815
Symmetric Groups

For any nonemptget X, the setS, of all one-to-one mappings froi
onto X is a group under the compositiof functions (Example 7.1(d)
In particular, choosingX to be the set {1,2,..,n} of the firstn natural

numbers, we get a grodq , - We abbreviate this group &8s

15.1 Definition: Let n € N. The groupof all one-to-one mappings from
{1,2, ...,n} onto {1,2, ...,n} is called thesymmetricgroup (on n letter}
andis writtenS . The elements d§ are calledpermutations(of 1,2, ...

,n).:

The reader shouldot confuse the symmetric group with the symmetry
group of a figure in the Euclidean plane.

15.2 Theorem:S is a group of ordem!.

Proof: Letn € S be a permutation of 1,2,. ,n. Then I is one of the

numbersl,2, ... ,n. Sincer is one-to-one, i # 2r, so Zr is one of the
remainingn - 1 numbers among 1,2, ,n after Ir has been determined.
Sincern is one-to-one,dz 3r and 2 # 3r, so 3r is one of the remaining
n - 2 numbers among 1,2,. ,.n after Ir and Z havebeen determined.
Proceeding in this way, we see that, for &nyl,2,...,n, the numbeknr
must beone of the numbers among 1,2, ,n which are distinct from
An,2x, ...,(k- 1. Hence there anmechoices for &; andn - 1 choices for
2x;...;andn - (k - 1) choices fokir; ...; andn - (n - 1) choices fomnm;
and all these choices give a permutation of .1,2. Therefore there are

nin-1).n-2).... .2.1 =n!

permutations irg. O
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We introducea notation for permutations. Late N andx ¢ S, Thennw
is a mappingn: {1,2, ... ,n} —{1,2, ... ,n} and can be exhibiteby
associating any numbeér {1,2, ... ,n} with its image by an arrowThus
n € § for which Ir =3, Zr =1, 3t = 2, 4t = 5, 5t = 4 can be displayed as

1 —3

2—1

3—2

4 —5

5 —4,

or, in order to save space, as

12345
Ll
31254

We simplify this notation further bgleleting the arrows and enclosing
the two rows of numbers in parentheses. Thus we arrive at

12345
(31254

for ourn. In general, we write any< S_ as
o a ..
(ac.)
In this notation, there are two rowkn elements and columns of two
elements. The rows consist of thembers 1,2,..,n. The image under

of anya € {1,2, ... ,n} is written just belowa in the second row. This
nota-tion is due to A. Cauchy (1789-1857).

The order of the columns is immaterial in this notation. For example
(123456 23546(:;) (532164
61423 14325 341652

are all equal permutations 3

The identity permutation € S maps anya to a, sothe rows will be

identical. Thus

/123, .. n)
'=\123... n/
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The inverse of any € S is found easily. By definitiom;™ is the function

o @
(permutation) that ma@® toa, for alla € {1,2,...,n}. Leto be( ac )

Then, under™, any element in the second row is mapped tathmeber
just above it.c1 is therefore obtained by interchanging the rows.of
For instance, i1$,, we have -

12345671 (7635412
7635412 =\1234546 7)Which may also be

. 1234567 . .
written as(6 23542 1). Two permutations ir§ , sayr ando, are

- @ . b .. _
multiplied as follows. We have = ( an ) ando = ( bo ) What is

no? By definition,rc is thepermutation that mapsto (@n)s, for all ain
{1,2, ...,n}. To evaluate §n)s, welocatea in the first row ofr, then read
the number below it, which esr, and locatehis ar in the first row ofc.
The number below it isaf)c. We do this fom =1,2,...,n and in each
case, write the number we obtain bekovienclosing this configuratiom
parentheses, we get in double row notation. Here is an example.

12345,,12345 12345
53214)2153Q_(99999

In thefirst permutation, below 1, we see 5 and in the second permuta
tion, below 5, we see 4. So, the product, below 1, we write 4. Then, in
the first permutation, belo®, we see 3 and in the second permutation,
below 3, we see 5. So, in the product, below 2, we write 5:

12345,,12345 _(12345
53214) 21534) 457?722/

The remaining entries are found by the same method and we get

1234 12345 12345
53214)(21534) (4512

The product ofthree or more permutations is evaluated in the same
way:

123456\,123456\,123456\ 123456
612345) 245316) 642513) 345126)

We now introduce a more efficient notatitor permutations. The per

_ 1234567 . . . . .
mutations = { 4 513627/ 1N S, is a mapping given explicitly as
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1 —4
2 —5
3—1
4 —3
5—6
6— 2
7 — 7.

