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Groups of Matrices

In this paragraph, we examine some groups whose elenamats
matrices. The reader probably knows matrices (whose entries aoe real
complex numbers), but this is not a prerequisiteufalerstanding this
paragraph. We give an elementary account of the theamyatrices as
far as needed here. Matrix theory will be taken systematidally
Chapter 4, 843.

We allow the entrieto be elements of any field. Fields will be formally
introduced in Chapter 3, 8d®efinition 29.13). Until then, we shall be
content with the following definition.

17.1 Temporary Definition: A field is one ofthe setdl), R, C and Zp,

wherep is a prime number.

After having learned about fields in Chapter 3, thader may check
that the theory in this paragraph carries deaethe more general situa-
tion where the term "field" is used in the sense of Definition 29.13.

We note thaK is a commutativggroup under additionywhose identity
element we shall denote by($o that O is the numbél"in case« is one
of @, R, C, and it is the residue claBs= 0 +pZ in caseK is Zp for some
prime numbeip), and thatkK\{O} is a group under multiplicationThis

will be used many times in this paragraph. .

17.2 Definition: LetK be a field. Amatrix over Kis an array

Cd

of four elements,b,c,d of K, arranged in two rows anao columns, and
enclosed within parentheses. (The plural of "matrix" is "matrices".)
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Thus (—]A-L g) is matrix overl) (and also ovefR and(), (g \_/E) is a

: . 2 3 . :
matrix overR (and also ovelb). In addltlon,(g Z) is a matrix overZ7,
when bars mean residue classes modulo 7.

The set of all matrices over a fiefdwill be denotded byMat,(K). The

subscript 2 signifies that there are 2 ramsgl 2 columns in a matrix (in
the sense of Definition 17.2).

If Kis a field andA,B are matrices fronMat,(K), we sayA is equal to B

provided the corrsponding entriesArandB are equal. More exactly,

A (? g) is equal tdB: (3 3)

if and only ifa=a",b=Db’,c=c’,d=d. In this case, we writé = B.

A single matrix equation is equivaletd four equations between the
elements of the underlying fieldt is clear that matrix equality ian
equivalence relation adat,(K). In particular, its legitimate to say that
A andB are equal wheA is equal tdB.

In this definition of matrix equality, the location thfe entries are taken
i hu€> 2) d(2 ) diff iceslthough th
into account. Thug, 5) and(; y) are different matrices|though they

are made up of the same numbers.

We introduce two binary operations blat,(K), additionand multiplica
tion. Addition is defined in the most obvious way.

17.3 Definition: Let K be a field. For anyA = (i 3) = (ge I]) in
Mat,(K), we define thesum of A and Bis the matrix

(a+e b+f

ctg d+h/-

The sum ofA andB will be denoted byA + B. Taking sums irMat,(K)

will be calledaddition (of matrices).

Addition of matrices isessentially the addition in the underlying field,
carried out four times. Not surprisingly, mapsoperties of addition in
the field are reflected in matrix addition. Fe@ample, just like a field is
a group under addition, matrices ovar field form a group under
addition, too.
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17.4 Theorem:Let K be a fieldThen Mat(K) is acommutative group

under addition

Proof: We check the group axioms
ab ef
(i) For any matrice#&\ = (c d)’ B = (g h) in Mat,(K), we have

a+eb+f c+g,d+h ¢ K sincea,b,c,defgh € K andK is closed under

addition. Hence
A+B = (a+e b+f)
~ \cHg d+h €

andMat,(K) is closed under (matrix) addition.
(i) Associativity of addition irMat,(K) follows fromassociati

a ef k
vity of addition inK. Indeed, for anyA = (c g) B = (g h)’ C= (n r;'n) in
Mat,(K), we have

f k +te btf k
A+B)+C :[(23) +(§h)] +(nr;1) :(§+ge d+h) +(n?)")
(ate)+k (b+h)+
= ((crgen (d+h)+?)
_ cat(etk) bt+(f+m)
B (C+(g+n) d+(h+p))

etk f+
_( b) (g+n h+m)
=A+ (B +0C).
(i) What can be the identity element? Wegllobably the

0
matrix (O 8) where O denotes the zero elemehtthe field K (for

instance, wheK is Zp for some prime numbex; Ois the residue clas®

= pZ). Indeed, we have, for ay= (a b) € Mat,(K),
o) +0 b+
A+(oo) G b)+(00) (ero d+8):(23):A

0] 0]
and(O 8) is a rightidentity of Mat,(K). The matrix(O 8) will be called

the zero matrix(over K) and will be designated by the symbol 0. This
should not be confused with the zero element of the underlyinKfield

a
(iv) Any matrix A = (c g) € Mat,(K) has a right inverse

(opposite)-A in Mat,(K), namely(:i :ld)) (since-a, -b, -c, -d € K):
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at(-a) b+(-b) _
C+C =Gy o) =G =0
ThusMat,(K) is a group under addition. We finally check commutativity.

