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Group Actions

Many of the importangroups we have examined $ar are groups of
functions.S, is the group of one-to-one mappirgs the sek, Isom Eis

the group of distance preserving functiemsthe Euclidean plan@&ut(G

is the group of multiplication preserving functions on a greuyou will

see more examples later. In general, wkieha setwith some structure

on it (algebraicgeometric, analytic, topological or of some other type),
the mappings oM that preserve this structure foeargroup. Up to now,

we neglected the functional character of the elements of a group they
might have. In this paragraph, we consider groupese elements can

be thought of as functions @nsetX. This leads to the idea of group-ac
tions.

25.1 Definition: Let G be a group ankkt X be a nhonempty set. We say
that G acts on Xprovided, for allx € X andg € G, there corresponds a
uniquely determinedlement ofX, denoted bwg, such that the follow
ing hold:

xg,)9, =x(9,9,) forallxe X g,,0,¢€G,
X1 =X for all x € X.

More precisely, we say then thatacts onX on the right.We similarly
define a left action o6 onX by stipulating thatgg,)x = gi(gzx ) and X
=xfor allx € X, g,,0, € G, wheregxis a uniquely determined element of
X corresponding to the pajrx.

25.2 Examplesy(a) LetX be a nonempty set a@d-S,. ThenG acts on

X whenwe naturally interpretg as the image ot € X under the map
pingg € G. The conditionXg,)g, = x(9,9,) is satisfied for alk € X and for

all g,,9, € G, for it is nothing else than the definition of composition of
mappings.The conditiorxl =x holds, too, since it the definition of the
identity Mapping le GonX. More generally, it < S, thenG acts orX.

(b) LetX=R X R and letG=GL(2,R). ThenG acts orX if we put
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ab
xV( g) = xa+yc xb+yd).

We have indeed ((x,y) (2 3))(; ;) = (xa+ycg, xb+yd)(§ :1)

= ((xa+yc)e + (xb+yd)g, (xa+yof + xb+yd)h)
= (xae+ yce+ xbg+ydg xaf+ ycf+ xbh+ ydh)

b f etb f+b
and <H(CDGER) =enCoag oran

= (x(ae+ bg) + y(ce+ dg), x(af + bh) + y(cf + dh))
= (xae+ xbg+ yce+ ydg xaf+ xbh+ycf+ ydh

f by e f
andso ((xy)(§ g))(;e D) = e (C OI)(g 1)) for all (xy) € X and

b f
(‘2 d ,(jh) €G.
One proves analogously thatacts onYy = {(;) Xy € R} on the left

when we pu(i g)(;(/) = (2;(:3;/) for all (? 3) € G, (;(/) €Y.

Clearly, the fieldR can be replaced by any field in this example.

(©) Letx=7 X7 x 7 andG =su27) ={ (§ £ € Mat,(2): o6 - py = 1}
ThenG acts orX when we definea(b,c)((;( g) to be
(ac® + bay + cy?, 2aap + b(ab + By) + 2v5, ap® + bpd + cd?).

The verification is left to the reader.

(d) Suppose& acts orX on theleft and we denote the elementXotor-
responding to the pajgrx (g € G, x € X) by gxx. ThenG acts onX on the
right when we puxg:= g™x, because

(X9,)9, = (@, X9, = 9,7 (9, ™*X) = 9,79, X = ©,9,)*x =x(9,9,)

and
X1 = ThXx = 1xX = X
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for allx € X, g,,0, € G. We could not writexg := g=x, for then we would
get Q(gl)g2 = x(gzgl) instead of )(gl)g2 = x(glgz). However, ifG is com
mutative,G acts ornX on the right when we pog = g=x

(e) Let F be a nonempty subset of the Euclidean planéhenSym F
acts orfF, becausdés € Ffor allf € F, 0 € Sym Fand

f(o,0,) = (fo)o,
f:=1

forallf € F,o,,0, € SymFE

(f) Let G be a groupThen Aut(G) acts onG, becausey(a,a,) = @o ),
andg:=g for allg € G and for allo,,&, € AuYG).

(g) Let 3 be the set of all nonempsubsetsof the Euclidean plang.
ThenS_ acts ond since Eo)p = F(ap) andF:=F forall F € 2ando,p € S,
(Lemma 14.1).

(h) Assume that group G acts on a set. Then any subgroup & also
acts onX.

In the nextwo theorems, we shall show that any gragbtion on a set
Xis essentially a homomorphism irp

25.3 Theorem:Let G act on XFor each ge G, consider x— xg as a
function and put Py X — X. Thenpg € S, and the mapping

X — Xg

p: G— S
is a homomorphisn{called thepermutation representation of Gorre
sponding to the action).

