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Dihedral Groups

In this paragraph, we examine the symmgtoups of regulgpolygons.

Let F be any nonempty subset of the Euclidean ptartéereF might be
a set with a single point, a line, a geometric figorean arbitrarysubset
of E. Leta €S.. We put

Fa={Xxo: X € F} ={y € E y = Xxua for somex € F}.
Fa is called themage of F undew. Clearly,
Fi={xzxeF}={xxeF}=F

and we have F(aB) ={x(aB): X € F} ={(xa)B: X € F}
= {(xx)B: Xa€ Fa}={yB:y € Fa} = (F)B

for all o,p € S We record this as a lemma.

14.1 Lemma:Let Fbe a nonempty subset of E andd@te S. Then
F: =F
and F(aB) = (Fx)B. O

LetP be a pointirE anda € S.. We sayu fixesP if Pa =P. Wealso sayP
is afixed pointof « in this caseletd # F < E. We sayx fixesF (as a set)
if Fa =F. This means of courde < F andF ¢ Fa, soPx € F for allP € F
andalso, for everyQ € F, there is & ¢ F such thaQ = Pa. The reader
should notonfuse this withx fixing F pointwise. We say thatx fixes F
pointwiseif P« =P for all P € F, i.e,,if « fixes every point of. As an
example, leA be thex-axis {(x,0): x € R}. The translatiorrrLO fixes A as
a set, but not pointwiseOn the other hand, the reflectiofxy) — (X-y)
in thex-axis fixesA pointwise.

This terminology is meaningful for all elements &f but we consider
only isometries in this paragraph.
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14.2 Definition: LetF be a nonempty subset bfind letx € Isom E If
Fa =F, thena is called ssymmetry of F

So a symmetry df is an isometry that fixdsas a set. A symmetry &f
is not a property of. It is a mapping.

14.3 Examples(a) LetF = {(0,0)} be the subset df consisting of the
origin only. Any rotationpCp about the origin is a symmetry 6f since
any rotation about the origin &sn isometry and fixes the origigor,

equivalently, fixes).

(b) LetF ={(xy) € E y=mx be the line whose cartesiaguation isy =
mx (wherem € R). Then the translation _ is a symmetry of since

Frl,m = {frl,m cEfeF}
= {(x,y)rl,m cEy=mx
={(x+1y+tm) € Ey=mx
={(x+1,x+1)m) € E: x € R}
={(u,v) € Ev=mu
=F.

Similarly, all translations of the form __is a is a symmetry of. We

note that such translatiofmm a group. In fact, the symmetries of any
nonempty subset &fform a group.

14.4 Theorem:Let F be a nonempty subset of the Euclidean plane E
and let Sym F be the set of all symmetries, gbRhat

Sym F={« € Isom E Fx =F}.
Then Sym F is a subgroup of Isom E

Proof: We haveF:;=F by Lemma 14.1, se< Sym Fand Sym Fis not
empty. Now we use Lemma 9.2.

() If a,p € Sym F thenFa =F andFp =F, soF(aB) = (Fx)B = Fp
=Fby Lemma 14.1. Thusp € Sym F

134



(i) If « € Sym F thenFa =F, soF(a™?) = Fo)at =F(aa™ = Fr=
Fby Lemma 14.1. Thus' € Sym F

It follows thatSym F< Isom E O

14.5 Definition: LetF be a nonempty subset®BfThen
Sym F={u € Isom E Fax =F}
is called thesymmetry group of.F

We now study the symmetry groupsrefular polygons.For our puf

posesijt will be convenient to define regular polygons as followst K

be a circle and [G—F\tlez\ P, tz_e\n points on this circl&k such that each
one ofthe arcsP P, PP, ...,P P subtends an angle ofi/h radians at
the center oK (wheren = 3). So the pointB, P, ... ,P_ divide the circle
K into n circular arcs of equal lengthl'he union of thdine segments
P,P,PP, ....P PP P, is called aegular n-gon The circleK is calledthe

circumscribing circle of this regularn-gon. This is justified since a
regular n-gon hasa unique circumscribing circleThe center of the
circumscribingcircle is called thecenter of the regulam-gon and the

pointsP_,P,, ...,P_ are called theerticesof the regulan-gon.

