821
Isomorphism Theorems

This paragraph is devoted to some very importaabrems of group
theory.

At this stage, it will be useful to introduce Hasse diagramddaase
diagram is aconvenient means to visualise inclusions holding between
subgroups of a group. Subgroups are represented by pointgdime
(subgroups) are joined by a line segmentaifd only if the lower
subgroup is containedch the upper one. The line segments may be
vertical or slate. The line segments maythbmught of as factor groups
when the lower subgroup is normal in the upper ohlee Hasse
diagrams of;, C; andC, , are depicted below.

C

1

H={1,(12)}, I={1,(13)}, K = {1,(23)}.

21.1 Theorem:Lety: G— G, be a group homomorphism from @hto
G, Then there is a one-to-oredrrespondence betweethe set of all
sub-groups of G that contalker ¢ and the set of all subgroups@&f This
correspondence preserves inclusiorhe normalsubgroups of G that
containKer ¢ correspond to normali subgroup$G,, and converselyThe
factor groups by corresponding normal subgroups are isomarphic
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In more detail and more precise languathe claim is the following

(1) For every H< G with Ker ¢ << H, there is associated a unique
subgroup of5, which will be denoted ky,.

(2)If Kerp < H<J< G thenH, < J,.

(A IfKerp<H< G Kerp <J< GandH, < J, then H< J.

A IfKerg < H< G Kerp << J< GandleJl, then H=J.

(5) If S is any subgroup &, then there is an K< G such that Kep < H
andH, =S.

(6) For Kerp << H < G, there holds B G if and only ifH; < G,.
(M 1f Kere < H<IGandH, < G, then GH = G/H,.

The situation is described in the accompanying diagrams.

G G1 G G1 GllH1
J ‘]1

H H1 H H1 1
Ker ¢ 1 Ker ¢ 1

1 1

Proof: (1) For eachd << G with Ker ¢ << H, we are to find a subgroup of
G, How can we find it? Well, the subgroup we are looking for will be
first of all asubsebf G,. How can weassociate withi a subset 06 ? At
our disposal, we have only one meansrafhsportation fromG to G,
namely the mapping The only thing we can do, then, is fothe set of
images of the elements lBfunderp. Hence we put

H, :={h¢ € G: h € H}.

We now proveH, < G- We can do it by the subgroup criteridoyt we

prefer touse Theorem 20.6, which states that the image of a -homo
morphism is a subgroup of its randee note that the restriction ¢@fto
H is a homomorphisrtExample 20.2(g)and

Hy={he € G:h e H}={he, € G:h e H}=1m g,
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by definition. Theorem 20.6 gives ndm ¢, < G, henceH, < G,. The
descriptiorH, = Im ¢, will be useful.

(2) Suppos&er ¢ < H < J < G. Under this assumption, we proMe<
J- This is easy: for anly € H, we haveh € J, sohe € Im ¢, = J- Sincehy
€ J forallhe € H, we getH, < J,.

(3) Suppos&Ker ¢ < H < G Kerp <J < G andH;, < J. We want to
proveH << J. NowH, < J, meansim ¢, < Im ¢;. Then, for evenh € H,
we havehp € Imo;:

for everyh € H, there is a € J such thabhp =je.

We obtain, wheihn,j are as above

1 =ho(je) ™t = hejp = (hjHe,
hjt e Kerp < J
heJj=J

Thush € Jfor allh € H. Therefored < J.

(4) This is immediate from (3). H, =J, we haveH, < J andJ, << H,, so
H < JandJ< H by (3), hencel =J. (This shows thathe correspondence
H — H, is one-to-one.)

(5) For anys < G, we are to find aH < G such thakKer ¢ < H and
H, =S. What carH be? Asin part (1), there is only one thing we can do:
take the preimages of the elementS.inlence we put

H={a c G ap € S}

Thusa € H meansap € S. We show thatl << G, thatKer ¢ << H and that
H,=S.
1

FirstH < G. From Lo = 1; € S (Lemma 20.3(2), we get 1c H. SoH = @.
1

We apply the subgroup criterion.

