822
Direct Products

In this paragraph, we learn a methafdconstructing new groups from
given ones. This method consists essentially in writing the grones
adjacent to the other.

22.1 Theorem:Let H and K be group®n the cartesian product MK,
we define a binary operation by declaring

(h,K(h k) = (hh kk)
for all (hkKk),(h k) € H X K. With respect to this operatipH X K is a
group

Proof: Before beginning with the proof, it will nbie amiss to formulate
the theorem in a more precisay. SupposeH, °) and K, ) are groups.
The claim is thatH{ X K, A) is a group, wherg is defined by

(hK) & (hy k) = (ho h k= k)

for all (h,K),(h,k,) € H XK.

The multiplicationin H X K is carried out componentwise. SingdeandK
are groups themselves, it is natumkexpect tha X K will be a group.
We check the group axioms.

(i) For all (h,k),(hl,kl) € HX K, we havehh, € H, kk, € K, so
hh, € H andkk; € K asH andK are closed under multiplication, asd
(hh; kk)) € H X K. So we havea binary operation omi X K. In other

words,H X K is closed under multiplication.

(i) Associativityin H X K follows from associativity irH and
K. For any (,K),(h  k).(h,k,) € HXK, we have

[(h)(h . kDI(h, k) = (hhy,kK)(h,K;)
= ((hhph,,(kk)k;)
= (h(h,h,) k(k k)
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= (hK(h,h, K k)
= (hK[(h k) (h, k)]

and the operation dih X K is associative.

(i) What can be the identity element éf X K? The only
reasonable guess would be (1,1) 511).- We indeed have

(hK)(1,1) = O1.K1) = (hK)
for all (h,k) € H XK. Thus (1,1) is a right identity &f X K.

(iv) What can be thenverse of k) € H X K? Probably
(hik?). We indeed have

(hK(h1ikYH = hhtkk?) = (1,1)

for all (h,k) € H XK. So any (k) € H X K has a right inverse iH X K,
namely bK)™* = (h1k?).

ThereforeH X K is a group. O

22.2 Definition: Let H andK be groups. Then the growgé Theorem
22.1 is called thdirect product of H and Kit will be denoted by X K.

Thus the notationH' X K" stands for the cartesian product of HetsH
andK as well as the direct product of the grodpesndK. Thisambiguity

will not lead to any confusion. The reader should be careful to-distin
guish betweemilK andH X K. The former is defined only whéhand K

are subgroups oh common grous, whereasH X K is a meaningful
group regardless of whethér and K are subgroups of a grouphe
elements oHK are elements othe group that containd and K; the
elements oH X K ore ordered pairs.

Whenthe groups$H andK are written additively, we write the group of
Theorem 22.1 in the additive form, too. The operation is then given by

(hKk) + (h. k) = (h+h k+k)
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for all (hKk),(h; k) € HX K. The operation is calleddditionin this case,
and the group is called tlarect sum of H and. We write the group as
H & K, to avoid confusion witld + K (which is HK in additive notation,
whereH andK are subgroups of a groGhn

22.3 Examples:(a) ConsiderC, X I, whereC, = {1,-1} ¢ R and{" is
the multiplicative groumf the positive rational number§he elements
of C, X " are ordered pairsX,q), whereq € (. Multiplication inC, X 0*
is carried out according to the rule(E",q’) = (EE",qq). We observe
that the mapping

¢: O{0} — C, x O
q — (sgnglq))

is a homomorphism, sincegd )¢ = (sgnqq.lqq|)
= (sgnd.sgng’,/dllq')
= (sgnq,/d))(sgnd’.|q)

= (ae)(d'e)
for all q,q € (\{0}. Its kernel is
Kere = {gq € OQ{0}: ge = (1,1)} ={g € OQ{0}:. sgnq=1,Iq =1}
={q € O{0}: g> 0O,Iq =1}
= {1},

which means that is one-to-one (Theorem 20.8). Ay (,q) € C, X or

is the image of|qg € ()\{0}, the homomorphisnmyp is onto. Hence is an
isomorphism and

{0} =C, X 0"

(b) ConsiderR & R, whereR is the additive group of real numberhe
elements oR & R areordered pairs of real numbers. The operation on
R & R is given by

(a,b) + (cd) = (@ +c,b+d)
for all (a,b),(c,d) € R & R. We leave it to the reader to prove that

p.C—-R®R
a+ bi— (a,b)
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is an isomorphism (wherg€ is the group of complex numbers under
addition). Hence

C=R & R.

