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Sylow's Theorem

Let G be afinite group. Lagrange's theorem asserts thaG Has a sub
group of ordelk, thenk is adivisor of |G. The converse of Lagrange's
theorem, like the converses of many théorems, is wrbdngis adivisor

of |G|, therG need not have a subgroupamfer k. For'instanceA4 has
order 12, 12 is divisible by 6, y#&, has no subgroups of order 6.

Theconverse of Lagrange's theorem becomes true if we impose-the ad
ditional condition thak be a prime powesuch thatk and|G/k are ret
atively prime. In other words, |6 = p?m, wherep is a prime number
andptm, thenG does have a subgrodpof orderp?. Thenany conjugate

HY of H, too, is a subgroup of ordg® and the question arises as to
whetherG has subgroups of ordpt other tharthe conjugates dfl. The
answer turns out to be negative. The conjugates#i aire theonly
subgroups of ordegg®.

This theorem was proved by the Norwegmathematician L. Sylow in
1872. It is avery important tool in the theory of finite groups. We-pre
sent here a very elegant proof due to H. Wielandt (1959).

26.1 Theorem (Sylow's Theorem)Let G be a finite group of order
|Gl = pm, where pis a prime number andtm (that is let p* be the
highest power of p dividinl@). Then the following assertions hold.

(1) G has a subgroup H of order.

(2) If J is any subgroup of G whose ord&is a power of pthen there is
an xe G such thatl << HX

3 If n, denotes the number of subgroups of ordérthen rE)Im and
n, = 1 (modp).

Some remarks will now be in order. pf|G and p**}|G, thena sub
group ofG of order p? is called aSylow p-subgroup of GPart (1) of Sy
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low's theorem states that every finite group h&glew p-subgroup, for
all prime numberg.

If H is a Sylowp-subgroup of5, so isH? for anyg € G. Part (2)of Sylow's
theorem states that any subgrougogdower-orderof G is a sulgroup
of a suitableconjugate oH. In particular, any Sylowp-subgroup ofG is
contained in a suitable* for somex € G, and,since the orders of that
Sylow p-subgroup and dfi* coincide, that Syloyw-subgroupmust beH*
itself. So any Sylovp-subgroup ofs is a conjugate dil.

If a Sylowp-subgroud of Gis normalin G, then all conjugates of are
equal toH, henceH is the unique Syloww-subgroup ofG. Then, forany
automorphisma of G, Ha is a subgroup of ordegp?, and therefore is
equal toH. SoH is in fact a characteristic subgroupGah this case.

Part (3) of Sylow's theorem gives us arithmetical information atbwaut
possible number Sylowsubgroups. Twapplications of this is given in
Lemma 26.5 and in Lemma 26.6.

Proof of Sylow's theorem:The basic idea of the prowf as follows. If
there is a Sylow-subgroupH of G, thenH is first of all asubsetof G
having exactlyp® elements and is furthermore such tHat= H for all
h € H. SoH ={h € G: Uh = U} for some subsetl of G with |[Ul = p?. In or-
der to find a subgroup of ordpt, so we look at the sefls € G: Uh = U},
for eachU < G with |U| = p?. Such sets are tistabilizers ofU's under the
group action described below. jaidicious choice ofU will produce a
subgroup of ordep?.

Step 1.LetY = {U c G |U|] = p?. Then the numbell| of elements ofy
(= subsets of in ) is not divisible byp:

am am
There areclearly (ppa ) subsets oG in Y. We are to prove J((pp"" )

A Am)! m p?m-1 pPm-2 m-(p?-1
Wehave(pa)za(pa)azpapa |oa P (P-1) ow
p pl(p*m-p%)!  p* p*-1 p*-2 1
‘m-s
consider each one of the fact(?rrp s (s=1,2,...,p%1). We writes =

pbt, witht € Z and pft, and observe that neither the numerator nor the
denominator of these numbers
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p’m-s _ pPmp°t _ p?Pm-t

pa_ s pa_ pbt pa—b_t

. . . oy
containp after cancellations are made. Hence their proéBFc);;) is not

divisible byp.

As an example, note that all 3's are cancelled in

(18) — (322 _181716151413121110_21716514134 1110
9 32 9 87 654321 187251412 1

Step 2.G acts oy when we putg={ug u € U}for U € Y,g € G

The mappind) — Ug is one-to-ondLemma 8.1(2) andonto (by defini-
u— ug

tion of Ug). HenceUg =|U| = p* andUg is an element df. Now (Ug,)g,, =

U(g,9,) for allU ¢ y, 9,9, € Gby Lemma 19.2nd alsdJl = {ul: u € U}

={uu e U}=U forallU € Y. ThusG acts ony.