Proof: Letg € G. SinceG acts onX, to eachx € X, there corresponds a
uniquely determined elemexy of X. Hencepg X — Xgis indeed a func
tion fromXinto X.

For anyx € X, g,,9, € G, we have

264



XPg g, = X(9195) = X9))9, = Xgpy = (xpy )p, =X(py P ).

so p
(1)

Furthermorexp1 =x1 =x for all x € X, hence

919, - pglpgz.

Py =4 € Sx‘

(2)

From (1) and (2), we obtain

PgPgt = Pgg1 = Pq = & = Sy PgiPg = Pgig = P = 4 = Sy

and thuspg is one-to-one and on{@heorem 3.17(9) SOpg € S, for allg
in G
So we have a mappingG— S, and it is a homomorphism by (1).

O

g— Py

25.4 Theorem:Let X bea nonempty set and let: G — S, be a group

homomorphismrrhen G acts on X when we put

xg = x(go)
for all x € X, g,,0, € G. Furthermore the permutation representation of G

corresponding to this action s

Proof: The proof consists in observing thats a homomorphism. We
have

(x9,)9, = (x9,)(9,0) = (x(9,5))(9,0) = x((9,5)(9,0)) =x((9,9,)5) =x(g,9.)
and
X1 =X(1o) =X
forall x € X, g,,0, € G. Here we use the fact that & S is the identity
element of the groufy, (Lemma 20.3(g) whichis the identity mapping

on X. Thus settingkg = X(go) does define a group action.

Let us find the permutation representationGo€orrespondingo this
action. This isp: G— S, g — Py where Py is the mapping< — xg on G.

Since
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Xp, =Xg = X(go)

forall x € X, g € G, we hava)g =go for allg € G. Hencep = ¢ by the defi

nition of equality of mappings. O

We now show that group actiodgfine an equivalence relation on the
underlying seK. The number of elements in an equivaleclass can be
expressed in group theoretical terms. This gives saortiametical infor-
mation about groups.

25.5 Lemma:Let G act on Xfor any xy € X, we put x y if and only if
there is an element g G such thatxg = y. Then ~is an equivalence
relation on X

Proof: (cf. Lemma 15.7.) (i) Since 4 G andx1l =x for all x € X, we have
X ~ x for all x € X. Thus~ is reflexive.

(i) If xy € X andx ~ y, then there is g € G such thatxg =y, soyg? =
(xg)g™t = x(gg?) = x1 =x. Fromg™ € G andyg?! = x, we concludey ~ x.
Thus~ is symmetric.

(i) Suppos&,y,z € X andx~ Yy, y ~ z Then there argh € G suchthat xg
=y andyh =z Thenx(gh) = xglh =yh =z Fromgh € G andx(gh) =z we
concludex ~ z. Thus~ is transitive.

So~ is an equivalence relation &n O

25.6 Definition: Let G act onX. The equivalence classes of the equi
valence relation in Lemma 25.5 are calt@tits. The equivalence class
{xg € X: g € G} of x € X is called theorbit of x

25.7 Lemma:Let G act on X. For x X, we write
Staly(x) = {g € G xg=x}.

ThenStalk(X) is a subgroup of Gcalled thestabilizer of x in G
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Proof: The proof is a routine application of our subgroup criterion.

(i) Letg,h € Stal(x). Thenxg=x andxh = x. Sox(gh) = (xg)h
= xh= X, sogh € Stalk,(x). HenceStal,(x) is closed under multiplication.

(i) Let g™ € Stak(x). Thenxg= x. Soxg™ = (xg)g™ = x(gg™) =
x1 =x, sog™ € Stalk(X). HenceStahk,(X) is closed under the forming mf-
verses.

ThusStah(x) < G. O

Stabilizers of elements in the same orbit are closely related.

25.8 Lemma:Let G act on X. Let ¥ X and ge G. Then
Staly(xg) = g 'Stak(x)g.

Proof: As h € Stal(xg) < (xgh=xg
x(gh) =xg
(x(gh)g™=x

x(ghg") = x
ghg?' € Stal(x)

h € g Stak(x)g,

1111t

Staky(xg) = g 'Stak(x)g. O

The kernel of the permutation representatan be expressed in terms
of the stabilizers.

25.9 Lemma:Assume G acts on X and lgtG — SX be the permutation
representationThen Kerp = ngx Staly(X).

Proof: Forg € G, we havep: g — Py € Sy wherepg: X — Xg. Hence
Kerp ={g € G Py = le S}

={g eG:ng:x for all x € X}
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={g € G xg =xfor all x € X}
:ngx{g € G xg =x}

= ngx Staly(x). m|

The following elementary counting principle has many applications.