22.4 Theorem:Let H and K be groups and let 6H X K bethe direct
product of H and KThen there are subgroupis andK; of G such that

H, =H, K, =K
H, <G K, <G
HK, = HNnK, =1

Proof: We putH, ={(h,1) € G h € H} andK, ={(1,K) € G k € K}. First we
proveH K, < G Since

(i) (h,2)(h",1) = hh',1) € H, for all (h,1),(h",1) € H; and

(i) (h, 1) = (W1 = (", 1) € H, for all (h,1) € H,,
H, is a subgroup d& In the same way, < G.

H, andK; are in fact normal subgroups 6f To establishK; G, we
show that I(l,k)‘l(l,ko)(h,k) € K, for all (hK) € G (1ky) € K| (Lemma
18.2(1). We indeed have

(h) N1 k)(hK = (KD (LK) (hK = (hM1hk'k K = (1KKK) € K,

asK is closed under multiplication. Hent{(f G. One proves similarly
H, G

Next we showH = H, andK = K,. Themappingu,: H - H,, h — (h,1) is
one-to-one (by the definition equality of ordered pairsand onto (by
the definition ofH,), and is furthermore a homomorphism, since

(h)u, = (hA',1) = (O, 1)0,1) =huy iy

for all hh™ € H. Thusyu, is an isomorphism and = H,. An analogous
argument shows that: K — K, k— (1K) is an isomorphism, s6= K.

ThatH K, = G follows immediately from the fact that anlyK) € G canbe
written as (,1)(1K) with (h,1) € H, (1K) € K.
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Finally, H, n K, = 1. Indeed, ifl{K) € H, N K, thenh = 1as k) € K, and
k=1as K € H,, thus k) = (1,1) and séi, n K, < {(1,1)} = 1, yielding
H, N K =1

This completes the proof. O

22.5 Theorem:Let G be a group and let,Kd be subgroups o6 The
following statements are equivalent

(HH<IGK<IG G=HKandHN K=1,

(2) Every element of G can be expressed uniguellge form hk, where

h € H and ke K; and every element of H commutes with every element
of K

Proof: (1) = (2) Supposél <IG, K<IG, G=HK andH N K= 1. SinceG =
HK, every element o6& can be expressed h& with h € H, k € K. We
must show that this representation is unique, i.e., wien h'kK'with
hh € Hand kk € K, then necessarilin = h" andk = K'. This follows
fromHN K = 1. Indeed, fronmk=h'kK, we getkkK1=h"h" e Hn K= 1, so
kk1=1=h", sok=k andh=Hh".

It remains to prove that any elementHo€ommutes withany element
of K. Let h € H, k € K. We have to shovwk = kh, or, equivalently,
hk*hk = 1. Nowhkhk ¢ K, sincehlk'h ¢ K (because™ ¢ K and
K < G) andh*k?hk € H, sincek'hk € H (becausén ¢ H andH <I G), so
hlklhk € Hn K= 1 andhlk!hk = 1, as claimed.

(2) = (1) By hypothesissvery element o6 can be written in the form
hk, whereh € H, k € K. S0oG =HK. We now provediNn K= 1. Leta € Hn K

If az 1, thenla = al are two distinct representationsaoé G with 1 ¢

H,a € Kanda € H, 1 € K, contrary to the hypothesis that every element
of G, in particulara, can beexpressediniquelyin the formhk, with h ¢

H, k € K. Thusa = 1. This provesin K= 1.

In order to proved <1 G, we must showg?hg ¢ H for allh € H, g € G
(Lemma 18.2(2). Letg € G = HK. Theng = h'k for someh” € H, K € K.
Thus
g'hg = (WK)'h(h'K)
= K {hhh)kK
= KIKk (hhh) (hWhh € H andk € K commute)
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=h1hh € H

and therefored <1 G. The proof ofK <l G is similar and is lefto the
reader. O

22.6 Theorem:Let G be a group and K be subgroups of GAssume
that HSIG K<IG, G=HKandHN K= 1.Then G2 H X K.

Proof: We want to find an isomorphism H X K —G. For each l(,K) in
H X K, this should give us an elemeitl¢ of G. By hypothesisG = HK.
This suggests thahk) — hk might be an appropriate mapping from

H XK intoG. So we pup: H X K— G. We show thap is a homomorphism,
(h,kK) - hk
one-to-one and onto.

