818
Factor Groups

In this paragraph,we learn a way of constructing new groups from a
given one.This cbnstruction IS generalization of obtaining the additive
group Z_ from the additivegroup Z. We recall that the elements &f

are certain subsets Zif_ namely the cosets of the subgrounz & € 7} in

Z (cf. 810, Ex. 3). Addition ir?_ is induced from addition id (see §6).
We want to do the santking with an arbitrary group. We start with

a groupG and a subgroup of G. On the set of cosetd H in G, we wish

to define a binary operati_cmhiéh reflects the operation @and which
makes the set of cosets into a group.

Two questions present themselves immediately. Musthave a seR
of right cosets ofl in G and aset £ of left cosets oH in G. If G is an
abelian group, the right cosets and the deffiets coincide. However, in
general, the rightosets oH in G are different from the left cosets lef
in G. Thus we have twdifferent sets of cosetR # £. Do we want to
make R into a group o ? Is it possible to make botR and £ into
groups? If so, how are these groups related? If not, why not?

Another question is about the operatidime central issue in 8@vhere
we introduced the operationa Zn, was whether these operations were
well defined.Once we knew that addition %n is a well defined opera
tion, it was straightforward to prove tl’%nt is a group. Not surprisingly,
we have the same problefmere. The main point of the following
discussion is tshow that we have a well defined operati{@meorem
18.4). Once we know it, it is easy tshow that our set of cosets is a
group (Theorem 18.7).

It turns outthat these questions are intimately connected and they wiill
be resolved simultaneously.

18.1 Suggestiontet G be a grouH a subgroup o6, and letR be the
set{Ha: a € G} of all right cosets of H in GWe suggest that we define a
binary operation oriR, to be denoted byor by juxtapositionaccording

to the "rule™
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Ha.Hb = Hab

for all ab € G.

This is the most natural way of definindgoamary operation orR. Now
we have to askvhether this is a well defined operation ®n for the
"rule" of evalutating a produ¢taHb makes use of thelementsa,b of G,
which can be chosen in many ways. Thde" says, in order to evaluate
the producK.Y of XandY in R, that we (1) take am< X so thatX = Ha;
(2) that we take ah € Y so thaty = Hb; (3) that we evaluatab in G; (4)
that we find the right cosetab € R of this ab. The right coseHab is
supposed to be the produlY. We must make sure that we get the
same right coset at the end, even ifsl@ose different elements from
the right cosetX and Y. We investigate when this "rule" yields a well
defined operation ofk.

The operation suggested in 18.1 is well definedand only if the
implication

for allaa,bb, € G, Ha=Ha, andHb=Hb, = Hab=Ha b,
is valid. Using Lemma 10.2, we write this in the equivalent form
forallaa bb, € G hh €H, a =ha andb, =hb = ab € Hab
which simplifies to

for all a,al,b,b1 € G, h,h1 € H, hahlb € Hab.

Using Lemma 10.2 again, we can write this as
foralla € G h €¢H, ah €Ha
or as
for alla € G, aH < Ha. (o)

Thusthe operation sugested in 18.1 is well defined if and ornliyid a
subgroup ofs such thatH € Hafor all a € G. This is not true foevery G
and for every subgroup of G. After we give other descriptions of such
subgroups, we will see some examples.
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18.2 Lemma:Let H< G. For a € G, let a'Ha be the set
{athaec G heH}={b e G aba' ¢ H}.
The following are equivalent

(1)athacHforallae G h e H.
(2)aHac Hforallac G
(3)aHa=Hforallac G
(4)Ha=aHfor all a € G

(5)aH c Hafor all a € G

Proof: (1) = (2) This follows from the definition of the s&tHa.

(2) = (3) Supposa'Hac H for all a € G. Then, for anya € G, it is true
that @Y ™*Ha c H. Hence, fomny h € H, a € G, we haveaha?' € H, soh =
a”(ahal)a € aHa. Since this holds for ah € H, we obtainH € a™Ha, for
all a € G. Together with the hypothesigHa c H for alla € G, this yields
alHa=H for alla ¢ G.

(3)= (4) Ifa'Ha=H, then Ha={hae G h e H}
={a(@*ha) € G: h € H}
={ax € G x €a™Ha}
={ax € G x €H}
=aH.