25.10 Lemma:Let G act on XFor any xe X, we have
lorbit of ¥ =|G.Stak(x)I.

Proof: The orbit ofx is the set Xg € X: g € G}. The index|G:Stak(X)| is
thenumber of right cosets @&talh,(x) in G, more precisely, the cardinal
number of R = {Stal(x)g: g € G. We must find a one-to-one corre

spondence between the orbig{c X: g € G} of x and the setR =
{Stak(x)g: g € G} of the right cosets oStalh,(x) in G. Thedescription of

these sets leads us to consider the mapping

a: orbit ofx — R,
Xg — Sg

where we pu§ = Stal(x) for brevity. Let us see ik is one-to-one and
onto.

Before that, howeverwe must check that is well defined, for one and
the same element in the orbit>tan haveepresentationggxh with

g # h. We must prove thadg = xh impliesSg= Sh If xg=xh, thenx(gh™®)

= (xgh™ = xh)h™* = x(hh?) =x1 =x, sogh™' € S and thereforé&sg= Shby
Lemma 10.2(5). Thusg is well defined.

Thata is one-to-one follows by reversing the argument ablbeg)a =
(xh)a, thenSg= Sh thengh™ ¢ S, thenx(gh?) = x, then(x(gh))h = xh, so
Xg = xh. Thereforeax is one-to-one.

a is certainly onto, since ar8g< R is the image oxg in the orbit ofx.

Thusa is a one-to-one mapping from the orbitxaintoR. This gives

I orbit of X =|G:Staly(X)!. O
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25.11 Definition: Let G act onX. We sayG acts transitively on >0r the
action ofG on X is saidto be atransitive action if, for anyxy € X, there
is ag € G such thatxg =y. If G does not act transitively ofy thenG is
said to actntransitivelyonX.

ThusG acts transitively oX if andonly if there is one and only one-or
bit. The whole seX is the single orbit of the action.

25.12 Examples(a) A groupG acts on itself by rightnultiplication: to
the pairxg € G, there corresponds the produat € G. The conditions
(x9,)9, =%(9,9,) andxl =x (for all xg,,9, € G) are immediate from the
associativity of multiplicatiorand fromthe definition of the identity el
ement. This action is transitive, because, given aywe G, there is an
elementg in G, namelyg = x‘ly, such thakg = y. Hence, for anyk € G,
we havd@ = |orbit of X = IG:Stakg;(x)l,_ thus Stal(x) = 1, as can be seen
also fromStab,(X) ={g € G xg=x}={g € G:g = 1} ={1} = 1. This action is
called thereguar action of Gon G The kernel of the permutation repre
sentatiorp: G— S, is Ker p = ngx Stak(x) = 1 by Lemma 25.9. Thusis
one-to-one and Theorem 20.16 gi&GsG/1l =G/Kerp =2 Im p<< S

(b) The preceding example can ¢peneralized. LeH < G and letR =
{Ha: a € G} be the set of all right cosets #Hfin G. ThenG acts onR by
right multiplication, where, to the pdiia, g, there corresponds the coset
Hag, because

((Ha)g,)g, = (Hag,)g, = H((ag,)9,) = H(a(9,9,)) = (Ha)(9,9.)
and

(Ha)l =Hal =Ha
forallHae R, 9,0, € G

This action is transitive, because, given adlajHb ¢ R, there isan ele
mentg in G, namelyg = a™ b, such thatHa)g = Hb.

We have Stak(H)={g € G Hg=H}={g € G g € H}=H
and Stak(Ha) = a”'Stalk(H)a =a'Ha
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by Lemma 25.8.

The kernelof the permutation repsentationp: G — S is, by Lemma
25.9,

Kerp= I1_ Stak(Ha) = [ Staby(Ha) =[] aHa.

The intersectior{!@G a™Ha is called thecore of H in Gand is designated
by Hg;. Theorem 20.16 gives no®/H_  =G/Ker p = 1m pP< Sg.

25.13 Theorem Let G be a group.
(1) (Cayley's theoreng is isomorphic to a subgroup of.S

(2) Let H< G be of indexGH| = n. Then G'H is isomorphic to a sub
group of S.
Proof: (1) This follows from Example 25.12(a).

