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Group Homomorphisms

In Example 18.10(d), we have observed tthet groupsS,/V, and S;

have almost the same multiplication table. They have the same
ture. In this paragraph, we study groups with the same structure.

20.1 Definition: LetG andG, be groups antet 9: G — G, be a mapping
fromGintoG,. If
(ab)p =ap.bp for alla,b € G,

theng is called adgroup) homomorphism

The equationdb)e = ap.bp is paraphrased by sayirtbat ¢ preserves
multiplication orthat ¢ preserves products. Loosely speaking, a homo
morphism is a mapping undevhich the image of a product is the
product of the images.

Here "products" might refer to different operatiorfor a,b € G, the
productab € G is clearly the resubbf the binary opération of the group
G, Whereaam,m € G1 andagp.by € G1 is the resulbf the binary operation
of the groups,. Thisis implicit in the equationab)e = ap.bp which does
not make any sense unledsis theproduct ofa,b in G andag.bp is the
product ofag,be in Gl. |

More precisely,if o is the binaryoperation onG and if = is the binary
operation org;, theny: G— G, is a homomorphism provided

(aob)p =ap ~ bp for alla,b € G

20.2 Examples:(a) One homomorphism is very weknown to the
reader. It is the logarithm function
log: " — R
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from thegroup R' of positive real numbers (under multiplication) into
the groupR of all real numbers (under addition). The homomorphism
property of the logarithm function is the well known identity

log ab=log a+log b
that holds for alh,b € R

(b) The determinant mapping
det GL(2,0) — O\{0}
is a homomorphism fronGL(2,)) into the groupof nonzero rational
numbers under multiplication, for
det AB= (det A(det B
for all AB € GL(2,1D) by Theorem 17.9(1)he same thing is true for the
mappingdet GL(2,K) — K\{0}, whereK is any arbitrary field.

(c) The sign mapping
E:S, —{1,-1}
is a homomorphism frorg_ into the multiplicative group {:1} since
E(or) = [E(0)E(n)
for allo,m € S, by Theorem 16.7. .

(d) The absolute value function
¢: R\{0} - I
a — |al
is a homomorphism from the group of all nonzero reahbers (under
multiplication) intothe group of positive real numbers (under multi
plication) since
(ab)e =|ab =lallbl = apbep
for all a,b € R\{0}.

(e) The signum function
sgn:R\{0} — {1,-1}
1 if X is positive
X_’{ -1 if x is negative
is a homomorphism from the group of nonzeeal numbers into the
group {1;-1}.

(f) LetG be a group. Then the identity mapping
1:G—G
is a homomorphism fror@a into G since
(ab)r=ab=ad:s
for all a,b € G. More generally, lell be a subgroup & and let
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uH—G
h—h

be the inclusion mappindexample 3.2(g)Then

(ab)p =ab=apbyu
for all a,b € H. Hencep is a homomorphism. Bothandp are one-to-one
homomorphisms.

(9) Letg: G — G, be a group homomorphism and etk G. Then the

restriction
P H— (31
of ¢ toH (Example 3.2(i) is a homomorphism from into G, since
(@b)e, = @b)e = @)e((b)e = @, (L),
for all a,b € H.

20.3 Lemmai:Letyp: G— G, be a homomorphism of groups

(1) 1p = 1.
2) @YHe = (ap)Lforallac G
3) @a,..a)e =@ 0)(@)...(ap) forallaa, ...a , €eGne N, n= 2.

(4) @ = (ap)" forallae G ne Z.
(5) If o(ap) = », then da) = . If o(a) = n € N, then dap) divides nin
particular, o(ap) < o(a).

Proof: (1) Here we use the same symbol with two different
meanings. In "@", 1 is theidentity element of the. grou@ On the right
hand side, 1 is the identity element of the gr@JpA more accurate
way of writing the claim is

(Lo = 15,
where 1 is the identity element & and :gl is thatof G,. For the home
morphisms in Examples 20.2(a)-(e), the assertion means
logl = O;det(é (])_) =1;/is an even permutatiori] = 1; 1 is positive
respectively.

