823
Center and Automorphisms
of Groups

We introduce an important subgroup of a group.

23.1 Definition: Let G be a group. We put
Z(G) ={z € G zg=gzfor allg € G}
and callZ(G) thecenter of G

The center of5 consists, therefore, of the elementsGothat commute
with every element ob. It is a subset o6. Since § =gl for allg € G,
the identity element belongs I(G), so Z(G) # &. Obviously,Z(G) = G if
and only ifG is abelian.

23.2 Theorem:Let G be a groupThen 4G) < G.

Proof: We use our subgroup criterion (Lemma 9.2).

() Let z,z, € Z(G). We wantto showzz, € ZG). Thus we
must show thatz(z,)g = g(z,z) for allg € G. This follows easilyfrom z,g
=9z, z,g =9z, for allg € G, which are true sincg,z, € Z(G):
(2,2,)9 =z,(z,9) =2z,(92) = (z,9)Zz, = 97)Z, = 9(z,Z)).

HenceZ(G) is closed under multiplication.

(i) Letz € Z(G). We want to show ! € Z(G). We know
gz=zg? for anyg € G;
so, taking inverses, we get
Zlg =gz for anyg ¢ G,

1 ¢ Z(G). Hence Z(G) is closedunder the forming of

which meansz
inverses.

ThusZ(G) < G. O
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As any two elements of{G) commute Z(G) is an abelian subgroup Gf
It is also a normal subgroup @f We prove a slightly stronger result.

23.3 Theorem:Let G be a grougf H < Z(G), then H< G.

Proof: We are to showhg € H for allg € G, h € H. Now,if g € G, h € H
theng™hg=g™(hg) =g™(gh) = (g g)h =h € H, for h € Z(G) commuteswith
g. ThusH < G. O

A subgroup ofs which is contained in the center 6fis called acentral
subgroup of G With this terminology, Theorem 23.3 states that any
central subgroup o6 is normal inG. Central subgroups are abelian.
Elements o#Z(G) are also calledentral elements of .G

23.4 Examples:(a) Let K be a field and let us pu = GL(2,K) for
a ab
brevity. We want to find(G). Let (c 3) € G. Then (c d) € ZG) if and

only if (? g)()z(z = xy)(? g) for all (X y) € G In particular
CaoD=GDCD and ¢ b)( L]
a=d

hence a =a+c, a+tb=b+d and =c
c=c, c+d=d d-a c=b

for all (2 td)) € ZG), so (? 3) = (g g), wherea # O sincedet (? 3) Z 0.

Therefore 2(G) < {(gg) €Gagz O}

and conversely the set on the right hand side is contairt€@),ifor
GICD =G =Cal=CHE) eranG) ce

a
Thusz(G) = {(O g) € Gagz O}. The elements o¥(G) are calledscalar

matrices.
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(b) LetD, =<ab:a®"=1,b%=1,bab=a™> be a dihedral group of order
4n > 4. What isZ(D, )? Well, letx € Z(D, ). Thenx = a or x = alb for

somegj € Z,0<< ] < 2n - 1. Sincexa= ax andxb = bx, we get

ala = ad and alb=bd in casex = a,
alba=adb and albb=badb in casex = db.

These are equivalent to

(1) a*t=a*t and alb=alb in casex = al,
2) a=4d"Db and al =a in casex = ab.

The equations in (1) are satisfied only wh#Bj, that is to say, only
whenj = On, so only wherx = a%a". The first equation in (2) is never
satisfied, forn > 1 by hypothesis. Thu&D, ) < {1,a". The reader will

easily show the reverse inclusion. Hed ) = {1,a"} = <a™.

(c) Let us findZ(S,). It is easy to see thaand (12)are the only permu
tations inS; that commute with(12). Also, + and (13) are the only
permu-tations inS; that commute with (13). Hence is the only
permutation irs; that commute with both (12) af@i3). A fortiori, Z(S))

= 1.

23.5 Lemma:Let H be a central subgroup of. @ G/H is cyclic then G
is abelian

Proof: H <1 G by Theorem 23.3 and €&74H is meaningful. By hypothesis,
G/H =<Hg> for someg € G. Then, forany x € G, there holdg4dx = (Hg)™ =
Hg™ with a suitablan € Z. This means that arny € G can be written in
the formhdg™, whereh e H, m € Z.