(V) Commutativity of addition inMat,(K) follows from

- o a efy .
commutativity of addition ifK. Indeed, for anyA = (c Z) B = (g h) in
Mat,(K), we have

b f te b+f eta f+b
ArB=C)+Cr=Co an=-Ge md=CR+Cd=8+a
SoMat,(K) is a commutative group under addition. O

The additive grouplat,(K) is somewhat dull. It is jusbur copies of the
additive grouK. More interestingnatrix groups arise when the opera
tion is multiplication. We introduce this operation now.

17.5 Definition: Let K be a field. F A—(ab)B—(ef)'
: efinition: Let ea field. For anyA = (. 4). B = g h in
Mat,(K), we define theroduct of A and Eas the matrix
(ae+bg af+b
cetdg cf+dh/°

The product oA andB will be denoted byA -B or simply by AB. Taking
products inrMat,(K) will be calledmultiplication (of matrices).

This definition looks bizarre. One would expect the prodfichA and B,
ae bf

cg d . Some motivation for

with thenotation of Definition 17.5, to bé

a
Definition 17.5 can be gained &dlows. With each matrix(c g) (over

R, say), there is associated a coordinate transformation

X =ax + by
y=cX +dy

of the Euclideamplane. Carrying out the transformations associated with

(c ld)) (g ;:) successively, we obtain
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X =ax + by X =eX +fy”
y=cx +dy Y =gx +hy’,

which gives

X=a(eX +fy’)+b(gXx +hy ") = (@aetbg)x” + (af+tbh)y””
y =c(ex” +fy”") +d(gx” +hy’) = (cetdg)x” + (cfdhy”,

sothe product of the matrices is the one which is associated with the
successive application of the transformation.

If matrix multiplication is new to you, you are urged to write down
matrices overR and multiply them in order tacquire dexterity in
performing this operation.

We collectsome basic properties of matrix multiplicatiam the next
theorem. Let us recall th&\{0} is a group under multiplicationThe
identity element of this groumvill be denoted by 1.Thus 1 is the

number 1 wherk is one of(), R, C, and the residue clads= 1 + p”Z
whenK = Zp for some prime numbex.

17.6 Theorem:Let K be a fieldwhose zero element &and whose
identity element i&.

(1) Mat,(K) is closed under matrix multiplication
(2) (AB)C= A(BC) for all AB,C € Mat,(K).

1
(3) Letl = (5 ;). Then Al= IA = A for all A€ Mat,(K).
(4) A(B+C) =AB+AC and(B + C)A = (BA+ CA) for all AB,C € Mat,(K).

Proof: Let A = (i g) B = (ge I]) C= (E r;‘u) be arbitrary elements of
Mat,(K).

(1) Since afield is closed under addition and multiplicatiome + bg,
af + bh, ce+dg cf+dh ¢ K whenevem,bc,defgh € K. SOAB € Mat,(K)
for all AB € Mat,(K) andMat,(K) is closed under multiplication.

(2) This is routine calculation. We evalua#d3)C and A(BO):
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f\1oK bg af+b
(AB)C = [(21 3)(96 W1 r;) Sng 2f:dl:')(

B ((ae+bg)k + (aftbh)n (aetbgm + (af+bh)p)
(cetdg)k + (ct+dh)n (cetdgim + (cf+dh)p
_ raekbgkrafntbhn aembgmrafptbh i
(Cekrdgk+cfn+dhn cemrdgmicfprdh 0

a ef\k a ekffin emH
A(BQ) = (C 3)[(9 h)(n I:)])] = (C k(;)(gk+hr| grn+hp
B (a(ek+fn)+b(gk+hn) a(eml-fp)+b(gm+hp))
c(ek+fn)+d(gk+hn) c(emHp)+d(gm+hp)
_ raekafntbgktbhn aemrafptbgmtbh )
(cekkcfn+dgk+dhn cemrcfprdgmedh O
Since addition is commutative K the matrices (i)and (i) are equal.

Hence AB)C = A(BO) for all AB,C € Mat,(K).