LetF be a regulan-gon.We want to determin8yn¥. It is geometrically
evident that anyx in Sym Fmaps a vertex to a vertex and fixie
center ofF. We use this fact without proofA proof is outlined in the
exercises at the end tfis paragraph. LeR P,, ... P, be the vertices
and letC be the center of. We assume the notation so chosen that
PP, ... P, are consecutive vertices as we trace the regulagon
counterclockwise. In the followindiscussionpP_ . will stand forP, P_,,

for P,, in generalP_,, for P,_. In other words, the indices wibe read

modulon.

Figure 1
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Now let « € Sym F Then o is completely determined by its effect on
three distinct points not on a straight line (LenmiBal7). For examplegx

is determined b¥«,P,a,P,a. We have alreadyemarked tha€a = C. Also
P,a =P, for somek € {1,2,...,n}. What aboutP,? Sincex is an isometry,
P,a will be a vertex whose distance froR) is equalto the distance
betweerP, andP,. ThusP,x« will be adjacent t®: it is eitherP,_, or P__..
We see that there arechoices forP,« and, once thehoice forP a has
been made, there are two choicesHar. Hence there arat mostn.2 =
2n isometriesin Sym E We exhibit Z» symmetries ofF and this will

prove[SymF| = 2n.

Figure 2

First we examine the specmdsen = 3, whenF is an equilateral triangle.
Consider a rotation about the center Fofthrough an angle of 723
radians, which we denotay p. Under p, the verticesPl,Pz,P3 take the
places ofP,,P,P, =P, respectively. It is seen from Figure 3 thatmaps

- 3 . - - - 3
P.P,Ps respectively t,, P, Py andthat p” fixes P,.P,Pg, which impliesp
= 7. We found three symmetries Bfnamely;p,p?. Sincep® =

that<p> is a cyclic subgroup of order 3 8fym F

1 3 2 1
P P P
—> —> —>
2 3 1 2 1 3
I p  \ T
p
Figure 3

Now consider the reflection in the perpendicular bisectoPBf which
passes through,. We designate this reflection asUndero, the vertex
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P, remains fixed and the vertic® and P, exchange their places. We

know ¢2 = ; (Lemmal3.13). From Figure 4, we read aff™? = op? = po.
Using p ando, we obtain two new symmetries 6f namelyps and pZo.

The reader may check that is the reflection in theperpendicular
bisector ofP,P, and thap?s is the reflectiorin the perpendicular bisector

of P.P, From the geometric meaning of these mappings, or from their
effect onP_,P,P,, we infer that,p,p?,0,p0,p%c are distinct. Thus they form
the symmetry group df Sym F={sp,p%,0,p0,0%c}. In particular,|SymF| is
equal to 6.

2/ | \3 3L _| N>

1 3
o P
— —
3 3 2 2 1
3 3
P o
— —>
3 2 2 1

Figure 4

AN
AN

Thediscussion of a general regular polygon follows much the same lines.

Consider a rotation about the center Fofthrough an angle of iZn
radians, which we denotaey p. Under p, the verticesPl,PZ, ...,P, are

mapped respectively ®P, ... P P.It is seen thapX mapsP, P, ... ,P_

respectively t&,_ ;P .. ....P . Wwherekis any integerThus pK =/ if and
only if P

i = P, that is, if and only ik +i =i (modn) for alli, so if and

only if nlk, from which we obtaino(p) = n. In this way, we foundn
symmetries off, namely;p,p?....p". Here<p> is a cyclic subgroup of

ordern of Sym F
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2 1 N 1 n n-1
[\ h1 L ZF\ s
4 3

Figure 5

Now consider the reflectionin the angulabisector of the angleP P P..