Let X,y be arbitrary elements & We writethem asx = hg™, y = kd",
wherehk € H < Z(G) andmn € Z. Thenxy = (hdM(kg") = h(g™k)g" =
h(kg™g" = (hK(g™g") = (@™ = (hK(@™™) = (kh)(g"g™) = k(hg"g™ =
k(g"h)g™ = (kgM(hg" = yx andG is commutative. m|

The center of anygroup G is normal in G (Theorem 23.3) and is
therefore the kernel of some homomorphism (Theorem 20\ND#.we
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construct a homomorphism whose kernelz{g). We will need the
concept of auto-morphisms.

23.6 Definition: Let G be a group. An isomorphiseG — G from G onto
G itself is called amutomorphism of GThe set of all automorphisms Gf
will be denoted byAut(G).

Since any isomorphism is one-to-one and onto Aut(G) impliesa € S,
ThusAut(G) € S;. The identity mapping; onG is an isomorphism fror@
ontoG, soz/, € Au(G) andAut(G) # ¥. We can form theompositionap of

any «,p € Aut(G). It turns out tha®fut(G) is a group.

23.7 Theorem:Let G be a groupThen AUG) is a group under the
composition of mappings

Proof: We can check the group axiomisut there is a shorter wawe
make use of # Aut(G) < S;. Now S, isa group under the composition of

mappingg Example 7.1(@),_ so all we have to do is shawat Aut(G) is a
subgroup of.

(i) Let o,p € Aut(G). Thenup is an isomorphism frorG@ onto G
by Lemma 20.11(1). Thus € Aut{G) andAut(G) is closed under mu#i
plication.

(i) Let ae Aut(G). Thenu™ is an isomorphism frors onto G
by Lemma20.11(2). Thusxt € Aut(G) and Aut(G) is closed under the
forming of inverses.

By Lemma 9.2Aut(G) < Sg- ThusAut(G) is a group. O

AUtG) is not a subgroup or a factor groupGpbf course. Theinderlying
set is neither a subset nor a set of cosets of a subgrGup of
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23.8 Example:Let G be a group. We fix an arbitrary elemanbpf G,
With eachx € G, we associateggxg. This is a uniquely determined
element of3, so we have a mapping- gxg, which we denote b;@. So

Ty G—- G
X — g7'xg
We claimt, is a homomorphism. For adly € G, we have

g
M1, =97 xyg=g7xgg7yg = xt v,
andrg is therefore a homomorphism.

We can buildrg with anyg € G. Let us take the composition of two of

them,rg andr,, say. Fog,h € G, we have

X(147) = Xtg) T, = @91, = h™(g™xg)h = (g Hx(gh) = @) x(gh) = XTyh
for all x € G. Thus

T, = Tgh for allg,h € G.

(D)
There holdt,; = 1x1 =x for all x € G. Thus

=
(2)

For anyg € G, there holdsgrg_1 = Tgg1 = T =/ and Tgily = Tgig = T =7 by
(1) and (2)Thusrt, is one-to-one and on{d@heorem 3.17(9)and 1, is
the inverse ofg:

(™= 1 €)

Sor, iIs an automorphism &

Such automorphisms deserve a name.

23.9 Definition: Let G be a group. An automorphism @fof the form
Ty whereg € G, is called annner automorphism of Gl'he set

{rg € Aut(G): g € G}
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of all inner automorphisms &will be denoted bynn(G).

Inner automorphisms of a group form a group.

23.10 Theorem:Let G be a groupThen IniG) << Aut(G).

Proof: =1, € Inn(G) by (2), solnn(G) # Y. Now (i) the producof two

inner automorphisms is an inner automorphism by (1); ahdhge
inverse of an inner automorphism is an inaetomorphism by (3). So
INnN(G) << Aut(G). O

The relation (1) has a deep significance. It states that the mapping

7. G— Aut(G)

g—T1

is a homomorphism. Theorem 20.16 gi@&Ker 1= Im .
Herelm t = {rg € AUt(G): g € G} = INnNn(G) by definition and

Kert={zeGr1,=4
={ze G gr,=9 forallg € G}
={z€ G zlgz=g forallg € G}
={ze G gz=zg for allg € G}
=Z(G).