A more compact description efcan be given as

1—4—3—1; 25— 6—2; 7—7,
or as

1 4 2 5 7.

3 6

We drop the arrows and enclose the numbers in a "cycle" within
parentheses, in the order indicated by the arrows'aycde". Thus we

get
(143)(256)(7)

after juxtaposing the parentheses. The meaninbi®fsymbolism is as
follows. Each number is mapped, under, to the number thdbllows it
in the parenthetical expression (“cycle™) whidntainsa. If a happens
to be the last entry in a "cycle", then the first number in 'thate" is
considered to follova. For example,

(15234)(6897k S,
is the permutation by which 1 is mapped to 8 2, 2 to 3, 3 to 4, 4 to
1,6t08,8t09,9to 7, 7to 6. Thus

Leoa (689 €152346897)_(123456789)
( )( )X523418976/=534128697/

Here (15234) can alsbe written as (23415) or as (34152), (41523),
(52341). Similar remarks are valid for (6897).

An arbitrary permutatiome S_is written as follows. We open a paren

thesis and write down an arbitrary number{l1,2, ... n}. If ar =a, we
close the parenthesis and obtain the expressiporf(ar = b # a, we
write b aftera. Now we havedb . Herebr = b, becaus®&n # an (r is one
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to-one). Ifbr = a, we close the parenthesis aobtain the expression
(ab). If br = ¢ # b, we writec afterb. Now we havedbc . Herecn # b,c,
becausea is one-to-one. We evaluate. If cr = a, close the parenthesis
and obtain the expressioab). If cmr = d # a, we repeat ouprocedure,
each time writing down the imagé a number after that number. Since
we haven numbers at our disposal, we meet, after at madgeps, one
of the numbers for a second time. If this happens wienrhave the
expression

(abc..g

wherea,b,c,...,g are all distinct, bugr is one of them, we conclude that
gr # b,c,...,g, sinceb =an, ¢ =bm, ... andr is one-to-one. Henager =a. We
close the parenthesis and obtain the expresabm .Q).

If a,bc,...,g exhaust all the numbers 1,2, ,n, we aredone. Otherwise,
we select an arbitrary number from 1,2n that is distinct frona,b,c,...
0. Let us call ith. We open a new parenthesis startindpn h and repeat
our procedure. After finitely many steps, we getexipression of the
form

(abc..g)(h...K)...(t...x),

where f,bec,....g.h, ... k ..., t,...x} ={1,2, ... ,n}. We call each one of the
expressionsapc..g),(h...K), ..., (t...x) a "cycle".

We will presertly give a rigorous definition of @/cle and prove that
every permutation can be writtas a product of disjoint cycles. But let
us consider some examples first.

. (123456789, . : o :
Let us erte(2 6715498 3) in cycle notation. This is done in the

following steps, which are carried out mentally at once in practice.

(1 (12 (126 (1264
(1264) (1264)(3 (1264)(37
(1264)(379 (1264)(379) (1264)(379)(5

(1264)(379)(5) (1264)(379)(5)(@264)(379)(5)(8)

In this notation, the order of the cyclssnot important. We can write
the permutation above also as

(5)(379)(8)(1264) or as (379)(5)(1264)(8).
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Besides, one can start a cycle with any number irctltode. Our permu
tation can thus be written as

(5)(793)(8)(6412) or as (937)(5)(2641)(8).

The identity permutation is given by (1)(2)(3)n). For obviougeasons,
we prefer to writes instead of (1)(2)(3).(n) for the identity permuta
tion.

The inverse of a permutation is found easily.d etS ,ab € {1,2, ... ,n}.

In the cycles ofs, the numbercs follows a. By definition, ba™! is that
numbera for whichac = b. Hencebo™ is the number which ifllowed
by b. Stated otherwisdgs™t is the number that comes just befdrén
the cycles of. Sos™! consists of the sanmycles, but the entries being
written in thereverseorder. For example,

[(12)(357)(64)]" = (21)(753)(46), [(326)(15)(4)1= (623)(51)(4).