® iIs a homomorphism if and only if
((h,K(hK)e = (0, Ke.(hK)e forallhh € H, kK € K,
that is, if and only if
h'hkK =h'khK for allh,h” € H, kK € K,
which is equivalent to
hk=kh for allh € H, k € K,
and this is true by Theorem 22.5. &3 a homomorphism.

@ is one-to-one, for if(K)p = ("', K)e, thenhk = h'K"; but every element
in G can be expressed in the fohk with h € H, k € K in a unique way
by Theorem 22.5. Sh = h” andk = K. Thus(h,k) = (h',K). This proves
thato is one-to-one.

¢ is onto becauseK = G by hypothesis.

Hencep is an isomorphism ardlX K = G, and alsds= H X K. O

22.7 Theorem:(1) A group G is isomorphic to the direct produwéttwo
subgroups H and K if and only(i) every element && can be expressed
uniquelyin the form hk, where b H and ke K and (ii) every element
of H commutes with every element of K

(2) Let G be a group andK < G. If G= H XK, thenG/H = K andG/K = H.
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Proof: (1) follows from Theorem 22.4, Theorem 22.5, Theorem 22.6. As
for (2), we observe th&=H XK impliesH I G, K<IG, G=HK, Hn K =

1, sothatG/H =HK/H=ZK/HNK=K/1 2K by Theorem 21.3. The proof
of G/K = H is similar. O

When the conditions of Theorem 22.7(1) are satis@ad,said to be the
internaldirect product oH andK. The direct product of Definition 22.2

is calledthe external direct product éif andK. Theorem 22.5 and The
orem 22.6 state that the internal direct produeét ahdK isisomorphic

to the external direct produdt X K. For this reason, we will not
distinguishbetween external and internal direct products and refer to
both of them simply as direct products.

As an illustration of Theorem 22.7(1), consifi&fo} = C, X 0" (Example

22.3(a). Theorem 22.7(1) asserts that evapnzero rational number
can be written as{)q, whereq € ), g = 0 in a unique way. This is of
course well known to everybody.

Next we investigate the direct product of two findgclic groups of
relatively prime orders. It will be sufficient to examine the direct stim
Z/mZ andZ/n/Z.

Let m andn be relatively prime naturalumbers.For any integen, we
denote the residue classatmod m) by 5,. and the residue class of
(modn) by a*. Hencea ¢ Z_anda* € Z .

Consider the mapping Z — Z_& Z . It is easy to see thats a homo-
a — (@a
morpism:
(@+b)e=@ + b, (@a+b)*) =(a +b, a+b*) = (a,a*) + (b,b*) = ap + be
for alla,b € Z. Sop is a homomorphism and

Z/Kerop =2 1Ime

by Theorem 20.16. Now € Ker ¢ if and only ifa =0 anda* = 0%, that is,

if and only ifmla andnla. Sincem andn are relatively prime, the latter
condition is equivalent tonna. HenceKer ¢ = mr/Z andZ/mnZ = Im ¢,
wherelm ¢ is a subgroup of/m7Z & 7/nZ. From

236



mn=\Z/mr¢| =|Ime¢| < |Z/MZ & Z/NnZ| =|Z/m7]| |Z/nZ] = mn

we concludglm ¢/ = mn hencelm ¢ = Z/mZ & Z/nZ. Thereforegp is
onto andZ/mrZ = Z/mJZ & Z/nZ. \WNriting this multiplicatively, we get

22.8 Theorem:If m and n are relatively prime natural numbettsen

G, =C. XC. =

We record an important result that we obtained as a bonus.

22.9 Theorem:Let m and n be relatively primm&atural numbersThen

the mapping
p. 7 — Z/mZ & 7/nZ

a — @.,a*)

is a group homomorphisonto Z27/m7Z & Z7/n/. O

So far, we have examined the direct prodefctwo groups. The con
struction extends immediately togroups, wheren > 2. We shallbe
contentwith enunciating the appropriate theorems. Their proofs consist
in writing n-tuples in place of ordered pairs in themofs above. The
only novel point is extension of thpeevious conditiord N K = 1. This is
discussed in Theorem 22.12, whose proof we briefly sketch.