ThusZ(G) is the kernel of: G— Aut(G). We proved

23.11 Theorem:Let G be a grouprhen GZ(G) = Inn(G). O

Next we prove thaihnn(G) is a normal subgroup &ut(G).

23.12 Lemma:Let G be a grouplhen IniG) <1 Aut(G).
Proof: We knowlnn(G) << Aut(G) from Theorem 23.10. We are to show

c‘lrgo € Inn(G) for anyt, € INN(G), 0 € Aut(G). For anyx € G, we have
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X(710) = (xa)(140)
= ((Xc'l)rg)c
= (g7(xeHg)o
= (g™0)((xs™Ho)(go)
= (go)™%(go)

= Xy,

thuso™10 = 1,, ando™1,0 € INN(G). This provesnn(G) < Aut(G). O

Let G be a group and lét <1 G. According to Lemma 18.2(30 < G if
and only ifHt, =H for all 7, € INnN(G). Thissuggests a way of strengthen
ing the normality concept: Instead of requirkhg= H for all c € Inn(G),
we prescribe this to hold for alle Aut(G).

23.13 Definition: Let G be a group. A subgroup H of is saidbde a
characteristic subgroup of @r to becharacteristic in GprovidedHs = H
for all o € Aut(G).

HereHo means the sethf: h € H} € G as usual. The equalityc =H is a
set equality, of course. It doemt mean thathc = h for all h € H. It
means thaths € H for anyh € H, and, for anyh € H, there is arh” € H
such thath'c = h. Cf. Example 18.5(b). ABhn(G) << Aut(G), any charae
teristic subgroup otz is normal IinG, but the converse is not true in
general.

Being characteristic is a transitivelation, a good property not shared
by normality(Example 18.5(i).

23.14 Lemma:LetK << H < G. If K is characteristic in H and H is
characteristic in Gthen K is characteristic in G

Proof: We are to prove th# =K for all o € Aut(G). Leto € Aut(G). We
restricto to H. Theno,: H — G is aone-to-one homomorphism onk.

SinceH is characteristic iG,we haveHs = H ando, is an automorphism

H
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of H. TheanH =K, becaus« is characteristic imd. ThusKe =K for all ¢
in Aut(G) andK is a characteristic subgroup ®f O

Another useful result of this type is given in the next lemma.

23.15 Lemma:LetK <<« H << G. If K is characteristic in H and H is
normal in G then K is normal in G

Proof: We are to prove tha¢rg =K for all Ty € INN(G). Let Ty € INN(G).
We restrictrg toH. Thent  :H — G is a one-to-one homomorphism onto

gH
Ht, = gHg. SinceH is normal inGwe haveg™Hg = H and Tgn IS an
automorphism oH. ThenKrgIH =K, becaus« is characteristic iml. Thus
gKg = Kty =K for allg € G andK is a normal subgroup & O

23.16 Theorem:Let G be a grouplThen AG) is characteristic in G

Proof: We mustshow Z(G)c = Z(G) for all ¢ € Aut(G). If we can prove
Z(G)o < Z(G) for all s € Aut(G), then we will haveZ(G)s™* € Z(G), that is,
Z(G) € Z(G)o for anyoc € Aut(G) also (cf. the proodf (2) = (3) in Lemma
18.2). So we need onpprove Z(G)o < Z(G). For anyz € Z(G), we are to
show that(zo)g = g(zo) for all g € G. As g runs throughG, so doego,
because is onto G. Thes we need only shoves{(ge) = (go)(zo) for all
g € G. But this is obvious:z)(go) = (zgo = (2s = (go)(zo) sincez € Z(G)
ando is a homomorphism. Consequenii{f;) is characteristic i. O

We end this paragraph by finding the automorphism group of a finite
cyclic group. In general, given a gro it is quite difficult to find
AUt G).

LetC =<x X" = 1> be a cyclic group of order € N. An automorphism of
C, is first of all a homomorphism @& . We claim that d&aomomorphism
from C into C_ is uniquely determined by its effect tme generatox.
In other wordsif « andp are homomorphisms fro) into C, andxa =
Xp, thena = p. To show this, we must prowe =ap forall a € C, Buta
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XM for somem € N, andaa = x"a = o)™ = XB)™ = x™B = ap. This proves
the claim.