1 1+b0 aO+bl
(3 we computatt = (£ ) (5 (1)) = (§1+d0 ora) =C ) =A

la+0c 1b+0d a
IA = (0 O)( Oa+1c Ob+1d) = (c Z) =A,

as claimed.

4) We haveA®+0) = (§ lo’.)[(e ST i)

etk f+
= (c g) (g+n h+

_ (a(e+k)+b(g+n) a(f+m)+b(h+p))

— \c(etk)+d(g+n)  c(f+m)+d(h+p)

B (ae+ak+bg+bn aframtbhtb
cetcktdgtdn cf+cmtdh+dp

B (ae+bg+ak+bn af+tbhramtb
cetdgtck+tdn cf+dh+cmtdp
ae+bg af+bh) (ak+bn amtb
ce+dg cf+dh cktfdn cm+dp

:(c g)(g h)+(c ld))(Er;)

=AB+AC

Theproof of B + C)A = (BA + CA) follows similar lines and is left to the

reader. O
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Theorem 17.6 seems promisifdniree of the group axioms are satisfied,
with | as the identity. It remains to investigate whether every matrix
over a field has a right inverse.

a
Suppos« is a field andA = (c g) € Mat,(K). ThenA has a right inverse

X = ()z( Z) in Mat,(K) if and only ifAX=1, which is equivalent to
(1) ax+bz=1, (2) ay+bu=0,
(3) cx+dz=0, (4) cy+du=1.

We multiply the equation (1) by, (3) by-b and add them side by side.
Using associativity of addition i, distributivity of multiplication over
addition, andccommutativityof multiplication inK, we get

(ad - box =d.

We multiply (2) byd, (4) by-b and add them. We multiply (by -c, (3)
by a and add them. We multiply (2) by, (4) by a and add them. We
get

(ad - boy =-b, (ad - boz=-c, (ad - bou =a.

We emphasize again that commutativity of multiplicatiorKins used
crucially to derive these equations.

The elementd - bc appears in each one of these equations. In gfew
its importance, we give it a name.

a
17.7 Definition: LetK be a field andA = (c 3) € Mat,(K). Then the

elementad - bcin K is called thedeterminant of Awritten asdeiA) or
asdet A

o i ab ) X Yy
We have shown: K is a field andA = (c d) € Mat,(K), and ifX = (z U
in Mat,(K) is a right inverse of\, then

(det Ax =d (det Ay =-b

(D)
déet Az =-c (det Au =a.
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These equations impose certain conditionsa matrix having a right
inverse. We cannot expect that every matrix daaght inverse. Those
having aright inverse are charecterized very simply as the matrices
with a nonzero determinant.

a
17.8 Theorem:Let K be a field and& = (c 3) € Mat,(K). Then A has a

right inverse if and only iflet Az O. If this is the case, then thereas
unique right inverse of AAamely the matrix

(det A'd -(det A
( (det At (det Ala )
where (det A™ is the inverse of det A K\{0} in the multiplicative
group R{0}.

Proof: First we assumdet A= O and show thaf has no right inverse.
Indeed, ifdet A= Oand A had a right inverse, then the equations (D)
would become

d=0 b=0

c=0 a =0,

a 0]
andA = (c tc)l) would be the zero matri(<O 8) The existence of a right

X
inversex = ( y) would yield

1 _ 0x+Oz Oy+0uy (O
G O) =1 =AX= (o O)( (ox+oz Oy+0u) = (o 8)’
hence 1 =0 in K, a contradiction. Thué& has no right inverse det A=
0.

Now let us assumeet Az O and show thaa has a uniqueaght inverse.
Sincedet A< K\{0} and K\{O} is a group under multiplicatiomet Ahas
an inverse irk\{0}, which we denote by det A™. This is the nonzero
element of thdield K such thatdet A(det A = (det A(det At=1 =
the identity element oK\{0}. So we can solve foxy,zu in (D) by
multiplying the equations in (D) bylét A™. We get

x = (det A™d, y = -(det Ab,
= -(det Ak, u = (det Aa.
Thus, if A has a right inverse at all, this right inverse mughleematrix
written in theenunciation of the theorem (in particul&rhas a unique
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right inverse). It is easy to check that thmeatrix is indeed a right
inverse ofA:

b) (det A'd -(det A"
c d ( (det A%t (det A™a

(det A ad-bc) (det A(-ab+ba)
( (det A(cd-dco) (det A)'l(—cb+da))

