819
Product Sets in Groups

In the preceding paragraph, we introducedudtiplication on the set of
right cosets of a subgroup of a given groups. Thisinvolved selecting
elements from the cosets bbe multiplied. Selecting elements from the
cosets is an artificial step in this coset multiplicatidvie showed in
Theorem 18.4 that the resulting cosetindependent of the elements
chosen when (and only wheH)is a normal subgroupf G. However,
this does not get rid of the inherent artificiality of the casattiplica-
tion we studied in 818. A more natural multiplication would trss
elements otosets on equal standing, rather than distinguishing (select
ing) one of them (asn Suggestion 18.1) and then showing (as in
Theorem 18X that no injustice to theemaining elements has been
commited. Weintroduce in this paragraph a natural multiplication of
cosets, and in fact more generally of arbitrary nonemspbsets in a
group. Thenew multiplication will coincide with the one of Suggestion
18.1.

19.1Definition: Let G be a group. For any nonempty subs&¥sof G,
the product set XYs defined to be
XY={xyeGxeX,yEY}

WhenX has only one element, say wher {x}, we write XY instead of
{x}Y. Likewise, we writeXy instead ofX{y}. This is consistent with the
definition of cosets (Definition 10.1).

This multiplication is associative.

19.2 Lemma:Let Gbe a group For any nonempty subsetsYX of G
there holdgXY)Z = X(Y2).

Proof: This follows from the associativity of multiplication @n
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EKVNZ ={uzc GueXY,zec
={(xy)ze Gxe X, yeY,zec g
={x(yd e Gxe X, yeY,zec g
={xve GxeX VveYZ
= X(Y2). O

Using Lemma 8.3, we may and do drop the parenthesmsyirproduct
set involving more than two subsefmr example, we writeXYZUV for

XVN(AUVY)).

19.3 Examplesi(a) LetH << G. As we haveemarked earliei{x} = Hx
={hx h € H} is the right coset oH in G containingx € G. Analogously,
{xX}H = xH is the left coset dfl that containx.

(b) Let G be a groupH < G andx € G. Thenx*Hx = {xthx h € H} (see
Lemma 18.2) is the product of the set3}{ H, {x}.

(c) Let G be a groupand letX be a nonempty subset & Then XX

consists of all productg,x,, wherex, andx, run throughX indepen
dently. Notice thakX = {x? € G: x € X} in general.X is a multiplicatively
closed subset db if andonly if XX € X. In particular,HH € H for any

subgrou of G.

(d) Let G be agroup and leX,Y be nonempty subsets Gf It follows
from Definition 19.1 that

Xy= U Xy= U xv.
yeY XeX

(e) LetX={,(12)}, Y={2(13)}. NowX andY aresubsets of,. ThenXY =
{7,413),(12),(12)(13)} = {4(13),(12),(123)}. Notice that XY are
subgroups of;, butXY is not. So the product of two subgroups is not
necessarily a subgroup.

(F) LetX = {4(13)} andV, = {4(12)(34),(13)(24),(14)(23)}. The < S,
andV, < s, (Example 18.10(9) HereXV,

{72,(12)(34)/(13)(24) (14)(23),(13),(13)(12)(34),(13)(13)(24),(13)(14)(2
3)},
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={4,(12)(34),(13)(24),(14)(23),(13),(1432),(24),(1234)}

is easily seen to be closadder multiplication, henéEV4 is a subgroup
of S, (Lemma 9.3(2), but nota normal subgroup d§,, for (13) € XV,
but (12)%(13)(12) = (23)¢ XV, (Lemma 18.2(1) We see that the

product of two subgroups is not necessarily a normal subgevep if
one of the factors is a normal subgroup.

In Example 19.3(f) above, it is eaty seeXV, = V,X. This is the basic
reason whyXV, turns out tobe a subgroup of5,. The next lemma
describes the situation.

19.4 Lemma:LletH<< Gand K< G.
(1) HK < G if and only if HK=KH.

(2) If H 1Gor H<IG, then HK<C G.
(3) If H <1G and H<I G, then HK<I G.