The proof is easy. We have £ (1.1 = Ip.1p, hence & is theidentity
of G, by Lemma 7.3(1). One can also asé&p = (al) = ap with somea ¢

Gto conclude ¢ = 1.
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(2) For anya € G, we haveap(a ™) = (@aad)y = 1p = 1 =(ap)(ap)™, hence
ap = (ap)™

(3) We make induction on. The caser = 2 is covered by the very defi
nition of a homomorphism. Suppositige claim to be true fon = kK, i.e.,
supposingd,a,...a)e = @,9)(@9)...(ap) for alla a,, ...,a, € G, we get

(a,a,...aa, )¢ = ((@a,..a)a,, )e
= @85 .- a )o@, )
= (a,0)(a9)... (A 9)(a, Do

and the claim is true for=k + 1. Hence itis true foratl e N, n = 2.

(4) We proved™y = (ap)" for alla € G, n € Z. If n> 0, this follows from
(3) when we take, =a, =---=a_ =a.lf n < O, this follows from (3)

when we take, =a,=-"=a_= a™. If n= 0, the claim is proved in (1).

(5) Suppose(ap) = . If o(a) were a natural numben, then we would
obtaina™ = 1, so ¢)™ = @e = 1p = 1 andap would be offinite order
by Lemma 11.4, a contradiction. Tha(ap) = o implieso(a) = .

Suppose(a) =n € N. Thena" = 1 and &¢)" = @e = 1p = 1, soo(ap) | n
by Lemma 11.4 and Lemma 11.6.
m|

Next we show that composition of homomorphisms is alsbomo
morphism.

20.4 Theorem:Letg: G— G, andy: G, — G, be group homomorphisms

Then the composition mapping
Pp: G— G,

is a homomorphism from G in®

Proof: We are to show tha@ab)oy = @)eyp.(b)py for all ab € G. This
follows immediately:

@b)ey = ((ab)e)yp (definition ofpy)
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= (ap.be)y (¢ is @ homomorphism)

= (ap)y.(be)y (v is a homomorphism)
= @ev.(D)ey (definition of gy)
for all a,b € G. Hencepy is indeed a homomorphism. O

20.5 Definition: Letg: G— G, be a group homomorphism. The set
{ap € Ga € G={b € G: b=a¢p for somea € G}

of all images (undeg) of the elements o is called thamage ofy and
is denoted bym ¢ or by Gp. The set

{a€ G ap=1}

of all elements of the domaid that are mapped tihe identity of the
range grou, is called thekernel ofp and is written a&er ¢.

Thuslm ¢ < G, andKer ¢ € G It is immediate from the definition dm ¢
thatlme =z &, forG=z J. Also, 1 = L € Kerg by Lemma 20.3(1), sBer ¢
#z . We prove now thatm ¢ is a subgroup o6, and thatKer ¢ is a
subgroup ofG. In fact, Ker ¢ is anormal subgroup o€. This is a very
important fact.

20.6 Theorem:Lety: G— G, be a group homomorphisffihen
Im e << G, and Kep 1 G

Proof: First we provem ¢ < Gl. We knowlm ¢ # . We useour sub

group criterion (Lemma 9.2).

() Letxy € Im . We are to showy € Im ¢. Now Xy € Im ¢
meansx = ag, ¥ = by for somea,b € G. Thenxy = (ag)(be) = (@b)e is the
image (undegp) of an element i, namely ofab € G. Soxy € Im ¢ and
Im ¢ is closed under multiplication.

(i) Letx € Im ¢. We are tasshow xt € Im ¢. Now X € Im ¢
meansx = ap for somea € G. Thenx™ = (ap)™* = ap is the image (under
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) of an element i1, namely ofal e G. Soxt € Im ¢ andIm ¢ is closed
under taking inverses.

Thusim e < G-

Now we proveKer ¢ <l G. FirstKer ¢ << G. We knowKer ¢ z &. Compare
the following with the proof of Theorem 17.12.

(i) For anyab € Ker ¢, we haveap = 1 = by, so @by =
(ap)(bp) = 1.1 = 1 andab € Ker ¢. Thus Ker ¢ is closed under
multiplication.

(i) For anya € Ker ¢, we haveap = 1, soa™®p = (ap)t=11=1
anda™ € Ker ¢. ThusKer ¢ is closed under taking inverses.