(4) = (5) This is trivial.

(5) = (1) SupposeaH < Ha for alla € G. Thena™H ¢ Ha™ for all a € G.

Keepinga fixed, we sea™h ¢ Ha™ for all h € H. Thus, for allh € H, there
is anh, € H such thaa™h =h,a™. Soa'ha=h € H.Soa™ha € H for all h

in H, and this holds for all € G. O

18.3 Definition: Let H << G. If H satisfies one (and henadl) of the
conditions in Lemma 18.2henH is called anormal subgroup of Gor
normal in G

187



We employthe symbolH <d G to denote thaltl is a normal subgroup of
G. Also, H € G means that is not a normal subgroup & If H is a
proper and normal subgroup @fwe writeH <1 G. Finally, H <4 G means
thatH is not a proper normal subgroupGof

18.4 Theorem:The operation suggested 118.1 is well defined if and
only if H G.

Proof: This follows from (0), Lemma 18.2(5) and Definition 18.3. O

By Lemma 18.2(4), any right cosettoin G is a left coset ofl in G if and
only if H <I G. So the sefR of right cosets ofl is equalto the setf of

left cosets ofdl if and only ifH <d G. Theorenil8.4 shows that we have a
well definedoperation onR if and only if R = £. This answers our two
guestions. We do not have to bother aboutdistinction betweenR
and £: if (and only if) the operation is well defined, there is no
distinction betweeR and{.. See also Ex. 1 at the end of this paragraph.

18.5 Examples:i(a) For any group, it is clear thatG <d G. Also, {1} <

G, sincea™1a € {1} for all a € G. We make a convention here. The trivial
subgroup {1} will henceforward be written simply as 1witl be clear
from thecontext whether 1 stands for the identity element or for the
trivial subgroup. Thus €1 G andG < G.

(b) Any subgroup of an abelian group is normal in graup. Indeed, if
G is abelian andl << G, thenhg=gh for all h € H, g € G, henceHg = gH
for allg € G. ThusH <1 G by Lemma 18.2(4).

In the abelian group cagdg = gH is satisfied trivially, fothg = gh for all

h € H, g € G. You should notice, howevedg = gH doesnot mean thag
commutes with every elemeoitH. This is an equation between certain
sets, so ikquivalent to the inclusiondg € gH andgH € Hg. The first
inclusion means

for all h € H, there ish; € H such thahg=gh,.
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Hereh, = h in general anthereforehg = gh, # gh. The second inclusion
has a similar meaning.

Hg = gH meansthat, when we multiply the elements léfby g on the
right and on the left, wget the sameollection of elements. It does not
mean that, when we multiply any elementiddy g on the right and on
the left, we get the same product.

Many beginners misunderstand tpbmint. Be careful not to read more
than set equality inHg = gH. Compare this with an isometry fixing a
subset of the Euclidean planeand one fixing- pointwise (814).

(c) Consider the subgroufy,; = {4,(123),(132)} ofS;. There aredS;Aj =
ISJ/IA,l = 6/3 = 2 right cosets and 2 left cosetg\gin S;. These are

A, andA (12) = {(12),(23),(13)}
A, and (124, = {(12),(13),(23)}

and so any right coset &, in S; is also a left coset of\; in S;. Thus
AN S

(d) The result in Example 18.5(c) can be generalizedHls€tG of index
IGH| = 2. Then there are twaht cosets ofl in G and two left cosets of
H in G. LetH andX be the right coset$] andY the left cosets. From the
disjoint unions

G=HUX and G=HUY,
we read off

X=G\HZ=Y,

so the right coset$,X of H in G coincide with the left cosetsX of H in G.
HenceH <1 G: if H has index two i, thenH is normal inG.