:(01

HenceA does have a unique right inverse and thes matrix given in
this theorem. |

We will prove presently that the matricesth right inverses form a
group under multiplication. From Lemma 7.3witl then follow that the
uniqueright inverse of a matrix with a nonzero determinant is also the
unique left inverse of the same matrix. We shall refer to is as its inverse.

a
The rule for finding the inverse &f= (c 2) is simple: interchangeand

d, then put a minus sign front of b andc, and multiply each entry by
(det A™ [i.e., divideeach entry bydet A. For example, the inverse of

5 1
S : 8 1/4 -1/4
(1 g) € Mat,(Q) is 1 L 1 . 18 5,9 and that of

8 8
5 2 _ 214 —2 2 EN
(1 Z) € Mat,(Z.) is (_é 1 ) (5 §) since the deter
minant is equal td8=4 and4™ :_

17.9 Theorem:Let K be a field

(1) det(AB) = (det A(det B for all AB € Mat,(K).

(2) det I=1 (¢ K).

(3) If AX =1, then det X (det A™.

Proof: (1) We use the notation of Definition 17.5. We get

det(AB) = (ae+ bg)(cf+dh) - (af + bh)(ce+ dg)
= aecf+ aedh+ bgcf+ bgdh- afce- afdg- bhce- bhdg
= aedh- afdg + bgcf- bhce
= ad(eh- fg) - bc(eh- fg)
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= (ad - bo)(eh- fg)
= (det A(det B.

(2)det1=1.1-0.0=1-0 = 1.

(3) This follows from (1) and (2): AX =1, then
1 =det I=def(AX) = (det A(det X, sodet X= (det A™.
—

The formuladet AB = (det A(det B is known as the multiplication rule
of determinants.Loosely speaking, the determinanteofproduct is the
product of the determinantsBy induction onn, it is extended ton
factors:det(A /A,...A) = (det A)(det A)...(det A).

We finally have a group of matrices under multiplication.

17.10 Theorem:lLet K be a fieldThen
{A € Mat,(K): det Az 0}

is a group under matrix multiplication
Proof: We check the group axioms. Let us call ourGstir brevity.

(i) For AB € G, we havedet Az O # det B In the field K,
product of nonzeralements is nonzerak\{{0} is a group, and closed
under multiplication). Sdet AB= (det A(det B # O by Theorem 17.9(1)
and consequentl&B € G. ThusG is closed under multiplication.

(i) Associativity of multiplication inG follows from Theorem
17.6(2).

@ii) 1 is a right identity element d, for detl = 1 # 0 by
Theorem 17.9(2), sbe G; andAl = A for all A € Gby Theorem 17.6(3).
(iv) Any A € G has a right inverse @& Indeed, ifA € G, then
det Az O, soA hasa right inverseX in Mat,(K). As det X= (det Atlzo0

(Theorem 17.9(3) we see&X € G. ThusA has a right inverse @&

ThereforeG is a group. O
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17.11 Definition: Let K be a field. The group otheorem 17.10 is
called thegeneral linear group(of degree2) over K and is written as
GL(2 K).

SinceGL(2,K) is a group, the unique riglnnverse of any matrixA in
GL(2,K) is also the unique left inverse of that matrix (Lenfig). It will
be called thénverse of Aand willbe written asA™, in conformity with
the usual terminology and notation. The maknxill be called theden-
tity matrix Elements oGL(2,K) are callednvertible matrices omregular
matrices. Matrices whose determinants are zero are calgaar.

The next theorem furnishes another matrix group.

17.12 Theorem:lLet K be a fieldThen
{A € Mat(K): det A= 1}

is a group under matrix multiplication

Proof: Let us call this sed for brevity. As 1z O inK, we getS € GL(2K).
We use the subgroup criterion (Lemma 9.2) to checkSttmasubgroup
of GL(2 K).

(i) For AB € S, we havaedet A=1 =det B thereforedet AB=
(det A(det B = 1.1 = 1 byTheorem 17.9(1) and consequenflip ¢ S.
ThusS is closed under multiplication.

(i) For anyA € S, we havedet A= 1, sodet(A™?) = (det A=
11 = 1 by Theorem 17.9(3) and™ ¢ S. Thus S is closed under the
forming of inverses.

ThereforeSis a subgroup diL(2K). O
17.13 Definition: Let K be a field. The group otheorem 17.12 is
called thespecial linear group(of degree2) over K andis written as
SL(2 K).