ThereforeKer ¢ << G. Now we prove thafer ¢ is a normal subgroup &
Compare the following with Example 18.5()).

We must show thag™kg € Ker ¢ for anyg € G, k € Ker ¢ (Lemma
18.2(1). This is easy: ik € Ker ¢, thenky = 1 and, for anyg € G,

(@ kAp= (0 7%) (ko) (99) = (@) 1g9¢ = 1,
sogkg € Ker ¢. ThusKer ¢ < G. O

The elements of a growphich have the same image under a hemo
morphism make up a coset of the kernel of that homomorphism.

20.7 Lemma:Lety: G— G, be a groughomomorphismFor any ab € G,
there holds a= by if and only if(Ker ¢)a = (Ker ¢)b.

Proof: Leta,b € G. Thenap = by if and only if

(ap)(bp) ™ = 1, so if and only if
(ap)(bXp) = 1, so if and only if
@by =1, so if and only if
abl € Kerg, so if and only if
Kerg)a = (Ker ¢)b
by Lemma 10.2(5). O
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SinceKer ¢ <1 G by Theorem 20.6, we also haa@Ker ¢) ={b € G by =
ap}. Alternatively, one may prova lemma analogous to Lemma 20.7,
stating that andb have the same image underf and only if the left
cosetaa(Ker ¢) andb(Ker ¢) are equal, and combine it Lemma 2ta ' get
a(Ker ) = (Ker 9)a, thereby provindfer ¢ I G anew.

It follows from Lemma 20.7 thagtis a one-to-one homomorphishrand
only if Ker ¢ has only one element. We give a direct proof of this.

20.8 Theorem:Lety: G— G, be a groughomomorphismTheng is one

to-one if and only if Kep = 1.

Proof: Here 1 is the trivial subgroup of & (Example 18.5(a). We
provegp is not one-to-one if and only ker ¢ = 1.

If ¢ is not one-to-one, then there ajj@e G with ap = bp anda # b. We
obtain then 1 ap.(ap) ™t = ap.(bp) ™ = ap.op = @by, with abt = 1. Thus
1z ab? e Kerp andKer ¢ z 1.

Conversely, ifKer ¢ # 1, then there is aa € Ker ¢ with a # 1. Thenwe
haveap =1 = Ip andaz 1. Sop iS nhot one-to-one. O

We can determine whether a homomorphismanis-to-one by examin

ing its kernel. A homomorphismis one-to-one if and only er ¢ = 1.
Also, we cardetermine whether a homomorphism is onto by examining
its image. Ahomomorphismyp is onto if and only iflm ¢ is the whole
range. Homomorphismshich are both one-to-one and onto will have a
name.

20.9 Definition: A group homomorphismp: G — G, is called aniso-
morphismif it is one-to-one and ontolf there is an isomorphism from
G onto G, we sayG is isomorphic toG,, andwrite G = G,. If G is not
isomorphic tdG, we writeG # G,.
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20.10 Examplesi(a) The logarithm function is well known to beoae-
to-one function onto the set of real numbers. Thus

log: RF — R
is an isomorphism.

(b) For any grouj, the identity mapping

r1G—G
is an isomorphism.
(c) LetGbe a group. Then
p:G— G/1L
g —{g}

is an isomorphism fron® onto G/1 (see Examplel8.10(a). Thus G =
G/1.

(d) The mapping
¢:S;— S,/V,
o — V4o

(where, on theight hand sidep is the permutation ir$, that fixes 4
and maps 1,2,3 as € S; does) is an homomorphism. This is evident

from the tables in Example 18.10(d). Alspjs clearly one-to-onennd
onto. Sop is an isomorphism arg, = S,/V,,.

An isomorphism, beingne-to-one and onto, has an inverse mapping. It
is natural to ask if the inverse of asomorphism is an isomorphism.
Also, is it true that composition of two isomorphisms is an isomorphism?

20.11 Lemma:Lete: G— G andy: G, — G, be group isomorphisms
(1) The compositiopy: G— G, is an isomorphism frorf@ontoG,
(2) The inverse™ G, — Gof g is an isomorphism fror@, onto G

Proof: (1) The compositiopy is a homomorphism by Theorem 201L4.
is one-to-one and onto by Theorem 3.13¢p® & an isomorphism.