Two permutations ii$ , sayr andos, are multiplied as follows. We have

n=(..aan...) andoc = (... aaoc...). What ist¢? By definition,rc is the
permutation that maps to (@n)o, for alla € {1,2, ... ,n}. To evaluate
(am)o, we locatea in the cycleof n containinga, then read the number
that follows it, which isar, and locate thisan in the cycle ofc. The
number thafollows it is @r)c. Opening a parenthesis with an arbitrary
numbera, we find @n)c = a(no) in this way, and write it aftea. So we
get an expressiomraly , say. We findo(rs) = c. We write @bc. We repeat
this process until we get Then we closeur cycle. At this step, we
have abc..qg), say. If there are numbers among 1,2n not used up in
this cycle,we select an arbitrary one of them and obtain a second cycle
starting with that number. Weontinue in this fashion until all the
numbers 1,2,..,n are used up.

Let us compute the product (1256)(347).(157)(24)(3)(6),ir'We start

with the smallest number 1, for example. We write.(Now 1 is
followed by 2 in the first permutatioand 2 is followed by 4 in the
second per-mutation. Thus we get (14 . Now 4ollowed by 7 in the
first permutatiorand 7 is followed by 1 in the second permutation. We
close our first cycle. We havd4). We open a new cycle with 2, for
example. Now 2 idollowed by 5 in the first permutation and 5 is
followed by 7 in the second permutation. We have (14)(€dntinuing
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in this way, we find (1256)(347).(157)(24)(3)(6) = (14)(273)(56).
Another example:
(152)(3476).(1724)(563) = (1654273).

We make a convention. Whenever there appears a cyctasting of a
single number, we suppress it. Hence, whenaveilumber] does not

appear irthe cycles of a permutatian we understang = . With this
convention, we write shortly
(123)(47) for (123)(47)(5)(6) irs,,

(245)(3876) for (245)(3876)(1) irs,.
This convention simplifies multiplication: if a number dowed appear in
the cycles of one or more of the factors, it is mappedstdf by the
permutations in question. For example,
(123).(12) = (23)
(254).(12)(34) = (25341).

The way we multiply permutations, either in double row or in cycle
notation, reflects the fact that we write functions to the right of the
elements. If we had written functions on the lgfen rc would mean:
first o, thenn. A product would be evaluated in double row notation by
reading the permutations from right to ldi. the cycle notation, we
would be reading the cycles fronght to left, but the numbers in the
cycles from left to right. Writing our functions dhe right, we avoid
backward or inconsistent reading. We read everythinghén correct
order.

The alert readewill have noticed that the samsymbol in cycle
notation stands for many differgmérmutations.Thus (123)(45) stands
for (123)(45) inS;, for (123)(45)(6) inS;, for (123)(45)(6)(7) inS, etc.
So anisolated symbol (123)(45) is ambiguouslso, our thumb rule for
finding inverses in the cycle notation works omifnen the cyclesare
disjoint. It is time that we discuss these points rigorously.

15.3 Definition: Leto € S andm € {1,2, ... ,n}. Whenmo = m, we say
thatm is fixed by or thate fixesm Whenmo # m, thenm is said to be
moved by or ¢ is said tonove m
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15.4 Definition: Letn,o € S.. If the set of numbers moved byand the

set of numbermoved bys are disjoint, them ands are calledisjoint
permutationsWe also say is disjoint fromos in this case.

15.5 Lemma:lLetq,p € S andk € {1,2, ...,n}. Assumex, are disjoint

(1) If k is moved by, then ke is also moved by.
(2) If k is moved by and fixed by, then kt is fixed byg.

Proof: (1) If k were fixed by, so that ka)x = ka, we would applyx™ to
both sides of this equation and get= (ka)aa™ = kaa™ = k, contrary to
the hypothesis thdtis moved byx. Soka is moved byx.

(2) ka iIs moved byx according to partl). If ka were moved by, then
ka would be moved both by and by, contrary to the hypothesis that
o andp are disjoint permutations. Thus is fixed byg. O

We can now prove that disjoint permutations always commute.