Proof. Before we presenhe proof, it will be worthwhile to discuss the
equatiorHK = KH. Whatdoes it mean? WelHK andKH are subsets d
and equality of them is equivalent to the inclusions

HK € KH andKH < HK.

The first inclusion means, for ariye H andk € K, theelementhk ofG
belongs toKH, so that there are, € K andh,; € H suchthat hk = k h,.

Similarly, the second inclusion means, for &w K andh € H, there are
h, € H andk, € K such thakh=hJk,.

HK = KH doesnot mean thahk=khfor all h € H,k € K. Of course, ifhk =
khfor all h € Hk € K, then triviallyHK = KH. However, it does not follow

from HK = KH that hk = kh for all h € Hk € K. FromHK = KH, it follows
only that, for anyh € Hk € K, there ard, € K, h, € Handh, € H, k, € K

such thahk= klhl andkh = h2k2

Now the proof.

(1) We are to show: (a) HK = KH, thenHK << G; and (b) ifHK << G, then
HK = KH.
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(a) Suppose firstHK = KH. We prove thatK is closed under multiplica
tion and the forming of inverses (Lemma 9.2).

(i) If HK =KH, thenHK.HK =H.KH.K =H.HK.K = HH.KK € HK and
so HK is closedunder multiplication (see Example 19.3(kc) If you are

not satisfied with this demonstration, here is anotherxpet HK, say
X =hk y= hlkl with h,h1 € H and k,k1 € K. Wewish to showxy € HK.

Now xy = hkh k; = hkh .k, andkh, € KH =HK by hypothesis, sdh, =

hk, for someh, € H, Kk, € K. Soxy = h.kh .k, =hhk,k =hh,kKk € HK

sincehh2 eH andkzk1 € KasH < GandK < G. ThusHK is closed under

multiplication.

(i) Letx € HK, say x = hkwith h € H, k €¢ K.We are to show
thatx™ € HK. We havex' = (hK™* = k'h™' ¢ KH =HK, becausd&™ ¢ K and
ht € H asK andH are subgroups @& SoHK is closed under the forming
of inverses.

This proves thatK << G wheneveH < G, K << G andHK =KH.

(b) NowsupposeH << G, K << G andHK << G. We want to showK = KH,
that is,HK € KH andKH < HK. These inclusions follow from the fact that
HK is closedunder taking inverses. Indeed xifc HK, thenx™® € HK, say
xt=hkwith h € H, k € K. Thenx = (hK™* = k'h™? € KH. SoHK € KH. The
other inclusion is proved in the same way.

This proves thatl << G, K << G andHK << G impliesHK = KH.
The proof of (1) is complete.

(2) We suppost <1 G, K << G and prove thatlK << G. According to part
(1), it suffices to showlK =KH. First we provedK € KH. Leth € H, k € K.
Thenklhk € H sinceH < G (Lemma 18.2(1) andhk = kkhk € KH. This
provesHK € KH. Nowwe proveKH € HK. For anyh € H, k € K, we have
khk® € H sinceH I G and thuskh = khKlk ¢ HK and KH < HK.
ThereforeHK = KH andHK < G.

The proof ofHK << G under the hypotheséis<< G, K <1 G follows similar
lines and is left to the reader.

(3) We now assumie <l G, K <4 G. From part (2), wgetHK << G. We are
to showHK <1 G. To do that, we provgixg € HK for all g € G, x € HK
(Lemma 18.2(1). For anyx € HK, there ardn € H, k € K with x = hk and
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gxg = gthkg = g*hggkg € HK sincegthg € H andg'kg € K asH < G
andK =1 G. HenceHK =1 G.

This completes the proof. O

In Lemma 19.4(3), it would not be enough to prove thiag € HK for
all g € G x € HK. It is necessary to showWK < G also. Generally
speaking,’A <l B" summarizes two conditions oA andB: that A is a
subgroup oB and thatA is normalin B. We must check both of them
whenever we want to shatww<l B.

We turn our attentioto the product of two right cosets. The product of
two right cosets, as in Definition 19.1, as subset of the group under
discussion. When is it a right coset? The next lemma gives the answer.