(2) From Example 25.12(b), it follows th@fH_ is isomorphicto a sub

group ofS,, whereR is a set witim elements. Let:R — {1,2,...,n} be a
one-to-oneamapping fromR onto {1,2,...,n}. Then, for eaclf € S;, the
mappingufy is aone-to-one mapping from {1,2,.,n} onto {1,2, ... ,n},
sou™fu € S_. Now the function
M:Sg — S,
f— ptu

is easily verified to be a homomorphisfom = gy = p™fuugp = fMgM
for all f,g € S;; and M is one-to-one and onto, because the mapping
N: S — Sg
— — uou'l
is such that MN = identity mapping &g and NM =identity mapping on

S, (Theorem 3.17(9) Hence M is an isomorphisemdS,, = S _. Together
with G/H; = S, this givesG/H = S O

25.14 Example: Another important group actiois conjugation For
anyxg € G, we callg™xg the conjugate of x by .gin order to avoid any
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corfusion with right multiplication, we shall writex? for g™xg. This
notation is standard. Since

0% = (g, 7%9,))% = 9,79, xg,)9, = 9,79, 7%9,0, = ©,9,)"X(9,9,) = x(9%)
and
xt =11 =x

for all xg,.,9, € G conjugation is indeed an action®bnG.

The orbit §¢: g € Gt={g™xg g € G} of x € G is called theconjugacy class
of x. We have

Stah () ={g € Gx¥=x}={g € G g'xg=x}={g € G xg=gx;

so Stal(x) consists of the all those elementsiwhichcommute withx.
It is called thecentralizer of x in Gn this case and is denoted QyYX).

The permutation representatiorni§€ — S, whererg: G — G. Hencer, is

g— 14 X — X9

the inner automorphism &finduced byy. We get

Kerr:XFgG Cc(® :XQG{g e Gxg=gxt={g € G xg=gxfor all x € G} = Z(G)

aswe know also from the proof of Theorem 23.10. In this case, Lemma
25.10 assumes the following form.

25.15 Lemma:Let G be a group and «G. Then

lconjugacy class of x [G:C(X)I. O

25.16 Lemma (Class equation)Let G be a finite groupAssume G
has k distinct conjgacy classes and let %, ... X, be representatives of

these classeé'henl

G =3 160
i=1

Proof: Conjugacy is an equivalence relation®and givesise to a par
tition of G (Theorem 2.5):
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Kk
G= iL:Jl conjugacy class of,

the union being disjoint. Counting the numbeeldments on both sides,
and using Lemma 25.15, we obtain

G = i lconjugacy class of| = i |GCL04)1. =
i=1 1=1

We give an important application of the class equation.

25.17 Theorem:LetG be a group of order'pwhere p is prime and n
is a natural number. Then(@) = 1.

Proof: Letk be the number of conjugacy classes§,iand letx, ,x,, ... X,

be representatives of these classes. Then, in the class equation
|Gl = iIG:CG(xi)I,
i=1

each summand otlhe right hand side is a divisor pf' by Lagrange's
theorem. SaGC (X))l = p™ with suitable nonnegative integers, (for
eachi = 1,2,...,K). Thus the class equation is

P =p™+p 4. +pk
Herep™ = 1 if and only ifiG:C,(%)l = 1, so if and onlyf C (%) =G, and so
if and only ifx; € Z(G). Thus exactlyZ(G)] summands on theght hand
side are equal to 1, and the class equation gives

p" =1Z(G)| + (a sum of powers qf greater thap®= 1)

(The second term is absent in c&&e= [Z(G)|; in this caseZ(G) =G z 1).
The last equatiotells us thatZ(G)| is divisible byp, so|Z(G)| z 1, hence
Z(G) = 1. O

25.18 Lemma:Let p be a primenumber If G is a group of order P
then G is abelian

Proof: We must showZ(G) = G, or, equivalentlyZ(G)| = p>. We know
1Z(G)l = 1 orp or p? by Lagrange's theorem, at#{G)| = 1 by Theorem
25.17. Wesuppose, by way of contradiction, th&6G)| = p. SinceZ(G) <
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G (Theorem 23.3), we can build thector groupG/Z(G), which has order
p?/p = p and which is therefore cyclic by Theorerh.13. ThenG must
be abelian by Lemma3.5, andZ(G)| = p?, contrary to the assumption
|1Z(G)| = p. Thus [Z(G)| = p is impossible and there remains only the
possibility|Z(G)| = p?. HenceG is abelian.

O

We wish to present the basic idea in the pafolTheorem 25.17 in its
purest form. We need a definition.

25.19 Definition: LetG act onX. If x € X, g € Gandxg = X, we say that
g fixes x The set

{x e Xixg=xforallg € G={x € X: Stal(x) =G}

of all elements irK which are fixed by each element G is called the
fixed point subset of Znd denoted blix, (G).