15.6 Theorem:If 0,1 € S_ are disjoint permutations, then= 0.

Proof: We must shown(st) = m(tc) for allm € {1,2, ... ,n}. Sincec andr
are disjoint, for eachn € {1,2, ... ,n}, there are three possibilities:
. m is moved by, fixed byr.
1. m s fixed byc, moved byt
1. mis fixed byo, fixed byr.
In case I fixed by 1 by Lemma 15.5(2) (withm,o,t in place ofk,a,B),
hence (o)t = mo and
mM(c1) = (o)1 = Mo,
mM(tc) = (M1)c = Mo (asmis fixed bynr),
som(ct) = M(10).

In case Il fixed bys by Lemma 15.5(2) (witlm,1,c in place ofk,a,B),
hence () = mr and
mM(o1) = (o)t =mr (asmis fixed byo),
m(ts) = (M1)o = N,
som(c1) = m(10).
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In case Ill, we have
mM(c1) = (Mo)T =Mt =m,
mM(t¢) = (M) = Mo = m,
som(c1) = M(10).

In all three cases, we ham#&c1) = m(1). Since this holds for athin the
set {1,2,...,n}, we concludest = 10. O

In order to prepare our way for a formaéfinition of cycle, let us
examine the permutation

12345678 9 1
(4123675810 9

in S, Informally, we write this agl432)(567)(8)(9,10) and call (1432),
(567),(8), (9,10) "cycles" (we use a comma to avoid confusion when we
have a number withmore than one digits). The idea is to consider
(1432) etc. as a permutation by itself. Then

(1432)(567)(8)(9,10)

is a product of four permutations. We observe that {14347}, {8},
{9,10} are pairwise disjoint subsets of {1,2,3,4,5,6,7,8,9,10} and yield a
partition of {1,2,3,4,5,6,7,8,9,10}. Sihere is an equivalence relation on
{1,2,3,4,5,6,7,8,9,10} with thessmubsets as equivalence classes (Theorem
2.5). We want to find this equivalence relation.

15.7 Lemma:Letr be a permutation i8_. We putfor ab € {1,2,...,n},
alb

if and only if there is an integer « 7 suchthat at® = b. ThenZ is an

equivalence relation ofl,2, ...,n}.

Proof: (i) For alla € {1,2,...,n}, we havean® =a, with O€ Z. Soa X a for
all a and® is reflexive.

(i) If aZ b, thenarX = b for somek € Z, sobr®X = a with -k € Z and
thereforeb X a. So% is symmetric.
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i) If aZ b andb £ ¢, thenarX = b andbx™ = ¢ for somekm € Z, then
ar'™ = agkr™ = pr™ = ¢, with kK + m € Z and therefora £ c. So & is
transitive. O

The reader wilcheck easily that {1432}, {567}, {8}, {9,10} are the equi
valence classes &fin {1,2,3,4,5,6,7,8,9,10} iff denotes the permutation

(12345678 91
4123675810 9

we treated above. So the equivalence relation of Lermfi@d seems
promising.

15.8 Lemma:Letr € S and letAc {1,2,...,n} be an equivalence class
under the equivalence relation of Lemirta7.We definer, by

br if b € A

bT,=1 pbifb ¢ A

for b e {1,2,...,n}. Thenn, is a permutation irs, and whenever x and y
are moved by ,, there is an integer k such thmt}'g\ =Y.

Proof: By definition ofZ, there holdx L xx for all x € {1,2, ...,n} and xx
belongs to the equivalence classxoSothe equivalence class af and
the equivalence class aft are identical. Hencen € A if and only if
X € A

Using this remark, we prove, for anye N, thatxa" = xr) for all x € A.

This is true whem = 1. If it is true fom =k - 1, we have, for any € A,

Kk — k-1
X, = (X )T 4
— k-1
= (xm)m
= (xm)mk?t
= XX,

and it is true fon = k. Thus it is true for alh € N.

In particular, it is true fom=o(7) and
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hencer ', = /=n "% By Theorem 3.17(2), is one-to-one and onto.

A AT
ThusrrA € Sn.

Finally, if xandy are moved byr,, then necessarilyy € A in view of

the definition ofr,, so there is an integdr< Z with xt* = y and thus

x(rrA)k =y by what we proved abousincex ¢ A). This completes the

proof. O
15.9 Theorem:Letn € S and letA A, ... A, be the equivalence
classes 0f1,2, ... ,n} under theequivalence relatio® in Lemmals5.7.
Let

rrAl,rrAZ, ...,rrAh be the associated permutations as in LemB8&.