Lety be a homomorphism froﬂa into Cn. Thenxy = X™ for somem € Z.
ThenxXp = (xp)* = xXM* = x"k= (x)™ for any k € N. This showsap = a™
for anya € C . Thusa homomorphism frong_ into C  simply sends each
element ofC_ to its mth power,m being a natural number depending
only on the homomorphisml’he homomorphism of taking+th powers
will be denoted by _. Hence

Xy X = X

a—am

is a homomorphism fro@, into C_, and any homomorphism fro@] into
C, is one of thex_.

From the homomorphismsa{: m € 7}, we want to select the homo
morphisms. These are the one-to-aps ontoC . SinceC_ is a finite set,
any one-to-one mappinfigpom C_ into C_ is in fact ontoC . So we need
find only one-to-onex 's. Theseand exactly these are the automerph
isms ofC_.

Now «  is one-to-one if and only Ker « =1 (Theorem 20.8) and
Kera ={g € Ciga =1}

={xX k € Z andx*M= 1}

={x* k € Z andn|kni

={x* k € Z andn/(n,m) | kY (n,m)}

={xX k € Z andn/(nm) | K}

— <Xn/(n,m)>’
soKera =1 =<x"> if and only if ,m) = 1. Thus o, IS an automorphism
of C if and only if b,m) = 1.

Hence AUtC) = {o ; (NnM) = 1}.

This description ofAut(C) looks like aninfinite set. Aut(C) is finite of
course. Therefore, there arepetitions amongx_ . To see this more
vividly, we remark that. = ¢, if and only ifm = k (modn). Indeed,«

is equal too, if andonly if xa_ = xa, by the claim above, thus if and
only if x™ =xK, thus if and only ik™<= 1, thus if and only if | m - k by
Lemma 11.6, thus if and onlymh= k (modn).

Hence, for anyn ¢ Z_, we may unambiguously write.: C — C_. With
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this notation, we have
Aut(Cn) = {o<r—n: m € Zn}

and m= kimpliesa_ # op. In other words, the mapping
o 27— Aul(C)
IS one-to-one and onto. It is a homomorphism, because
X0 = xTK= (xMkK = XMoo = (o) o = X(0= 042)

and, by the claim at tHeeginning,o.—. = «- o for anym Kk € Z_. Hence
o is an isomorphism anff = Aut(C ). We proved

23.17 Theorem:f G is a cyclic group of order A N, then AufG) = Z;.

O

Exercises

1. LetH,K be groups. Prove th&aiH X K) = Z(H) X Z(K).
2. LetKk 1 G and|K| = 2. Prove tha is a central subgroup Gf

3. Prove thaK <1 G impliesZ(K) I G. Show byan example thaf(K) is
not necessarily characteristicGn

4. Find group«,G such thakK <1 G andz(K) € Z(G).

5. LetG be a group anry € G. Prove that, iky € Z(G), thenxy =yx

6. Find the centers &, D, (n odd),SL(2,0),SL(2,7).

7. Prove thaz(S) = 1 forn = 3 andZ(A ) = 1 forn = 4.

8. Define a subgroul of G by M/Z(G) = Z(G/Z(G)). Show thatM is char
acteristic inG.
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9. Leto € Aut(G) andH < G. Prove thatos is asubgroup ofG and is ise
morphic toH.

10. Letd # A € Aut(G) andK << H << G. Suppose thaf is characteristic
in H andHa =H for all x € A. Prove thaKa =K for all « € A

11. Show that, i6G = H, thenAut(G) = Aut(H).

12. Find all characteristic subgroups @f Prove thainn(D;) # 1 and
that Aut(Dg) = D,

13. Prove thanut(Z) = C,, Aut(V,) = S;, AULS,) = S;, Aul(Qy) = S, (see
817, Ex. 15).

14. LetH be a characteristic subgroupGand put
N ={a € Aut(G): (xa)Xx* € H for all x € G}. Prove thatN << Aut(G).

15. Find a one-to-one homomorphism frévat(H X K) into
Aut(H) X Aut(K).

16. LetH < K < G ando € Aut(G). Prove thatHs << Ko and, if alsoH <
K, thenHs <1 Ko.
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