19.5 Lemma:Let H<< G. The product of arbitrary right cosets dfin G,
according to Definitior19.1,is always a right coset of H in & and only
if HLG.

Proof: The product oHa andHb (wherea,b € G) is
HaHb={hahb € G hh, € H}

andab = 1alb € HaHb. ThusHaHbis a right coset afi in G if and only if
it is the right coset dfi in G to whichab belongs:

H is the right coset dl inG < HaHb=Hab.
We show thaHaHb =Hab for alla,b € G if and only ifH < G.

If Hd G, thenHaHb =Habfor alla,b € G. Indeed, ifH < G, thenaH = Ha
for alla € G (Lemma 18.2(4), and, for any,b € G, we have

HaHb =H.aH.b = H.Ha.b = HH.ab = Hab.
Here we useiH = H, which follows fromHH < H (Example19.3(c) and
H=1H S HH.

Conversely, assuntéaHb = Hab for alla,b € G. Then
HaH = (HaH)(bb?) = (HaHb)b™ = (Hab)b™ = (Ha)bb! = Ha
HaH = Ha
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aH = 1aH € HaH = Ha
and saaH < Ha for alla € G. From Lemma 18.2(5), we obtain<d G
O

The product of any two right cosetstbf<< G, as in Suggestion 18.1, is
always a right coset dfi, provided this multiplication isvell defined,
and it is well defined if and only iH <1 G. On theother hand, the
product of any two right cosets l6f<< G, as in Definition 19.1, is always
a definite subset @3, but this subset is a right cosetHoif and only ifH

<l G. Therelation HaHb = Hab in the proof of Lemma 19.5 shows that
these two multiplications are identical whéerd G.

We know thatK is not necessarily a subgroup@éven ifH << G K< G
It is a subset oB. We now determine the number of elements in it.

19.6 Lemma:Let HK << G and assume that and K are finite Then HK
is a finite subset of Gvhose cardinality is given by

[HI Kl

IH N K|

Proof: We list all productahk, where h and k run throughH and K,
respectively. Inthis way, we getH| |[K| elements ofG. These are the
elements oHK. Naively, we expedtK| to be equal tdH| |K|, but there
may be repetitions in our list: the samlement ofHK may be written
more than once. We have to keep accaimepetitions. We show that
each of theéH| |K| productshk appears exactlg times in our list, where
N :=|H N K|. Thus there aril| |[K|/n distinct elements in the list ardK| =
IH| [KI/n. In other words, the mapping

©: H X K — HK
(h,K) — hk

is ann-to-one mapping. By this, we understand that exat#yements
in the domairH X K have the same image under

To prove thap is ann-to-one mappinglet us investigate whene have
(hp ke = (h,K)e. Well, (h ke = (h,,K,)e if and only ifh k, = h,k, and
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therefore if and onlyf h,™"h, = k k,™ = s belongs taH n K. Thus b k,)
and f,k;) have the same image undeif and onlyif h, = h;s and
k, = s,'lk1 for somes € Hn K. Denoting by 1 =5, s, ...,s, then =|H n K|
elements ofi N K, we conclude that theordered pairs

(hy k).(h;s,s,7K).(h;s,8,7K), -...(h;s s 7K)
and only these ordered pairs have the inta¢e undere. This proves

thate is indeedh-to-one, and consequently

IH N K|
Exercises

1. LetX)Y be arbitrary nonempty subseaisa groupG and letg be an
arbitrary element o&. Prove the following equivalences.

XCY & gXcgY < giXgcglyg
X=Y & gX=gY < Xg=Yg < g'Xg=g'vg
X=gY & gX=V.

2. LetH,K be subgroups of a gro Assume tha6 is finite, |H| = V|G
and|Kl = V|G. Prove that n K = 1.

3. LetAB,C be subgroups of a gro@ with A < C. Prove that
ABNC)=ABNC.

4. LetH,K be subgroups of a gro@and letg € G. Prove that

[HI K]

|HgK| :—1—'
g7 Hg N K|

(A subset of the formgK is called adouble cosex
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