(2) For anyxy € G, we must showxy)s™ = x¢hye™. Sinces is onto,

there area,b € G such thatap = x andbg =y. Now a and b are unique
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with this property, for is one-to-one, and = x¢%, b = y¢™. This is the
definition of the inverse mapping. Singés a homomorphism, we have

@b)e =ap.bp =xy
Hence, by definition of™, we getab = (xy)¢™. Thus

(xy)el=ab=xplyp?

andthis holds for allxy € G,. Socp'l.Gl—> G is a homomorphism. As it is

one-to-one and onto by Theorem 3.17¢D)is an isomorphism. O

From Example 20.10(b) and Lemma 20.11, we see that
G=G

if G=G, thenG =G

if G=G, andG, =G, thenG= G,
for any group<5G,,G, We are tempted to say th&tis an equivalence
relation on the set of all groups. Ittisie indeed thag is an equival
ence relation, buve must avoid the phrase "the set of all groups". This
phrase leads to logical difficulties. For more information albwatpoint,
the reader is referred to the appendix.

SinceG = G, impliesG, = G, it is legitimate to sa$ andG, are isomorphic
whenG is isomorphic tds,.

We are not interested in thmeature of the elements in a grouphe
essential thing is the algebraic structure of the group=I6,, the.n any
algebraic property d is immediately carried over t§. For thisreason,
we do not distinguish between isomorphic groups.example, any two
cyclic groups of the same ordare easily seeh to be isomorphiBy
abuse of language, we call any cyclic group of omler N the cyclic
groupof ordern, and writeC_ for it. Likewise, any two dih.edral groups
of order 21 are isomorphicand we speak dhedihedralgroup of order
2n, and writeD,,_ for it. |

We saw inTheorem 20.6 that the kernel of any homomorphism is a
normal subgroup othe domain. We show now conversely that any
normal subgroup d& is the kernebf some homomorphism fro@& Into
which group”?Since we are given only a normal subgroups,ofthe only
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range group that we can construct ouG and its normal subgroup is
the factor group with respect to that normal subgroup.

20.12 Theorem:Let N<I G. Then the mapping

v: G— G/N
a — Na

is a homomorphisnit is onto G'N and Kerv =N.

Proof: vis a homomorphism, foaeb)v = N(ab) = NaNb = av.bv for all a,b
in G, by the very definition ofmultiplication in G/N. Obviously, any
elementNa of G/N is the image o4& € G underv, sov is onto. Finally

Kerv ={a € G av = identity ofG/N}
={a € G av=N1}
={a € G Na=N}
={a e GaeN} (Lemma 10.2(2)
=N. O

20.13 Definition: LetN <1 G. The mapping: G— G/N is called the
a— Na

natural (or canonica) homomorphism from G onto/(@S.

20.14 Theorem:Let N<I G. Then there is daomomorphismp: G — G,
with Kergp = N.

Proof: N is the kernel of the natural homomorphismG — G/N by
Theorem 20.12. O

The coincidence of kernels withormal subgroups shows that normal
subgroups, factor groups ahdmomorphisms are closely related. The
orem 20.12 describes the relation betwled G, G/N and the natural
homomorphisnv: G— G/N. We prove next that any homomorphisgis
connected in the same wayHKer ¢ andG/Ker ¢ asv is connected td\
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and G/N. This is done by showing thatis essentially a natural homo
morphism.

20.15 Theorem (Fundamental theorem on homomorphisms):

Let
¢: G— G, be a homomorphism of groupst N= Ker ¢, which is normal

in G by Theorem20.6, and letv: G — G/N be the associated natural
homomorphism
Then there is a one-to-one homomorphis®&N — G, such thaty = ¢.

[This theorem may be summarizedarndiagram. The hypothesis is the

diagram (a) below. The claim is that there is a one-tohmmeomorph
ism y such that both paths froéto G, (vp andg) in diagram(b) have

the same effect.

G/N G/N

@) (b)

The equatiorvy = ¢ can be regarded as a factorizationpoBSince the
pathvyp passes throug®/Ker ¢, we sayp factors throughs/Ker ¢.]

