P
N

Q
L Q
P Q = o
Case 2 Case 3 Case 4 Case 4

Figure 5

Case3. Assume thalPQ is parallel tom. Then the quadrilateralBNIES
andl:l_NPlle are rectangles. SoPP,QQ is a rectangle and the sidé®
andP Q, have equal length. This mead(®,Q) =d(P,,Q).

Case 4. Assume thaPQ is not parallel tan. ThenP_.Q intersectsm at a
point T. As in case 2APTN and AP, TN are congruent, andQST and
AQ,STare congruent, sd(P,T) = d(P,,T) andd(QT) = d(Q,,T). Also, £LSTQ),
= ZSTQ= ZNTP = ZNTP,, which shows thak ,T,.Q, lie ona straight line.
Then we obtain d(P,.Q) =d(P,T) =d(T.Q)

=d(P,,T) ¥d(Q,T)

=d(P,T) +d(QT)

=d(P,T) +d(T.Q

=d(P.Q),
where the upper or lower sign is to ta&ken according as whethB)Q
are on the same or on the opposite siden. of O

13.15 Theorem:Let mbe a linein E. Then{s_} is a subgroup of Isom
E.
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Proof: {40 _} is a finite nonempty subset ¢tdom Eby Lemma 13.14It

iIs closed under multiplication by Lemma 13.13. So it is a subgobup
IsomE by Lemma 9.3(1).
O

Translations, rotations and reflections are isometries. Thugrdaricts

of any number of these mappings, carried out in any order, will be iso
metries, tooWe show in the rest of this paragraph that all isometries
are obtained in this way. We need some lemmas.

13.16 Lemmalet BQR be arbitrary points in E
(1) There is a unique translation that maps P to Q
(2) If d(P,Q =d(P,R), there is a rotation about P that maps Q to R

Proof: (1) WhenP = (a,b) andQ = (c,d), say,thent 3K mapsP to Q if and
only if (a + mb +n) = (c,d), i.e.,if and only ifm=c-a n=d-b. So
T_..qpb IS the unique translation that mapto Q.

(2) We draw the circle whose center i® @and whose radius is equal to
d(P,Q). This circle passes throudh by hypothesislLet ¢ be the angle
which the circular aréT? subtends at the centerThena rotation about
P through an angle mapsQ toR. O

The next lemma states thatiaometry is completely determined by its
effect on three points not lying on a line.

13.17 Lemma:Let PBQR bethree distinct points in Ehat do not lie on
a straight line Let o, beisometries such thatdP= Pp, Qu = QB, Rax = Rf.
Thena = B.
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g
[

Figure 6

Proof: We putaB'lzy. We suppose = 7 and tryto reach a contradiction.

If yz 7 then there is a poiMl in E suchthat N # Ny. SincePa = PB by
hypothesisPy = P and soP z N. Similarly Q # N andR # N. Now y is an
isometry, sa(P,Ny) = d(Py,Ny) =d(P,N) and likewised(QNy) = d(QN) and
d(R,Ny) =d(R,N). So thecircle with center aP and radiud(P,N) and the
circle with center af) and radiusl(QN) intersect athe pointsN andNy.
Then@ isthe perpendicular bisector Nf—Ny. Here we used z Ny. But
d(R,Ny) = d(R,N) andR lies therefore on the perpendicular bisector of
N—Ny, i.e.,R lies onﬁg, contrary tahe hypothesis tha,QR do not lie on

a straight line. Hence necessayily s anda = f. O

13.18 Theorem:Let PQR be three distinct points iB that do not lie
on astraight lineand let P,Q,R" be three distinct points in.EAssume
that dP,Q = d(P",Q), d(P,R) = d(P",R), d(QR) = d(Q,R"). Then there is a
translation 1, a rotation p (about an appropriate point and through a
suitable anglgand a reflectiorv such that

P"=PB, Q =QB, R =R8,
wherep denotesp or mpo.

Proof: By Lemmal3.16(1), there is a translatianthat mapsP to P'._
We putQ = Qr andR; = Rt. Sincert is an isometryd(P,Q) = d(Pt,Qr) =
d(P’,.Q), sod(P",Q) = d(P",Q). By Lemma 13.16(2), there is a rotation
aboutP” thatmapsQ, to Q. Let us denote this rotation ly ThenP'p =

P’. We put
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Rlp = R2

Here it may happen thBg=R". Puttingp = tp in this case, we haw =
PB, Q" = QB, R" =RB, as claimed.

Supposenow R, # R". Fromd(P"R) = d(P,R) = d(P1p,Rtp) = d(P",R,) and
d(Q,R) =d(QR) = d(Qrp,Rtp) = d(Q’,_RZ), wededuce that botR™ andQ’ lie
on the perpendicular bisector RSRZ. Denoting the reflectiom the line
PQ by o, we gett’c =P", Qo =Q andR,o =R". Puttingp = o in thiscase,
we haveP” =Pg, Q' =QB, R" =RB, as claimed.

The proof is summarized schematically below.

T p o
P - P = P = P
QR - @ - Q@ - Qq
R - R —- R — R O

13.19 Theorem:Every isometry can be written as a productrahsla-
tions, rotations and reflectionb fact if « is an arbitraryisometry then
there is a translation, a rotationp and a reflectiorvr such that

o = Tp Or 1po0.

Proof: Let « be an arbitrary isometry. Choose any thidextinct points
P,QR in E not lying on a straight line. Thed(P,Q) = d(P«,Qx), d(P,R) =
d(P«,Rx), d(QR) = d(Q«,Rx). So the hypotheses of Theorel3.18 are
satisfied withP” = P, Q@ = Qu, R = Rx andthere is a translation, a
rotationp and a reflectionm such that
Poa =PB, Qu = QB, Ra = RB,

wherep = 1p or 1po. By Lemma 13.17¢ = B. Thusa = 1p Or 1po.

O

Exercises
1. Letm be the line inE whose cartesian equationa + by +c¢ = 0.

Show that the reflection in the linemis given by

2a 2b
(U,V)O'm = (U - m (au+bv+c), v- m (au+bv+ C))
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2. Letm andn be two distinct lines intersecting at a poMmtShow that
9,0, IS a rotation abowR. Through which angle?

3. Letm andn be parallel lines. Show thate is a translation.

4. Prove that everyotation and every translation can be written as a
product of two reflections.

5. Prove that every isometry can be written as a product of reflections.

6. A halfturno, = ) about a poinP = (a,b) is defined as the mapping

“ab
given by

(xy) — (2a-x,20-y)
for all points &y) in E. Show that any halfturis an isometry of order

two. Prove that the product of three halfturns is a halfturn.
7. Provethat a halfturro, is the product of any two reflections in lines

intersecting perpendicularly at

8. Prove that a product of two halfturns is a translation.

9. Show that the set of all translations and halfturns ssibsgroup of
IsomE.

10. Prove that the product of four reflections can be writterpasdact
of two reflections.

11. Show thap, , generates a cyclic subgroup or ordexf IsomE.

12. Prove that every nonidentity translation is of infinite order thwad
P, is of finite order if and only ik is a rational multiple of.
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