824
Generators and Commutators

We introduce an important subgroup which distingishes abé&lictor
groups from nonabelian ones. Igesnerated by the set of commutotars.
First we define 'generation’.

24.1 Definition: LetG be a group and let € G. The intersection of all
subgroups o6 which containX is calledthe subgroup of G generated by
X and is denoted byX>.

HencedX> :XCELG H. HereH runs through a nonemps$gt, since at least
Gis a subgroup d& that containX. Note thato> = 1. WhenX is a finite
set, for instanc& = {x %, ...,X }, we write <X ,x,, ..., X > rather than

XX, ... X }>. In particular, ifX = {X} consists of a single element, then

x> =<{x}> is the cyclic group generated kyas weantroduced in Defiri
tion 11.1. Definitions 11.1 and 24.1 are consistaatwill be proved in
Lemma 24.2, below. Ounotation<p,s> for dihedral groups is also ceon
sistent with Definition 24.1.

WhenK << G andX c K, then<X> c K by definition. So<X> is the smallest
subgroup of5 containingX. In particular, ifH < G, then<H> =H.

The elements ofX> are described in theext lemma. See also Ex. 1 at
the end of this paragraph.

24.2 Lemma:Let X be a nonempty subset of a grougkgen

XX ={x,"Mx, ™. x ™ e G keN, x € Xand m € Z for each i=1,2,... K}

Proof: LetY be the set on the right hasidle. We must show < <X>
and<X>cY.
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In order to provey c <X>, we show tha¥ c H for everyH << G such that
X € H. Thisfollows from the closure properties of subgroupsX I£ H
andH < G, then, for any € X, there hold«x" € H for anyn € N sinceH
is closed under multiplication, and algbe H for anyn € 7 sinceH is
closed under taking inverses axti= 1 € H. Hence, for ank € N, any
Xy X o0 X € X, anym,m,, ..., m_€ Z, we havex,™,x,™,... x ™ e H and,
from the closure oH under multiplicationwe getx,™x,™. .. x ™ € H.

ThusY € H whenevelX € H << G. This provesy < <X>.

Now we showX> € Y. By definition ofY, we haveX ¢ Y (takek = 1 and
m, = 1). SoX><Y Wiil be proved if we show that is a subgroup o&.
But Y is closedunder multiplication (becausk runs throughN) and
under the forming ofhverses (becausen ¢ Z whenm € 7). SoX cY
< Gand consequentix>c Y. O

24.3 Remark: <X> consists of all finite products of elementsXmand

the inverses of the elementsXnNoticethat the sety of Lemma 24.2
does not change if the elementsXdare replaced by thaeimverses. Thus
<X>=<Z>, wherez={x1 € G x € X}.

24 .4 Definition: LetG be a group. IK € Gand<X> = G, thenX is called
a set of generators of  G&ndG is saidto be generated by. If G has a
finite set of generators§, is said to be &nitely generatedyroup.

24.5 Examplesi(a) If x € G, then<x> = {x™: n € Z} by Lemma 24.2. So
<> is the cyclic group generated kws in Definition 11.1.

(b) Any element of thelihedral groupD, can be written in the form
p™sl, where mj € Z. Hence D,, = <po> So the notation of §14 is

consistent with Definition 24.1.

(c) Any permutation inS (n = 2) can be written as a product of
transpositions (Theorem 16.2). Uebe the set of all transpositiomsS .
ThenS =<T>by Lemma 24.2.
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11\ ,0-1
(d) SL(2,7) isgenerated b}[ (O 1),(1 O)} A proof of this is outlined
in Ex. 9.

24.6 Lemma:Let G bea group and let X be a nonempty subset of G
Suppose x € X for all x € X and for allc € Aut(G) [respectively for all

o € INnN(G)]. Then<X> is acharacteristic[respectively norméalsubgroup

of G.

Proof: Lety € <X>. Theny = x,"x,™. .. x ™ for some suitabld € N,
Xy Xos o Xy € X, andml,mz, N S Z (Lemma 24.2). Then, for anyin
AUt G) [respectively for any in Inn(G)],

yo =(X, X, . x Mo = (X,0) M (X,0) ™. (X 0) Tk € X

by Lemma 24.2, fok,o,X,0, ...,X 0 € X by hypothesis. Thus>s < <X>

for any o € Aut(G) [respectively for any € Inn(G)]. But then we have
<X>01 ¢ <X>for any ¢ € Aut(G) [respectively for any ¢ Inn(G)], too.
Then <X> = <X>cl € <X>0 C <X> Hence<X>s = <X> for all ¢ ¢ AUt(G)
[respectively for allb € InNn(G)] and<X> is a characteristic [respectively
normal] subgroup o&. O

We are now in a position to introduce commutator subgroups.