22.10 Theorem:LetH H, ... H be arbitrary groupsOnthe cartesian
productH, X H, X ... XH_, we define a binary operation by declaring

(hyh, ...~ h,...h) = (h hh, ... hh)

for all (h,h,, ....,h),(h/ ., ....n") € H X H, X ... XH With respect to this
operation H; X H, X ... XH_is a group
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22.11 Definition: The group of Theorem 22.1i8 called thedirect pro-
duct ofH H,, ..., H and is denoted by, XH, X ... X H_ If the groups are
written additively, we call the group dtheorem 22.10the direct sum
of H ,H, ....H, and denote is by, ®H, & ... ® H_

22.12Theorem: LetH H, ... H be groups and G H;, X H, X ... XH_
Then there are subgroufs G, ...,G, of G such that
G=H andG < H, foralli=1,2,..,n,
G=GG, .G, andGle..GJ_l N GJ =1forallj=2,..,n

Sketch of proof: LetG be the set {(1,.,%...,1): x € H} of all n-tuples
in G whosek-th components are equal to€lH, wheneverk # i. It is
easily verified thaG is a subgroupf G, normal inG, isomorphic toH,
and thaG =GG, . G, In fact, for allj = 2,..,n,

Finally, to provdB G, GJ 1 N G =1 forallj=2,..,n, let
Lu) €G 1r1(3 wherej € {2,...,n}. Hereu, = 1 fork = |,
becauseL(l,uz, n) € GJ Thus @,u, ...,.u) = (1 1) But

(1,..,uJ,...,1) € (31(32 GJ

h e )ihy eHyhy e Hyoh e HL

henc:euj =1 and

uu,...u)y=(1,..,1,..,.1) =1 G ThusGlGZ...GJ_1 N GJ =1. O

22.13 Theorem:Let G be a group and I&,G, ...,G, be subgroups of G
The following statements are equivalent

DG < H, foralli=1,2,...n,G=GG,.G, andGle..GJ_1 N GJ = 1for all j
=2,...,n.

(2) Every element of G care expressed uniquely in the forgqu.g..g,
whereg, € G, 9, € G, ..., 09, € G; and every element & commutes
with every element & (k= 1).
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22.14 Theorem:Let G be a group and I&,G, ...,G, be subgroups of G
Assume thakt ] Gforalli=1,2,...n,G=GG,..G andGG,..G, nG=1

i 172 n 172 -1 ]
forallj=2,..,n. ThenG=G XGX... XG,

If n> 3 andG,G, ...,G, are normal subgroups of a groéipuch thatG =
GG, .G, andG n G] = 1 whenever # |, thenG is need not be isomorphic
to the direct product o,G, ...,G. By way ow example, et =V, and
let A = {,(12)(34)}, B = {4,(13)(24)}, C = {4,(23)(14)}. Then AB,C are
normal subgroupsf G, andG = ABC, andAnB=BnC=AnC=1.
However,G is not isomorphic téA X B X C, because, for one thinG, has
order 4, wherea& X B X C has order 8. Thus the condition

GlGZ...G]_lm G] =1forallj=2,..,n

cannot be relaxed to
G n GJ: 1 for alli #j.

22.15 Theorem:A group G isisomorphic to the direct product of n
sub-groupsG,,G,,. . . ,G, if and only if () every element of G can be

expressed uniquely in the fornug..g , whereg, € G,9,€G, ..., g, €
G,and (i) every element &8 commutes with every elementok = |).

The last two elementary results will be needed in 828.