We close this paragraph with a group that playsnaportant role in
number theory and in complex analysis.
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17.14 Theorem:The set
ab
{(c d) € Mat,(U): abcd € Z, ad- bc= 1}

is a group under matrix multiplication

Proof: Let us call this seH for brevity. Clearly@ = H < SI(2,1D). We
check thatd is a subgroup adL(2,0)).

(i) SupposeA = (i 3) andB = (g I]) are elements dfl. Then
aetbg aftb
cetdg cf+dh
cf+dh are integers, becausad,c,d,ef,g,h areintegers. Alsodet A= 1 =
det B thereforedet AB= (det A(det B = 1.1 = 1 by Theorem 17.9(1)
and AB <€ H. ThusH is closed under multiplication.

AB = ( . Here the entries &B, namelyaetbg, cetdg, af+bh,

a d -
(i) LetA = (c 3) € H. Thendet A= 1 and sA™ = (—c ab)

by Theorem 17.8. The entrids-b, -c, a of AT areintegers, because b,
c, d are integers. Also, we hadet A= 1, sodet(AY) = (det At=11=1
by Theorem 17.9(3) (atet(A™) =da- (-b)(-c) =ad- bc = 1). SoAt € H
andH is closed under the forming of inverses.

ThereforeH is a subgroup dsL(2,0)). O

17.15 Definition: The group of Theorem 17.14 is called tbeecial
linear group (of degree?) over Z, or themodular group andis written
asSl(2,7) or as/.

Exercises

1. LetK be a field. Show th&lL(2K) is not an abelian group.

2. Find all elements d@L(2,Z,). What is the order &&L(2,7,)7?

3. Write down the multiplication table 6L(2,7,). Comparet (eventual-
ly after reordering the rows and columneih the multiplicationtable
of S,.

3
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4. Find all elements &8L(2,7;). What is the order 8L(2,7,)?

5. Write down the multiplication table SL(Z,Zg)

ab
6. LetK be a field and let = (_ j) € Mat,(K). Whena = 0 =b, we have

det A= 0. In caseqb) # (0,0), prove thatdet A= O if and only if there
is an elemenk in K such that = ka, d = kb _Usethis result and show

thatlGL(2,Z )| = % - 1) - p).

7. Determine how many elements Glh(Z,Zp) have the sameédetermi
nant. Find the order cSL(Z,Zp).

1
8. Show tha{(a g) € Mat,(K): b = O} is a subgroup d&L(2K).

a
9. Prove tha{(oz) € Mat,(K): ad # O} is a group under multiplication.

Its elements are calledangular matrices.

a
10. LetK be a field. For any = (c Z) € Mat,(K), we define therace of

A to be the elemerd + d of K (sum ofthe entries in the upper-left
lower-right diagonal).Show thathe trace ofAB is equal to the trace of
BAfor all AB € Mat,(K).

a
11. LetK be a field. For anyA = (c g) € Mat,(K), we define the

ac
transposeof A to bethe matrix (b d) € Mat,(K), which is written Al.
Show thadet A =det Aand AB)' =B'A' for all AB € Mat,(K).

b
12. Letm = 2 and putMat,(Z ) = {(il d): a,bcd € Zm}. Show that the

theory in the text, until Theorem 17 @&mains validor the elements of
Mat,(Z ), which are callednatrices over .

In place of Theorem 17.8, provleat A € Mat,(Z_ ) has a unique right
inverse if and only itlet Ae 7.

PutGL(2,Z ) = {A € Mat,(Z ): det Ae Z'}. Show thatGL(2,Z ) is a

group under multiplication.

Prove that Theorem 17.12 remains tru«ifi$ replaced by Z .
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13. Develope a theory of matrices oveilby modifying the theory of
matrices ove¥r.. How do you defin&L(2,7)?

a b _
14. LetH = {( b ;—)): ab e C} ¢ Mat,(C), wherex is the complex

conjugate ok € C. Prove thaHt is closed under addition and multiplica
tion. Show thaH\{0O} is a group under multiplication.

a -a -
15. IfK is a field andA = (c 3) € Mat,(K), we write-A = (—c _3). Let

1:((130), i =((|3 _(i)), ] =(2 (13) k:(_ci) ('3) € Mat,(C).
Thus 1 is the identity matrix ov@:_ Show that] =k, jk =i, ki =j. Prove
that {1-1,-ij-jk-K is a group under multiplication, called a
quaternion group of order 8 and is denoted Qg. Show thatQg; has
exactly one element of order 2. Find all subgroupg,of
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