24.7 Definition: LetG be a group angly € G. Then
xyilxy € G

is called thecommutator of x and Yin this order) and is denotduy
[x.¥1.

Some authorslefine [ky] to be xyxy™. In this book, kxy] will always
stand forxlyxy. Clearly,xy = yxx,y] for any xy € G. In generalxy =
yX, and kY] is that element in G for which xy = yxz, whence the name
commutator.
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24.8 Lemma:Let G be a group andye¢ G.

(1) Y™ = [yX.
(2) [xy] = 1if and only if x and y commutey = yX

Proof: (1) xyM™ = Xy xy™? =y XNy HHxH ™! = yxyx=[yX.

(2) [xy] = 1 means<lyxy = 1, and this means/ = yx O

From Lemma 24.8(2we understand that commutators measure, so to
speak, how nonabelian a groupWshen the set of commutators consists
of 1 only, then the group is abelian. Rather sloppily, the more
nonidentity commutators a groumas, the more elements Gf fail to
commute with other elements 6fand the more nonabelighis. This
vague statement will acquire pmecise meaning below (Lemma 24.12
and Theorem 24.14).

24.9 Definition: Let HK << G. We define thecommutator subgroup
corresponding to H and Ks

[HK]=<[hk] € G he€H, keK>

We saw in Lemma 24.8(1) that the inverse of a commutatocaanmu
tator. However, wheH andK are subgroups d¥, the inverse of a com
mutator of the formHh,K], whereh € H, k € K, neednot be a commutator
of the form h",K], with h" € H, K € K. Also, the product of two commu
tators is not a commutator in general. Tdmnmutator subgroups are
defined to bahe subgroupgieneratedby the set of appropriate cem
mutators hot as thesetof commutators.

24.10 Lemma:Let HK << G. Then[H K] = [K,H].

Proof: We haveli K] =<[hK] € G h € H, ke K>
=<hK?eGheH kekK> (by Remark 24.3)
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=<[kh] € G ke K, heH>
= [K,H]. O

24.11 Lemma:Let H K < G. If H and K are characteristifrespectively
normal subgroups of &hen[H,K] is characteristidrespectively normal
in G.

Proof: We use Lemma 24.6, with= {{h,K] : h € H, k € K}. It suffices to
show thatxo € X for all x € X and for allc € Aut(G) [respectively for all
o € InNn(G)]. This follows from

X = [h,K] for someh € H, k € K,
xo = [hKo = (hkhK)o = (ho) ko) (ho)(ke) = [ho,ke] € X

asho € H, ko € K for anyc € Aut(G) [respectively for any € Inn(G)]
whenH andK are characteristic [respectively normal] subgroupa ofi

24.12Lemma: Let HI G, K < G. Then[H,K] << H n K. In particular, if
H N K=1,then every element of H commutes with every element of K

Proof: It suffices to show thahlk] €« H n K for all h € H, k € K. For any
h € H, k € K, we have indeed

[hK] = htkhk € H sinceH << G

[hK] = h'kh.k € K sincek < G,
yielding [h,K] € H n K.

IfFHNK=1,thenhk]l e HnK=1andhk] =1, sohk = kh for all h € H,
andk € K. O

The preceding lemma supports our vague remark that commutators
measure how nonabeliangeoup is. Suppose we treat, somehow, €om
mutators like the identity. Thahe group will be like an abelian group.
The formal wayof treating commutators like 1 is to define an equi
valence relation on the group in such a way aflatommutators will be
equivalent to 1. The most naturaduivalence relation of this type is
right congruence modulo the subgroup generated by all commutators
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(Definition 10.4). The equivalence classes are the rgisets of this
subgroup, which is normal, form a factor group. We expeist factor
group to be abelian. First we give a hame to the subgroup.