Proof: We must find a suitablg G/N — G,. We wantp = vy, so thatap =
a(vyp) = (@v)y = Nayp. So we define
p: G/N — G,

Na— ag

In order to find themage of any coset &f undery, we have to choose
an elemena from that coset, which can be done, generally speaking, in
many ways. So we have to make sure thet a welldefined function.
Thus we have to show

forallabe GG Na=Nb = Nay = Nb)y.
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From the definition oN = Ker ¢ and ofy, we see that this implication is
equivalent to

forallab € G (Kerg)a=(Kerp)b = ap =bep,

and this is true byLemma 207. Thus v is indeed a well defined
mapping.

v is a homomorphism. This is verified easily:

(NaNb)yy = (Na)y.(Nbyy for allab € G
Naby 2 (Na)p.(Nbyy for allab € G
ab)e < ap.op for allab € G

Sincep is a homomorphism, the lakbe is true. Hencep is a home
morphism.

p is one-to-one. To prove this, we need only shéev v = {N} (see
Theorem 20.8N is the identity ofc/N). We observe
Kerp ={Na € G/N: (Na)yp =1 =1}
1

={Na € G/N: ap = 1}
={Na € G/N: a € Ker ¢}
={Na € G/N: a € N}

= {N}
by Lemma 10.2(2) ang is one-to-one.

From the definition ofp, we have(vy) = (@v)y = (Na)y = ap for all a € G,
sovy = o.

This completes the proof. O

20.16 Theorem:lety: G— G, be a group homomorphisiihen
G/Ker ¢ = Im .

In more detailthere is an isomorphisgi: G/Ker ¢ — Im P such thatve u
=@, wWherev: G— G/Ker ¢ is the natural homomorphisend u: Im ¢ — G,

is the inclusion homomorphis(ExampIeZO.Z(f))._ This means that the
diagram
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¢
G % g

vl Tu
G/Ker o Im o

can be so completed with a homomorphgSthat both pathse u ande

¢
G % g

vl Tu
o
G/Ker ¢ & Im o
have the sameffect

Proof: We use the homomorphispnG/N — G, of Theorem 20.15, where

N = Ker ¢. Obviously,
Imyp={(Na)p: Nac G/N}={ap:a € G=Imeo
and sincep is one-to-oney is an isomorphism fror@/Ker ¢ ontolm ¢ =
Im ¢. We observe
a(vypn) = @v)(wu) = Na)(vu) = (Na)p)u = @p)u = ap
for all a € G, asy maps anylement ofim ¢ to itself. Hencewpu = ¢. The
theorem follows when we writg in place ofy. |

According toTheorem 20.16, any homomorphiggnG — G, is factored

into three homomorphisnvgp’,u:
G - G/Kerp & Ime 5 G

where (a) is ontoG/Ker ¢; (b) 9" is one-to-one and ontlon ¢ and (c)u

is one-to-one. S@p” is onto ana’y is one-to-onéTheorem 3.11). Hence,
if ¢ fails to be onto, it isnly due to the fact that is not onto. Also, ifp
fails tobe one-to-one, it is only due to the fact thag not one-to-one.
We see that anyiomomorphismeg is essentially an isomorphisni,
"diluted" by a natural homomorphism whi@wventualy) accounts for its
failure to be one-to-one amy an inclusion mapping which (eventualy)
accounts for its failure to be onto. In fagtis one-to-one if andnly if
the associated natural homomorphisé+ G/Ker ¢ is one-to-one and

is onto if and onhif the associated inclusion mapping Im ¢ — G is

onto.
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20.17 Examples: (a)Let <a> = {a™ n € Z} be a cyclic group. The
mapping p: Z — <a>
n—a"

is a homomorphism from the additive grofipnto <a>, because

ntm_ myn —
=a

(m+n)y=a a’ = myp.ny

for allmn € Z. From Theorem 20.16, we obtain
Z/Kerp = Im .
The homomorphisnp is onto by definition ofa>, hencdm y =<a> and
Z/Ker p = <a>.

We see that any cyclic group is isomorphic téaetor group ofZ. In
order to get more information, we distinguish two casdsere<a> has
finite or infinite order.