(e) Consider the subgroup = {4(12)} of S;. Now |S;H| = 6/2 = 3. The

three right cosets &f and the three left cosetstbaire

H ={2(12)} H ={2(12)}
H(13) = {(13),(123)} (13N =
{(13),(132)}
H(23) = {(23),(132)} (23N ={(23),(123)}

and the right coset {(13),(123)} is not a left cosetHSd S5 In the same
way, {2(13)} and {5,(23)} are not normal subgroups $&f
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() Let H = {1,(12),(34),(12)(34)}. It is easy to see that< S, IsH
normal inS,? We compare the right and leftsets ofH in S,. Aside
from H, we see that the right coset

H(13)(24) = {(13)(24),(1423),(3241),(14)(23)}
is a left coset:

(13)(24H = {(13)(24),(1324),(1423),(14)(23)}

since (3241) = (1324). This is of course not enough to cond:lu@eS‘l.
We must examine the other cosets also. We see

H(13) = {(13),(123),(341),(1234)}
(13H = {(13),(132)

and we stop here. This shotl3) = (13H. HenceH <K S,

(9) LetV,={2(12)(34),(13)(24),(14)(23)}it is easily seen tha¥, < S,
The subgroupV, is known asKlein's four group (after the German
mathematician Felix Klein (1849-1925)jerergruppe, whenc®,). The
cosets oV, in S, are

V, VvV

Vj(12) :{(12),(34),(1324),(1423‘;}, azy, =
{(12),(34),(1423),(1324)}

V,(13) = {(13),(1234),(24),(1432)}, (13), =
{(13),(1432),(24),(1234)}

\V,(23) = {(23),(1342),(1243),(14)}, (23),

={(23),(2431),(2134),(14)}

V,(123) ={(123),(134),(243),(142)}, (123), =
{(123),(243),(142),(134)}

V,(132) ={(132),(234),(124),(143)}, (133, =

{(132),(143),(234),(124)}

and since each right coset ittt coset,V, I S,. For a more conceptual
proof of this result, see Ex. 5 at the end of this paragraph.

(h) ConsiderK = {4,(12),(13),(23),(123),(132) S, Is K normal inS,?
We observ_e(14)'1K(14) = (14K@14) = {,(42),(43),(23),(423),(432)k K
and so K«L'S,.

(i) Normality is not an intrinsic property of a subgroupis meaningles
to speak about normality of a subgrdupself. It is only meaningful to
speak about normality of in a groupG. We have to specify thgroup G
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as well as the subgrotipwhen we speak about normalitit.is possible
that H < G, andH « G, for two groupsG,;,G, containingH. Hereis an
example.Take

G1 = D8 =<p,0: p4 =1,0%=1, o'lpo = p'1>
G2 = <p2,c> = {1,p2,c,p26} < G1
H = <o>={1,5}.

ThenH < G, andH < G, Now |G;H| = 2, soH < G, by Example 18.5(d)
above. However

pHp ={1,p%0p} = {1, pp 0} = {1, p%} = H
and thusd G,

Incidentally,G, < G, since|G:GJ] = 2. This shows that normality is not a
transitive relation. It is possible thatd G, G, < G, yetH L G,.

(j)) Forany field K, we haveSL(2K) <1 GL(2K). Indeed, ifS € SL(2K),
thendet S= 1 and, for any € GL(2K),

det(G'SG) = det(G1SE =det GLdet(SG = (det @ (det S(det §
= (det @1 (det § = 1,
GSG e SL(2K) for all S € SL(2K), G € GL(2K),

and soSL(2 K) <1 GL(2K) by Lemma 18.2(1).

(k) If H< G andK < G, thenH n K < G. More generally, ifH. < G
(wherei € I, an index set), the@. H. <1 G. We show this. Pud =[1 H

iel i

for brevity. FromH, < G, it follows thatH << G (Example9.4(f)). Also, for
anyh € H andg € G,

h € Hiforalli €1,
ghg € H, for alli € I,
glhg € H

andH <1 G by Lemma 18.2(1).

(O FH<IGandK < G, thenH n K <1 K. Indeed, leh ¢ Hn K, k € K.
Thenk™hk € H sinceh € H andH is normalin G. Also, k'hk € K because
h € K andK is closed under multiplication. Th&&hk € H n K for all

he HnKand forallkk € K. ThusHn K <@ Kby Lemma 18.2(1).
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18.6 Definition: WhenH < G, the set of all right cosets Hfin G, which
is also the set oéll left cosets ofH in G by Lemma 18.2(4), will be
denoted bys/H, readG by H, or G modulo H orG mod H

Most authors do not insist ahe conditionH <1 G when they writeG/H.
They writeG/H for the setR of right cosets oH in G (or for theset of
left cosets, especially when they wiitenctions on the left) and employ
some other symbol for the the set of left cosets (or for thesgéheof
right cosets). Throughouhis book, whenever we writé/H, it will be
tacitly supposed that <! G. The notatiorG/H is meaningless iH K G
and will not be used in this case.