() If a,b € H, thenay, by € S, soagpbyp € S, so @b)p € S, so
ab € H. ThusH is closed under muiltiplication.

(i) If a € H, thenayp € S, then &p)™t € S, then @)y € S, then
a™ € H. ThusH is closed under the forming of inverses.
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ThusH is a subgroup db.

We prove next thal containsKer ¢. This is trivial. Ifa € Ker ¢, thenagp
=1, soap € S, soa € H. HenceKer ¢ < H.

It remains to provél, =S. We have
Hi=Imo,={hp € GiheH}={hp e G:hp € §=S

as claimed.

This completes the proof ¢b). (Part (5) shows that the correspondence
H — H, is onto.)

(6) Firstwe assumei <1 G and show thatl;, <1 G. We are to show that

x*_ x € H, for all x € G, and for allh, € H, (Lemma 18.2(1). If x € G,
andh1 €H, then there are € G with ap =x andh € H with hp = h1' This
iISs so because is onto G, and H, is defined adm ¢,,. Then weare to

show(ag)(he)(ap) € H,. Thisis equivalent toa*ha)e € H,. SinceH < G,
we knowa™ha € H, so @'ha)p €lm ¢, =H,. This provesi, < G,.

We assume novwH, < G, and proveH < G. We can give an argument

similar to the one aboveut we prefer to use the fact that normal-sub
groups and kernels coincide. Our method willused in the proof of
part (7) as well.

The assumption id; < G. By Theorem 20.12, =Ker v, where
viG = G/H,

is the natural homomorphism. We get then the homomorphism

v G— G/H, (Theorem 20.4):
P v :
G > G —G/H,. 0)
We have Kerov' ={a € G a(ev’) =H}

={a € G ap € Ker v’}
={aecGapecH}

So Kergv'), =Im Prerov = {fap € Gra € Kergvi}={ap € Giap € H}=H,

and we obtain
Kerev =H (i)

by part (4). Theorem 20.6 givels<d G, as was to be proved.
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(7) We saw that any one Bfd G andH,; < G, implies the otherAssume

that one, and hence both of theme true. Then we have the homo
morphismpv’. From Theorem 20.16, we obtain

G/Ker ov' = Im v’ (i)

We know Ker ¢v" = H by (ii). As for the image, since is onto G, by
hypothesis and is ontoG,/H, by Theorem 20.12, the compositioni is
onto by Theorem 3.11(1). Henb® ¢v" = G,/H, and(jii) becomes

G/H = G/H,.

The proof is complete. O

An important special case dftheorem 21.1 is the case of a natural
homo-morphism, recorded in the next theorem. It givesomplete
description of the subgroups af factor group. The last part of the
theorem is known as the factor of a factor theorem.

21.2 Theorem:Let NI G. The subgroups of LBl are the factor groups
S/N, whereS runs through the subgroups of gatisfying N<< S. More

preciselyfor each subgroup & G/N, there is a unique subgroupdb G
satisfying N<< S such that X= G/N. When X and X, are subgroups of

G/N, say X =S,/N and X =S,/N, where N< S, < Gand N< S, < G,
then X < X, if and only ifS; < S,. Furthermore S/N < G/N if and

only if S<I G. In this casethere holds

a/N / S/IN = G/S.

Proof: SinceN <0 G, we can build the factor grou@/N. The natural
homomorphisnv: G — G/N is onto by Theorem 20.12. We can therefore
apply Theorem 21.1.

Theorem 21.1 states that any subgrouE/of is of the formIm vy for
someS << G with Ker v << S (herevg is the restriction of to S). Now

Imvg ={sv € G/N:s € &}
={Ns e G/N:s € S} = S/N
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andKer v =N by Theorem 20.1fnotice thatS/N is meaningful, folN <

G andN < S imply N € § cf. Example 18.5(]). Thus the subgroups of
G/N are given bys/N, whereN << S < G. By Theorem 21.1(2),(3),(4),
S;/N < S/N if and only ifS; < S, andS /N = S, /N whenevers; ¢ S,.
Finally, S;,/N <J G/N if and only ifS < G by Theorem 21.1(6) and in this

caseG/N / S/IN = G/S by Theorem 21.1(7).This completes the proof.