22.16 Lemma:LetG,G, ...,G,H H, ... .H be groups and assume that

G =H,G=H,...,G=H, ThenG XGX... XG =H; XH,X... XH,
Proof: Lety;: G — H, be an isomorphism € 1,2,...,n). The mapping

PG X G X ... X G, = H X H X ... XH_
@195 --9) — @900, - 99,

is a homomorphism, becaug, 9., -.-.9.)(9, .9, ---.9,,))w
=(9,9,.99;, ---.9,9, )%
= ((9,9,)9,(9,9,)9,, ---.(9,9,.)¢,)
= (9,919, 91,9559, ®os ---.9,#,. 0, P
= (9,91,905 -0, )9, 91,9505 .- .9, P
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= (gligz’ e ’gr)lp(gl"gz,’ . 7gn,)lp
for all (9,,9, ---.9):(9,.95,-.-.9,) € G XG,X... XG,. Since

Kery ={(9,9, ---.9) € G XG X ... XG; (9%,.9%, ---.0,9, = (1,1,...,1)}
={(9,9, ---9,) € G XGX ... XG g, =1L,00,=1,.... 90, =1}
={(9p9» ---.9) € G XG,X... XG.;g,=1,09,=1,...,9,= 1}
={@1,1,...,1)} =1,

p is one-to-one. Alsoy is onto: given anyh(,h, ....h) € H X H, X ... XH,
there areg,€ G, 9,€ G, ..., 9, € G withge, =h, g9, =h,....9¢, =h,
thus @ h, ...,h) is the image, undayr, of 9,9, ....9) € G XG X... XG,

Soy is an isomorphism ar@l X G, X ... XG = H, XH, X ... XH, O
22.17 Lemma:LetG,G, ...,.G,be groups andi; <G, H, <G, ..., H <
G

n

ThenH; XH, X ... XH <G XG,X... XG and
G XGX...XG [/ H XH,X...XH =G/H XG/H, X...X G/H_

Proof: The mapping: G, X G, X ... XG — G/H;, X G/H, X...X G/H_

@1;92, B ,gn) e (ngl, HZgZ' ey Hrgr)
is a homomorphism becaufg,9, ---,9.)(9, .9, ---.9,))®

=(9,9,.99,, ---.9,9, )¢

= (H9,9, . H99,. ---.HG9,)

= (H9,H,9,  Hx9H 0, .. Ho Hg,)

= (H9H0, - H O (He, Hg, o H )

= (9,95 ---.9)9(9, .95, ..., )e
for all (9,9, ---.9).(9,.9,,....9,) € G, X G, X ... X G, Moreover,p is onto:
any H,9,,H9, ..., Hg) inG/H, X G/H, X...X G/H_ isthe image, under
¢, of @9, ....9) € G XGX... XG, Thus

Ime=G/H, X G/H, X...X G/H_

To complete the proof, we need only shi®ev ¢ =H, XH, X ... XH
(Theorem 20.16). We indeed have

n
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Kere ={(9,9, ---.9) € G XGX... XG; (9,9, ---.9)¢ = H H, ... .H)}
={(9,9» ---.9) € G XGX... XG;H, 9, =H,HQ,=H,, ....Hg =H}
={(9,9» ---.9) € G XGX...XG;9,€H,0,€H,...,9, €H}
=H XH,X... XH, O

n

Exercises

1. Prove tha‘t/4 =~ C2 X C2.

2. Show tha€__ _is not isomorphic t6 X C_if (mn) = 1.
3. Find three nonisomorphic abelian groupsmfer 8 and three noniso
morphic abelian groups of order 12.

4. Show tha6, X G, X ... XG = ql X qz X ... X qn for any permutation

(1 2. .. n) -
I PO n
5. Prove that, i6 is isomorphic to théirect product of its subgrouy,

G, ....G, thenG,...G_,G_,,...G NG =1forallk=1,2,..n.

6. LetH,K be normal subgroups & Finda one-to-one homomorphism
from G/H n K into G/H X G/K. Prove thatlK/H n K=ZH/H n K X K/H n K.

7. Letg;: G — H, be group homomorphismis<1,2,...,n). Definey by

PG X G X ... X G, = H X H X ... XH_
9195 -9 — @900, ---.9,%,)

(p is sometimes denoted kpX X Py X L X cpn). Show thatp is a home
morphism and

Kerlp:Kercp1X Kercp2>< D Kercpn, Imyp=Im cp1>< Im cp2>< LoxXIm P

8. For any abelian groujp, letA be theset of all homomorphisms from
A into C\{0}. Prove thatA is an abelian group under the muiltiplication
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a(eyp) = ag.ayp forallae A op € A

and show thazt\l X A2 =~ A1 X A2
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