18.7 Theorem:Let H<I G. Then G'H is a group under theperation
suggested in8.1,by which
Ha.Hb =Hab for all Ha, Hb € G/H.

Proof: We check the group axioms.

(i) The operation ok/H is well defined by Theorem 18ahd
the product of two right cosets is again a right coset.GA® is closed
under this operation.

(i) For all Ha,Hb,Hc ¢ G/H, we have KHlaHb)Hc = Hab.Hc =
H(ab.c) = H(a.bc) = Ha.Hbc = Ha(Hb.Hc) sinceab.c = a.bc for all a,b,c € G.
The operation is therefore associative.

(i) H =H1 € G/H is a right identity element of since
HaH1 =Hal =Ha for all Ha € G/H.

(iv) Any Ha € G/H has a right inverse i&/H, namelyHa™:

HaHa'=Haal=H1 =H = identity element of/H.

ThereforeG/H is a group. O

18.8 Definition: Let H < G. Thegroup G/H of Theorem 18.7 is called
thefactor group of G with respect to, lér thefactor group G by, or the
factor group G mo@ilo) H. Instead of the term "factor groughe term
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"quotient group” isalso used. The group operation is calladltiplica-
tion (of cosets

Please notice tha&a/H is not a subgroup o6. The elements o&/H are
subsets o6, not elements dd.

Since the multiplication oG/H is basedn the multiplication or;, we
expectthat some properties & are inherited byc/H. Here are some
properties that are taken over by the factor groups.

18.9 Lemma:Let HL G.

(1) IG/H| =|GH|. In particular, if G is finite, so is GZH and|G/H| =|G//H|.
(2) If G is abelianso is G'H.

(3) If G is cyclic so is GZH.

Proof: (1) The elements di/H are the cosets di in G and there are
|G:H| cosets ofl in G by Definition 10.7. So the order 6¥H is the index
of H in G. The second assertion follows from Lagrange's theorem.

(2) If G is abelian, themb = ba for all a,b ¢ G andHaHb = Hab = Hba =
Hb.Ha for all Ha, Hb € G/H. ThusG/H is abelian, too.

(3) Assume thak is cyclic, sayG =<g>. Then any elememxtof G is of the
form g", wheren ¢ 7. Hence any coset #fin G is of the formHx = Hg" =
(Hg)". This showss/H =<Hg>. m|

The converses of the claimsliemma 18.9 are false. The factor group
G/H can be finite (abelian, cyclic) withoGtbeing finite (abelian, cyclic).

We close this paragraph with some examples of factor groups.

18.10 Examplesi(a) Let G be a group andl = 1 = {1}. ThenH 1 G
(Examplel8.5(a). The cosets ofl = 1 the subsets && having only one
element:

Ha={1}a={a} forallaecG
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and multiplication inG/H = G/1 is given by

{a}{ b} = { ab}.

The factorgroup G/1 is governed by the same operatiorGashusG/1
is almost the same group @sThe only difference ishat the elements
of G are enclosed within bracesGril.

(b) LetZ be the additive group dafitegers and lenZ ={nze Z :z € 7/}
be the subgroup of consistingof integers divisible byn. Since Z is
abeliannZ < 7 andZ/nZ consists of tha cosets
nZ,nZ+1nZ+2,....nZ+n-1
which are usually abbreviated as
012 ...n-1

(see 86; we write the cosets additively of course). ThreZ = Z_ as

sets.

In the factor grou@/nZ, the operation is given by

(nZ+a)+(nNZ+b)=nZ+ (a+b) forallab € Z
which can be written shortly as
a+b=a +Db foralla,b € Z/nZ.

This is thedefinition of addition inZ . So the operation id/nZ coin-
cides with the operation of) that we learned in 86. HendénZ =Z_ as
(additive) groups.