O

G G/N G/N / S/N
S S/N 1

N 1

1

As an application of Theorem 21.2, we classify the factor groupgclic
groups. We treat infinite and finite cyclic groups separately.

Any infinite cyclic group is isomorphic toZ under addition(Example
20.17(a), so we need find thiactor groups ofZ. As 7 is abelian, any
subgroup ofZ is normalin Z (Example 18.5(9) and we can build factor
groups ofZ by any subgroup ofZ. The subgroups o are O (see
Examplel8.5(a) andnZ, wheren € N (Theorem 11.8). For eaghe N,
the subgroum/ isthe unique subgroup of index(Lemma 11.11). The
factor group Z/0 is isomorphic toZ (Example 20.10(9) The factor
groupsZ/nZ are known to be cyclic of ordar(Example 20.17(39) So all
factor groups o are cyclic(cf. Lemma 18.9(3). For eachm € N u {},
there is a unique factor group of ordarof Z, namelyZ/m/Z if m € N

andZ/0= Z if m=co.
Now letC_ =<a> be afinite cyclic group of orden € N. AsC_ is abelian,

we can build factor groups 6f by any subgroup df . Weknow thatC_
= 7/nZ from Example20.17(a). The subgroups é¥n/ are described in
Theorem 21.2: any subgroup &fnZ is of the formM/nZ, where
nZ<<M=<<Z. NowM < Z meandM = m/Z for somem € NorM = 0 (The
orem 11.8) and the conditiox << M excludedM =0. HenceM = m/Z for
somem € N, where furthermorenn, becausen/ << mZ. So the sub
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groups ofZ/n/Z aregiven bymZ/nZ, wherem runs through all positive
divisors ofn. For the factor group, we know

Z/mZ/mZ/n? =7/m7

from Theorem 21.2. So all factgroups ofZ/nZ and ofC_ are cyclic(cf.
Lemma18.9(3). For each positive divisom of n, there isa unique

factor group of ordem of C_ = <a>, namely<a>/<a™, where<a™ is the
unique subgroup of ordew'm of C_ (Lemma 11.10).

C, Z/mZ Z Z/mZ J mZ/nZ
——Ta™ mZ/n —=—_ mZ 1
1 1 n/z
1

We end this paragraph with another important theorem of group theory.

21.3 Theorem:Let H<I G and K<< G. Then Hh K 1K and
K/ H N K = HK/H. *)

Proof: SinceH <1 G, there is a grou/H and a homomorphism
v: G— G/H
Let v, be the restriction of to K. Thisv, is a homomorphisr{Example
20.2(g). HenceK/Ker v = Imy, by Theorem 20.16. Here
Kerv, ={ke K kv=1}

={k € K: ke Ker v}

=Kn Kerv

=K n H.
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K

H K

1

It remains to findm ve-We claimlm Vg = HK/H. Firstof all, HK = KH is a

subgroup ofs becausél << G (Lemma 19.4(2), andH << HK, soH <1 HK.
SoHK/H is meaningful. For ank € K, we havekv, = Hk € HK/H, which

shows thatim v, € HK/H. Conversely, each element BK/H is of the
form Hhk, whereh € H, k € K. ButHhk=Hk =kv, €Im v, , so
HK/H < Im v,. Thuslm v, =HK/H and (*) yields
K/ HnN K = HK/H
as was to be proved. O

Exercises

1. LetAIC<< GandB << G. Provethan nB<JICnB and
CnB/AnNB==A(CNB)/A

2. LetAC< G B=< G and letg: G— H be a group homomorphism.
Prove thatAp <1 Cp. Choosingy in particular to be theatural home
morphismv: G— &B, prove thaiAB <l CB.
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