24.13 Definition: Let G be a group. Then the subgroup
[GCl =<[9.9]: 9.9 € G

generated by all commutators Gnis calledthe derived subgroup of G
denoted bys'.

G is abelian if and only i = 1.Now G” is a characteristic subgroup Gf
(Lemma 24.11), hence we can build flaetor groupG/G. We expect
G/G is abelian. In fact, much more is true.

24.14 TheoremilLet K< G. Then @K is abelian if and only if G< K.

Proof: G/Kis abelian= (xK)(yK) = (YK)(xK) for all Xy € G

xyK=yxK for allxy € G

xWyIxyK =K for allxy € G

xyIxy e K for all x,y € G

[Xy] € K forallxy € G

<XV Xy € G < K

G < K. O

A A N A

Exercises

1. LetG be a group and a nonempty subset 6f Prove that
x> ={x,Fix e x e Gk e N, % € X andE; =+1for alli = 1,2,... K}

2. Show thag_ =<(12),(123..n-1,n)>whenn = 3.

3. If H << G, |GH]| isfinite andG is finitely generated, show thHtis also
finitely generated.
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4. If H d G andG is finitely generated, show th&¥H is alsofinitely
generated.

5. Show that every finitely generated subgroufd af cyclic.

6. LetH, < H, <<H; < --- be subgroups dé. Prove that := iL_Jl H, is a

subgroup ofG. Prove further that, if eadt) is a proper subgroup @,

thenH is also a proper subgroup @f
7. Lete: R - R andB: R — R and pulG =<u,p> < Sp- Leta = B"ap™ for
u— u+l u— 2u

n € N. Show that?

<. = o, foralln € N. Show that

<o<1>< <o<2>< <o<3><-- <.

Prove that« > isa proper subgroup @k := iL_Jl <«;> for all n € N. Using

Ex. 6, conclude thaf is not finitely generatedThus a subgroup of a
finitely generated group need not be finitely generated.

8. LetM =(\{0,1} and o: M — M andp: M — M. Prove thato,p> << Sy
X— 1/ X— 1/(1-X)

and thako,p> is isomorphic tcs,.

11 O -1 .
9. Show thatSL(2,7) = <T,S>, where T = (O 1),8 = (1 O) by going

ab
through the following steps. L&t = (c d) € SI(2,7). If c =0, therM is a
power ofT. Make induction: suppose a matinxSL(2,7) belongs tT,S>
ab
whenever its lower-left entry is positive ardc. If M = (c d) is a
matrix whose lower-left entry 15 divided by c, so thadd = qc+r. Then
.. . a .

MT9S is in<T,S>, and so idV. Thus(C 2) € <T,S> wheneverc > 0. If c is
negative MS? € <T,S>, and sdM € <T,S>.

10. LetH < G. Prove thatH,G] = 1 if and only ifH << Z(G) and also that
[H,G] < H if and only ifH < G.

11. Show that, iE’<< N << G, thenN is a normal subgroup &f

12. LetK 1 G. Provethat kKyK] = [xy]lK € G/K for any x)y € G. Then
prove that iK/K,JK/K] = [H,JJK/K for allH,J < G.
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13.Let HH, < H and KK, < K. Show that Pﬂl X KuH, X Kz] = [Hl,Hz] X
[K,KJ] as subgroups df X K

14. Show that Xy,Z =y ix2Zy.[y.Z and kyZd = [x2Z.ZYxylz for any
elementx,y,z of a groupG. Deducahat HJK] = [H,K][JK] wheneverH,JK
are normal subgroups 6f

15. For any elementsy,z of a groupG, show that
yHixy 1.2y - Zly.Z9x]z. x[[zxy]x = 1.

16. LetHK,L be subgroups of a grogjpandN <! G. If two of the sub
groups[[H.K],L], [[K,L],H], [[LH]K] are contained iN, prove that the
third is also contained iN.

17. Give an example of a group and thsabgroupdi,K,.L of G such that
[[H.K],L] = [H,[K,L]].

18. Prove: iK I G, thenK” 1 G.

19. Find the derivedsubgroups of S;S5,A,Dg;Q; (see 817, Ex.
15)SK2,7;), GL(2,Z,), S, A, (forn > 2).

20. LetG be a group such thats Z(G) and leta be a fixedelement ofG.

Prove that the mapping G — Gis a homomorphism.
X — [x,a]
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