The bisector of this angle paS$bH)ughP(n/2)+1 if nis even and through
the midpoint 0ﬂ3(n+1)/2p(n+3)/2 if nis odd. One reads off from Figuretidat

Po =P o fork=12,....n

k
2 \n \2
3 n-1 —» n-1 3

Figure 6
Thus we have, for any= 1,2,...,n,
PP =PhioiP = Piriojyer = Prjsa
P plo = Pi-19 = Pne2yg-1) = Prjea

soop = plg, as can be seen from Figure 7 too.
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3 ° n P n
n-1 —» 3 —» yal
n-2 n-1

2 1 n 3 2 1 1 2 3
4 5 n-1
Figure 7
Usingp ands, we obtaim - 1 new symmetrieso,p2o, ...,p" % of F. These

are reflections in certain lines. The reader may verify this assarntibwe
case of squares, regular pentagomsgular hexagons and regular
heptagons. In particular, we hayd8'()? = ; for anym=0,1,...,n - 1. This
follows also from the lemma below.

14.6 Lemma:Let G be a group and lets € G besuch thats? = 1 and op
=pls. Thenosp" =p™ for all n € 7.

Proof: The claim is certainlyrue whenn = 0, and also when = 1 by
hypothesis. We provep" = p™s for all n € N by induction omn. Suppose
we proved it fom =k € N, so thatopX = p™o, then it is true fon = k + 1,
sinceop** = 5(pMp) = @p")p = (P*0)p = p™(op) = p™(p o) = (PP Ho = p* Do,
This showssp" = p™% for alln = 0. We must further show this when<
0, or, equivalently, thatp™ = p"s for all n € N. This will follow from what
we proved above, withc in place ofp,c. Observe that® = 1,6p = plo
implies oop =op Lo
p =opo

po = op'ldo

po =opt
and, taking inverses, opt = (pHo,
so the hypothesis is valid with,c in place ofp,s. Then we get
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 (pH"=(EH% for alln € N,
and thussp™ = p"o for all n € N. This completes the proof. O

We found 2 symmetries of: 4p,p>, ... ,0"%0,p0,0%, ....p" . These are
distinct (why?) FromiSym F< 2n, we getSym F= 2n and

oL

Sym F={zp,p?, ... ,p0,p%0, ...,p" o}

Every element irbym Fcan be written as a product of a suitable paer
p by suitable power of, whichremark we summarize by saying that
and o generate Sym .FNe also saySym Fis generated by and o, and
that p and ¢ are generators of Sym. Hhe notationip,c> denotes aroup
with two generators. Including the relatigiis= 7, 62 = 7 andop = plo, we
write

Sym F=<p,o:p" =1 62=14 op=plo>

14.7 Definition: LetG be a group having elemenatb such that
o(a) =n, o(b) = 2,ba=a"b,
G={a"b" k=0,1,....n-1,r = 0,1},

wheren = 2. ThenG is called aihedral group of orde@n.

It is easily seen frono(a) = n and o(b) = 2 that the elements d&
displayed in Definition 14.7 are indeed distinct. Using Lemfida6,
productsn G can be brought to the foralfb". HenceG is really of order
n. In a dihedral group of order 8, for example, we have

a’bab’a®a’b™ = a’babal?b = a’.baha*b =a%ata*b =a%b
with the foregoing notation. (The exponent aafchanges sign wheib
"passes throughd' to the other side.)

We seethat symmetry groups of regular polygons are dihedral groups.
We write D, for a dihedral group of ordem2(Warning: some authors
write D for a dihedral group of ordem3d Henceforward, we writ®,
instead ofSym F(F beinga regular polygon witim sides). The ambiguity
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in "D, " (whether it designates an arbitrary dihedyedup or the par
ticular dihedral grouym B is harmless.