First suppose that> has finite ordek € N. Theno(a) = k and

Kerp ={n € Z: ny = 1 =a%
={ne Z:a"=1}
={n € Z: o(a)In} (Lemma 11.6)
=kZ.

Thus Z/kZ = <a>. We see that any cyclic group of orders isomorphic
to Z/kZ. Consequently, any two cyclic groups of oréeareisomorphic
to each other. For this reason, we speaketyclic group of ordek.

In the second case, suppose has infinite order. Then

Kerp ={n € Z: ny = 1 =a%
={ne Z:a" =1}
= {0} (Lemma 11.5)

and soZ/{0} = <a>. FromZ/{0} = 7 (Example20.10(c), we inferZ = <a>.
We see that anwnfinite cyclic group is isomorphic td. Consequently,
any two cyclic group®f infinite order are isomorphic. For this reason,
we speak otheinfinite cyclic group.
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(b) The determinant homomorphigiExample 20.2(D)

det GL(2,0) — Q\{0}

a
is onto Q\{0}, because any € OQ\{0} is the determinant o(o i) in
GL(2,0). Thuslm det=O\{0}. Also

ker det= {A € GL(2,0): det A= 1} = SI(2,0).
From Theorem 20.16, we obtain
GL(2,0)/SL(2,0D) = O\0}.
In the same way, GL(2K)/SL(2K) = K\{0}
for any fieldK.
(c) The sign homomorphism
E:S,—{1,-1}=C,

is ontoC, whenn = 2, becausé&(s) = 1 andE((12)) = -1. Hencelm [ =
C,. AsKer E={o € S [E(o) = 1} = A, by definition, the relation

S/KerE=1mE
yields S/A, =C..
(d) Consider the absolute value homomorphism

¢: R\{0} — R
a — la

Herelm ¢ ={lal: a € R\{0} } =R" andKer ¢ ={a € R\{0}: |a| =1} = {1,-1} =
C,. Thus
Sn/Ker = Imeo
gives (R0} )/C, =R
(e) The mapping

¢ R — C\{0}
X — e2:rrxi

is a homomorphism from the additive grddéipnto C\{0}:
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(X + y)(p — e211(x+y)i — eanieZnyi = X¢. Ve
for all x,y € R. We havdR/Ker ¢ = Im ¢. The reader may verify that
Ime ={z€ C: |4 =1}.

As for the kernel, Kerg ={x € R: & =1}
={x € R: cos2nx +isin2xx = 1}
={x € R: cos2ax = 1, sinZ x = 0}
=/.
Thus
R/7 ={zec C:|Z4 =1},

whereR//7 is an additive, the right hand side is a multiplicative group.

Exercises

1. Show that the mappingxp R — R is an isomorphism.
X — e

2. Determine whether the mappixeg> log(log X) is a homomorphism.

3. Findan isomorphism front)\{O} under multiplication onto the group
of Example 7.4(a).

4. Find an isomorphism froh underaddition onto the group dkample
7.4(b).

5. Letg;: G — G,, be homomorphisms of groups, where 1,2,... n.

Show thatcplcpz. CL P iIs a homomorphism fronﬁ;1 onto Gn+1' Prove a

correspond-ing result for isomorphisms.

6. Letp: G— G, be an isomorphism. Prove thét) =o(ap) for alla € G.

7. Letp: G— G1 be a homomorphism. Show that = by if and only if

a(Ker ¢) = b(Ker ¢), wherea,b are arbitrary elements Gf

8. Prove directly that any two cyclic groupk the same order are iso
morphic.

9. Prove that any two dihedral groups of the same order are isomorphic.
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10. Imitating Example 20.17(a), show that any dihedral group is iso
morphic to a factor group &xf_.

11. Show that dactor group of a dihedral group is either dihedral or
cyclic.

12. Letn € N and letX be a set witlm elements. Prove thﬁ; = Sn.

13. Prove thatlR\{0}) /R" = C,,

14. Lety: G — G, be a homomorphism, |& be anormal subgroup o6
such thatKk < Ker P, and letv: G — G/K be the associated natural
homomorphism. Show thalbere is a homomorphismt G/K — G, such
that vp = ¢ andKer v = (Ker ¢)/K. What happens when we drop the
conditionK < Ker ¢?
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