We understand the real reason why additiod gras definedn 86, is a
well defined operation. It is well defined only becanZedZ.

(c) LetG=C,, =gt g2 = 1> be a cyclic group of order 12 and ket <

9> = {1,059%9% < G. SinceG is abelianH < G andG/H consists of the
cosets

H=1{1,0%0%0%, Hg=1{g.0%9".9*%, Hg®={g%g°g%0"%.

The multiplication table o&/H is given below.
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(d) We knowV, < S, (Example 18.5(g) The elements of,/V, are
v,22)V,(13)V,(23)V,01223)V,(132) andthe multiplication table of

S4/V4 is

V4
V,(12)
V,(13)

V,(23)

V,(123)

V,(132)

V
4

V4

V,(12)
V,(13)
V,(23)

V,(123)

V,(132)

Hg

Hg?

V,(12)
V,(12)
V4
V,(132)
V,(123)

V,(23)

V,(13)

Hg

Hg
Hg

Hg?

Hg?

V,(13)
V,(13)
V,(123)
V4

V,(132)

V,(12)

V,(23)

V,(23)
V,(23)
V,(132)
V,(123)
V4

V,(13)

V,(12)

Hg?

Hg?

Hg

V,(123)
V,(123)
V,(13)
V,(23)
V,(12)
V,(132)

VvV
4

V,(132)
V,(132)
V,(23)
V,(12)
V,(13)
V4

V,(123)

This is almost identical with with the multiplication tableﬁgf

(12)

(13)

(12)

(13)

12)

(12)

(132)

(13)

(13)

(123)
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(23]

(23]

(132)

(123)

(12B)

(123)

(13)

(23)

(132)

(132)

(23)

(12)



(23) (23)| ((123) (132 ! (12) (13)
(123) | (123) (23) 12) (a3) (@a32) |
(132) | (132) (@3) 23)  (12) ! (123)

ThusS,/V, is almost the same group&sThey are not the sangeoups

of course, for the underlying sets are differeNevertheless, it islear
from the tables above that the operationsS @\, andon S; are closely
related. This will be made more precise in §20.

Exercises

1. LetH << Gand letf be the set of all left cosets bfin G. We suggest
that we define a binary operation fHnaccording to the "rule"

aH.bH = abH
for all a,b € G. Show that this operation is well defined if and only if
H<G.

2.LetH < G. Prove thaH I G if and only ifHa < aH for alla € G.
3. Prove that, iH << G, a € G andHa is a left coset ofl in G, thenHa = aH.

4. Find a groups, asubgroupH of G, and an elemerd of G such that
a™Ha < H buta™Ha = H. Why does this not contradict Lemma 18.2?

5. Let{a,b,c,d} ={1,2,3,4}. Show that, for any € S,

(ab)(cd)s = o(ao,bo)(co,do)
and thuss™uo € V, for all « € V,. This provesv, d S, Compare with

815, Ex. 15.

6. Find all normal subgroups 8f (cf. 815, Ex.10).

7. Find all normal subgroups 6f.(2,Z3).

8. Determine whethehe following are normal subgroups in the groups
indicated.
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{g € GL(2,R): det g= 5} in GL(2,R)
{g € GL(2,R): det g= 0} in GL(2,R)
{g € GL(2,R): det g=> 0} in GL(2,R)
{g € GL(2,0): det g= 1} in GL(2,0)
{g € GL(2C): (det 9*8=1} in GL(2,0)

{g € GL(2,Z,,):detg=T1or3or4or50r9 inGL(2,7,,).

9. LetK be a field. Theik\{0} is a group undemultiplication. Suppos#&
is a subgroup df\{0}. Prove that § € GL(2,K): det g€ U} is a subgroup
of GL(2 K).

10. Letn € N and put

a a=1b=0
Fn:{(c 8) € SL(2,72): c=0d=1 (modn)}.
Determine iff < SI(2,7).

11. LetH <1 G and letHa € G/H. Show thato(Ha) = n (n is a natural
number) if and only if is the smallest natural number such ttad H.

12. Show by counterexamples that the converses of the dglaibesnma
18.9 are false.
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