(1) rrAl,rrAz, ...,rrAh are pairwise commuting permutations3n
2)r= rrAlrrAZ. . .T[Ah.

Proof: (1) The equivalence classéﬁ,Az, ...,A, are pairwise disjoint
sets. Nowr, eithermoves no number at all (this happens if and only if

A; has exactly onelement), or moves only the numbersAn There
fore, the numbers moved by andr, make up disjoint sets whenever
[ ]

i #]. So the permutatiorusAl,rrAz, ...,rrAh are pairwisdaisjoint permuta
tions (Definition 15.4) and they commute by Theorem 15.6.
(2) we haverAlrrAz. SN NEINRREINS for any arrangement 1°,2°,. ,h
of the numbers 1,2,. ,h. (Lemma 8.12). We want to show
br :brrAlrrAZ...rrAh forallbe {1,2,...nNf=A UA,U ... UA, So letb be
in {1,2, ... ,n}. RenumberingA A, ... A, if need be, we may assume,
without loss of generality théte A. Thenb ¢ A, b ¢ A, ..., b & A,
and thusor, =br, =--- =bn = b by the definition of theskinctions.

AT A, Ara _
ThUSb“Al“AZ---"‘Ah = bAh and the proof will be complete when we show
br = bAh' But this follows immediately from the definition @Lm sinceb

€A, O

In our example, the associated permutations are
(1432)(5)(6)(7)(8)(9)(10)  =(1432)
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(567)(1)(2)(3)(4)(8)(9)(10) = (567)
B)D)(2)(3)(A)(B)(B)(7)(9)(10) =(8) (=)
(9,10)(1)(2)(3)A)(B)(B)(7)(B)  =(9,10).

In view of this, we define cycles as thssociated permutations. Cycles
will be distinguished from othgrermutations by the property stated in
Lemma 15.8.

15.10 Definition: A permutationt € S_ is called acycleif, for all x)y in

{1,2, ....n} that are moved by, there is an integér such thakr<=y.

The identity permutatiois vacuously a cycle. Lemma 15.8 states that

n, is a cycle wherA is an equivalencelass under the equivalence

relation in Lemma 15.7. Since theycles are disjoint, we may
reformulate Theorem 15.9 as follows.

15.9 Theorem:Every permutationr in S can be written as product

of disjoint cyclesThese cycles are completely determined, laynd they

commute in pairs O
Let o be a cycle inS distinct from:. Leta a,, ...,a B be the numbers
moved byo. Sinces is one-to-oneq, s,a0, ...,a 0 are all distinct and we

may assume the numbering so chosen that

a,0=a,a0=a,...,a ,0=a.,a0=a,.

In this case, we writeafa,...a ) for . Thenmis called thdength of the
cycle @,a,...a ) and @a, ..a ) = o is called anm-cycle The identity

permutation is called adycle

With this notation, we have
— 2 m1 _
alo—a2¢a1, alo —a3¢a1,..., alc —am¢a1
and sas #z 7, 62 % 4, ..., ™1 % .. On the other hand,
m — m — k-1_m _— m_k-1 _ k-1 _
a0 =a, and Qo =a o o =a oo T=a,0 " =a
forallk=1,2,...,n. Soc™ fixes aa,, ...,a . Buto fixes the numbers

among 1,2, ..,n which are distinct froma a,, ...,a_, and thenc™ fixes
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them, too. Hences™ = b for all b € {1,2, ... ,n}. Thus m is the smallest
natural number such that" = . Using Lemma 11.4, we obtain the
following Theorem, which is also true whamn= 1.

15.11 Theorem:The order of a cycle is its lengim other wordsif ¢ =
(a,a,...a ), then o) =m. O

15.12 Remarks:(1) The inverse of a cycle = (a,a,...a ) € S, for

which

a0 =a, aoc=a,...,38,.,0=a,aoc=a and which fixes any other
number in {1,2,...,n} (if any) is by definition the mapping whose
effectona a,, ..., isgivenbya r=a_,, ... 8T =a, a,t =a,, a,T =a_

and which fixes the other numbers (if any). Thus =« is the cycle
(@ 2n 1 --358,)-
(2) Letn € S be written as = rrAlrrAz. . .rrAh with the notatiorof Theorem

15.9. A cyclen, is the identity if there is only one numbarA,. Then

the cycler, may be deleted from the product.