ThusFix, (G) consists of all those elementsXinvhich form an orbit with
only one element in itWhen we count the number of elementXias
the sum of the number of elements in each orbit, each elamiérg(G)
contributes 1 to this sumNotice that, under the action of a gro@pn
itself by conjugationFix (G) is nothing else thaix(GC).

25.20 Lemma:Let G act on X If G has order B, where p is a prime
number and re N, and X is a finite sethen

IXI = [Fix, (G)| (modp).
Proof: We consider the equivalencsgation~ of Lemma 25.5 oX. Un-

der this equivalence=lation, X is partitioned into finitely many disjoint
orbits, say

K
X = iL_J1 orbit of x;.
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Counting the number of elements on both sides, we get

Xl = i lorbit of x|
i=1

Hence, by Lemma 25.10[X| = i |G:Stal,(x;)!.

i=1

Now each of the indicd&:Stal,(x;)| is a divisor ofG = p", hence is equal

to some powep™ of p with a nonnegative integen. Herep™ = p® =1

if and only if G = Staky(x;), that is to sayif and only ifx; € Fix (G). Thus
there are exactlyix, (G summands equal to 1, and the sum above be
comes

XI=@ + 1 +--- + 1)+ (sum ofp™ with m, > 0)

IFiXy(Q)| times
(the second term is missing in case there ip"hwith m; > 0). So
IXI =[Fix, (G)| + (a number divisible bp)

and thereforeX| = |Fix,(G)| (modp), as was to be proved. O

We end this paragraph with a generalization of conjugation.

25.21 Example:LetG bea group and le® be the set of all nonempty
subsets o6. For anyU € & andg € G, we put

U9={uw? ¢ GueUl={gluge G u € U} = glug.

UY consists therefore of conjugates pyof the elements of) and is
called theconjugate of U by .gwith this definition,G acts ond, because

and
ut=1%i=u

forallU e %,9,9, € G
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The orbit {U% g € G ={g'Ug: g € G} of U € & is called theonjugacy class
of U. We have

Sta(U)={g € G U9=U}={g € G g'Ug=U}={g € G Ug=gU}

soStak(U) consists of the all those element$iwhich fix U as a set. It
is called thenormalizer of U in Gn this case and is denoted Ny(U).

The set

{g € G u’=ufor allu € U}
={g e Gglug=uforallue U}={g € Gug=gufor all u € U}

of all those elements Gwhich fix each element af under conjugion,

or, whatis the same, which commute with every element,at called
the centralizer of U in Gand is denoted b§_(U). SoC_(U) is the inter

section of the centralizers of the elementd:of

Cc(U) = ufgu Ce(W).
In particular,C (V) is a subgroup d&. We haveC (U) < N (U) < G.

The orbit ofU € & is
{UWWeR:geG={gluge R:gecCG
and is called theonjugacy class of U in GNVe have

lconjugacy class di| = |GN (V)|
by Lemma 25.10.

In generalU neither contains nor is containedCtU) or N (U). How-

ever, ifU happens to be a subgroupGpfve havegy?ug € U for all ug in
U,soU%={u? ¢ GueU}={gluge G u € U} €U and, for any in U, we
getU c (U9)% c U c U, thusU? =U andU < N_(U).

We collect the last two remarks in a theorem.

25.22 Theorem:Let G be a group and let H be a subgroup offGen
H < N4(H) < G and |conjugacy class df| =|GNj(H)I. O
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Exercises

a b/2
1. Prove thatSL(2,7) acts onX := {(b/2 c ): a,bc € Z} when we

assaiate the matrixy'xg with the pair x,g) € X X SL(2,7).

2. LetG act onX and letH be a subgroup @&. Show that
Stah(X) = Stak,(x) N H

for anyx € X.

3. LetG act onX andH act onY. Prove that the direct produGtX H acts
on the cartesian produxi Y.

4. Give an examples of groufsand subsets of G such thaty £ N (V),
Ng(U) € U, U £ C (U), C (V) £ U.

5. Prove tha€ (V) <] N;(U) for any nonempty subseétof a groupG.

6. LetH << G. Show thatN (H) acts onH by conjugation. Considering the
permutation representatioh this action, prove that (H)/C (H) is iso

morphic to a subgroup &ut(H).

7. Assumes acts orX, and leK be thekernel of the permutation repre
sentation of this action. Suppodes! G andH < K. Show thatG/H acts
on X when we puk(Hg) =xg for all x € X, Hg € G/H. What is the kernel
of the permutation representation?
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