Some people use Definition 14.7 only wheg*> 3. They do not consider
D, as a dihedral group. This is consistent with fdnet thatD, is not the

symmetry group of any regular polygon (demwvever Ex.10). But then
theyhave to formulate the following theorem of Leonardo da V(ges,
of Leonardo da Vinci (1452-151Pless beautifully.

14.8 Theorem:A finite subgroup of Isom E is either a cyclic group or a
dihedral group

This theorem will not be used in tlsequel and its proof is left to the
reader.

Exercises

1. Letx be an isometry anfg, F, nonempty subsets &f Show that
(F,UFR)ax=FaUFaand € N F)ax=Fan Fa Generalize to arbitrary

unions and intersections.

2. Letx be an isometry ari@lQMo distinct points inE. Show that FQ)«
= PaQu and PQ)x = PaQu. (Hint: PQ ={R € E: d(P,R) + d(R,Q) =d(P,Q}.)

3. Leta be an isometry and the midpoint of PQ. Show thatRa is the
midpoint ofPoQu.

4. Let « be an isometry and\PQR a triangle (i.e., the union of the
segmentﬁ,a{ﬁ). Show that £PQR)a = APaQuRa. (By the side-side
side condition, the triangle&PQR and APaQuRa are congruent, hence
«PQRand s/PaQuRa are equal: isometries preserve angles. In particular,

iIsometries preserve perpendicularity and so also parallelity.)
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5. LetP, P, ... P, be the vertices of a regulargon. If n happensgo be

odd, letQ, be the midpoint of the Sid@[(n—l)/2]+ip[(n+1)/2]+i i=12...,n

Prove that the centelC of theregularn-gon is uniquely determined as

the midpoint ofP;P;, -y if N is even and as the midpoint BfQ, if n is
odd. (As the radius of aircumscribing circle is equal tal(P;,C), this
proves thata circumscribing circle is completelgetermined by the
vertices. Hence there is a unique circumscribing circle of a regiglan.)

6. Letx be an isometry anill a regulam-gon. letC be the center of the
regularn-gon. Prove the following assertions.

(a) Ma is a regulan-gon with centeCa.

(b) If o is a symmetry oM, thenCa =C.

(c) If & is a symmetry oM, then , P, ....P ta={P,P, ....P}
(Under a symmetrgf M, a vertex is mapped to a vertex. Hint: A pdint
onM is a vertex if and only di(P,C) = radius of the circumscribing circle.)

7. Letm be a real number. Prove that {; o € R} is a subgroup of
Isom Ewithout appealing to Theorem 14.4.

8. LetP be apoint andm a line. Find all isometries that fix, all isomet
ries that fixm and all isometries that fim pointwise. Show directly that
these three sets are subgroupsom E

9.Let F be a nonempty subset Bfls {a € Isom E Fax € F} necessarily a
subgroup ofsom E?

10. Find the symmetry group of a rectangle that is not a square.

11. With the notation of Definition 14.7, whaﬂl@n:<a>l?

12. Prove Theorem 14.8.

13. Lett: R - R, 0: R - R. Prove the following assertions.
X—=X+1 X—-X

(@) 10¢€ §;.

(b) IXx -yl =[xt - y1 =|xo - yo|. (Sot ando preserve distance iR.
For this reason, they are said toismmmetries ofR.)

(c) o(1) = ando(o) = 2.
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(d)or= 1. (Thusrt,c satisfy theconditions am,b in Definition 14.7,
exceptn is replaced byo here. Adihedral group of infiniteorder is a
groupD_ having elemerd,b such thabt(a) = o, o(b) = 2,ba= ab and

G={a"b": ke Z r=0,1}.
The group generated hby is an example of dihedral group of infinite
order.)

14. Prove that a group generated by thistinct elements,b such that
o(a) = 2 =o(b) is a dihedral group (of finite or infinite order).

15. Letn be any natural number . Find a groupgc anda,c € G such
thato(a) = 2 =o(c) ando(ac) = n. (Soo(ac) cannot be determined from
o(a) ando(c) alone.)
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