Q)If n = rrAlrrAz. .. rrAh is the representation afas a product of disjoint

cycles, them =TATATA and sor'lzrr,;\llrrl;\lz...rr,;t. Butthis is true only

whenA; are disjoint. In any case, it is safer to reverse the ord#reof

cycles as well as the ordering of the numberganh cycle when we
want to find the inverse of a product of cycles, as thyvalisl also in the
case thecycles are not pairwise disjoint and is a more consistent pro
cedure: you reverse everything. For example,

[(15)(243)(687) = (786)(342)(51).

(4) The ambiguity in cycle notatiae harmless, as it will be either clear
from the context which symmetric growpe are working in, or the
results will be independent of the symmetric group.

In the rest of this paragraph, we determine the ordar pérmutation
written as a product of disjoint cycles. We start with a general lemma.
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15.13 Lemma:Let G be agroup and gb € G. Suppose al= ba and
assume that(@) and db) are finite. Suppose further thaka> n <b> =
{1}. Theno(ab) is finite In fact o(ab) is the least common multiple of
o(a) and db): we haven(ab) = [o(a),0(b)].

Proof: First we show thatap)X = 1 if and only ifo(a)lk and o(b)k
(Wwhere k € 7). Indeed, ifo(a)lk and o(b)lk, thenaX = 1 andbX = 1
(Lemma 11.6) and sa)<=a*b"=1.1 = 1 (Lemma 8.14(3here we use
ab = ba). Conversely, ifdb)< = 1,thenakbX = 1, soak = b™ € <a> n <b> =
{1}. So we haveaX = 1 =b¥, andak = 1 =bX, and thuo(a)lk ando(b) k.
Therefore &b)X = 1 if and only ifo(a)lk ando(b) k.

Then, by Lemma 11.4,

o(ab) = smallest number inK e N: (ab)k = 1},
provided this set is not empty,

= smallest number ink € N: o(a)|k ando(b)|k},
provided this set is not empty,

= the least common multiple ofa) ando(b), as
the set is not empty,

= [o(a),0(b)] O

Generally speaking, we cannot deterntime order ofa andb from o(a)
ando(b) alone.o(ab) depends also on the rdlee elements,b play in

the group.(See 814, Ex.15.) Lemma 15.13 is one of the rare situations
whereo(ab) is determined in terms ofa) ando(b).

Lemma 15.13 will be used to find tbeder of a product of disjoint per
mutations. We need the following result.

15.14 Lemma:(1) If o, andr, as well ass, and 1 are disjointpermuta
tions inS , theno, o, andrt are disjoint

2)1f 0,,0,, ...,0, are disjoint fromr, theno,o,...5 _andrt are disjoint

>
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(3) If ¢ andt are disjointthens™ andt are disjoint
(4) If ¢ andt are disjoint thenc™ andt are disjointfor all m € Z.
(5) If 0 andt are disjoint thenc™ and " are disjointfor all mr € Z.

Proof: (1) By hypothesis, anlyg € {1,2,...,n} that is moved by is fixed
by o, ando,. Sokr # k implies ke, = k and ko, = k. Sokr # k implies

k(o 0,) = (ko))o, = ko, = k and 0,0, fixes every numbethat 1 moves.
Henceo, o, andrt are disjoint. (The argument is valid also whetv.)

(2) This follows from (1) by induction om. The details are left to the
reader.

(3) Letk € {1,2,...,n} be moved byr. We wish to showhat k is fixed by
oL Sinces andrt are disjoint,k is fixed byos. Soks = k. Applying a1 to
both sides, we getk¢)s™ = ko}, hencek = ko' and k is fixed by oL
Therefores™ andr are disjoint.

(4) Letm € N. Choosing,,0,, ...,0 all equal tos in (2), we deduce that
¢™ andt are disjoint. Now applying (3) with™,t in place ofc,r, we get
thato™ = (M2 is disjoint fromrt, for anym € N. As® = ; is trivially dis-
joint from 1, we conclude that™ andr are disjoint for allm € Z.

(5) Whene andr are disjoint andnr € 7, thenc™ andt are disjoint by
(4), and using (4) withr,t,c™ respectively in place omgs,r, we deduce
thatt ands™ are disjoint. Hence™ andt" are disjoint for allmr € Z. O

15.15 Theorem:Leto andt be disjoint permutations 8. Then

0(s7) = [0(0),0()].

Proof: We use Lemma 15.13. Sineeand t are disjoint, st = 10 by

Theorem 15.6. Alsox(o) ando(r) are finite sinces is a finitegroup by
Theorem 15.2. Wewust also show that> n <t> = {}. When we do this,
the hypotheses of Lemma 15.13 willdmisfied and it will yield(o1) =

[0(0),0(7)]. SO we showe> N <> << { .

Suppose&s> N <> X {}. Then there is an € <o> N <> with o # 7 anda =
sM = 1" for some integersnr. Sincea # 7 there is § € {1,2,...,n} such
thatjx #j. Soj is moved by™ andalso byt. On the other hana" and
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v are disjoint by Lemma 15.14(8nd there cannot be any number in
{1,2, ...,n} which is moved both by™ and byt". This is a contradiction.
Thus<e> N <> < {7. As remarked above, this completes the proof. O

15.16 Theorem:Letos, 0, ...,0,  be pairwise disjoint permutations in

S, Then ¢o o,...0_ ) =[0(5,),0(c,), ...,0(c, )]

Proof: By induction onm. The casan = 2 is treated in Theoredb.15.
The inductive step is left to the reader. O

15.17 Theorem:The orderof s € S is the least common multiple of

the lengthof the disjoint cycles in the representationcadfs a product
of disjoint cycles

Proof: The disjoint cycles are pairwise disjoint and the order of a cycle
is its length (Theorem 15.11). The claim follomsw immediately from
Theorem 15.16.

O

For instance. (134)(275698) has order 6, (124)(3756) has bedand
(34)(79)(12586) has order 10.

Exercises
12345.,12345\ ,123456,,123456
1-E"a'uate(53124)(2135 (612345 (Gaes31) and

123 1234\1,1234

4123)(3124) (3412 '
2. Evaluate (1253)(24315), (1542)(376)(1754) and
(1243)(345)(265)(1452)(13%(3246).
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3. Write the permutations in Ex. 1 @gcle notation. Carry out the multi
plication in cycle notation and compare the results.

4. Write the permutationa Ex. 2 in double row notation. Carry out the
multiplication in double row notation and compare the results.

5. Write all elements i81,82,83,84.
6. Construct multiplication tables 8fS,,S,,S,.
7. Find the orders of all eIementsSipandS‘l.

8. Show thav/, :={4(12)(34),(13)(24).(14)(23)} is a subgroup)f

9. Show thatD := {4,(13),(24),(12)(34),(13)(24),(14)(23),(1234),(1432)} is
a subgroup o§,. Prove that it is a dihedral groupthre sense of Defini

tion 14.7.

10. Find all subgroups & ands,.

11. LetH < S, Forab € G, puta 8 b if and only if there is @ € H such

thatas = b. Show that is an equivalence relation on {1,2,n}. (Lemma
15.7 is a special case whiem <n>.)

12. Leta, a,, ...,a A be pairwise commuting elements of finite order in a
groupG such thata,> n <g> = {1} whenever =z |. Show thab(a,a,...a_ ) =
[o(a,),0(a,), ...,0(a)]. This gives an alternative proof of Theorem 15.16.

13. Fors € S, we putoV, :={om n € V,} and Vo = {no: © € V,} (EX. 8).
FindoV, andV,c wheno = ¢ = (12),0 = (123),0 = (12)(34),0 = (1234).

14. ForH< S, 0 € S, we putoH :={om: ® € H} andHo = {mo: ® € H}. Thus
ocH andHo are subsets i,

Let H, = {4(13),(24),(12)(34)}. Check whether (%)= H,(12),
(13H, = H,(13), (123N, = H (123), (12)(34h1; = H,(12)(34), (1234, =
H,(1234).

Let H, = {4,(12),(34),(12)(34)}. Check whether (I2)= H,(12),
(13)H, = H(13), (123N, = H(123), (12)(34h, = H(12)(34), (1234), =
H(1234).

Compare to Ex. 13.
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15. Show that, for any € S, there holds™(123)% = (abc with suitable
a,b,c. How area,b,c related toc? (Work out some specific examples.)
Generalize your conclusion td'ro.
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