Step 3.There is an orbit ol under the action of Step 2 suttiat the
number of elements (&f; equivalently, the number of subsetGpfn it
is not divisible byp:

The orbit of anyJ € Y is {Ug € Y: g € G}. Now | is partitioned into dis
joint orbits. IfY_, Y,, ..., 4, are the orbits, then

Y=Y,uy,u ... uy.

Countingthe number of elements and keeping in mind that the orbits
are pairwise disjoint, we get

YT = 1Yl + 1Y+ o+ 1Y,

If 1Y, 14,1, . .. ,1Y,/ were all divisible byp, their sum|y| would be di
visible by p, too, contrary to Step. Thus at least one of the numbers
1Y, 1Y), ..., 1Y, J is not divisible byp, as contended.

LetU, € Y be such that the numberaéments (oY) in its orbit is not
divisible by p. This is the juidicious choice we have alluded We put

H = Stahky(U).
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Step 4.H < G and/H| = p*

H is a subgroup d® by Lemma 25.7. As tthe second assertion, first we
note that the orbit ot is equal to|GH| (Lemma 25.10) and, by the

choice of U,, this index|GH| is not divisible by p. So pt/G/[H|, so
p+p?mV|H|. Writing [H| = pPn, wheren € N, ptn and, by Lagrange's theo
rem,b < a andnim, we getptp®Pm/n. This is possible only inasep®® =
p®. Hencea = b and/H| = p®?n = p?. On the other hand, if

Uy ={u,u,, ...,upa}, then, for anyh € H = Stah(U_), we have

u,h € Uoh =Ug= {u,.u,, ...,upa}
he{u,u,u™u, ... uu
Hc{u"u,u™u, ....u™u
H < p?
From|H| = p? and|H| < p?, we getH| = p?.

o)
o)

By Step 4H is a Sylowp-subgroup ofs. This completes thproof of part
(1). We proceed to the proof of part (2). LUe€ G be such that] = p®°,
whereb = 0.

Step 5.There is ax € G such thatl << H*

Let R ={Ha: a € G} be the set of all rightosets oH in G. ThenG acts on
R by right multiplication (Example 25.12(D) and its subgrou@ also
acts onR. Since the order of is a power ofp, we canapply Lemma
25.20 and conclude

|RI = [FiX4 (9l (Modp),
hence [Fixg (DI =Rl =|GHl =m= 0 (modp)
[Fixe (DI = O
Fixg (J) = @.

So there is a right coskk in Fix, (J). ThusStab(Hx) = J. But Stab(Hx) =
J N Stak(Hx) =J n H* by Example 25.12(b). So we obtalm H* =],

which meang << HX
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This completes the proof of part (2). Wiew of the remarks preceding
the proof, all Sylowp-subgroups o6 are conjugate; and a normal Sylow
p-subgroup of dinite group is the unique Sylowyw-subgroup of that

group.

LetN: =N (H)={g € G HY = H} be the normalizer ofli in G. ThenH < N,
N << G and, sincept|N:H|, H is a Sylowp-subgroup ofN. ThusH is the
unique Sylowp-subgroup oN.

We now prove part (3). Leiio be the number of Sylowsubgroups o6.

Step 6np =|GNI:

Let 3 ={H*< G. x € G}. Then R is the set of all Sylow-subgroups of.
We want to evaluatep =|2|. HereG acts on® by conjugation, because

(H)9 =HX9 ¢ & (HI)% = H(glgz); andH® = 11H1 =H for allH ¢ J%,gl,gz e G

Lemma 25.10 gives now
lorbit of H| =[G:Stak,(H)!.

But the orbit ofH = {H*<< G x € G} = 3 andStaly(H) =N (H) =N. Thus
n,= | 3] =IGNI,

as was to be proved.
Step 7.np|m andnIO =1 (modpy):
Of coursen = IGN| divides|GN|IN:H| =|GH| =m.

Now wewant to proven = 1 (modp). This will be done by applying

Lemma 25.20. In order to apply Lemma 25.20, we need the aiftian
group ofp-powerorder on a finite set. Our group pfpower order will

beH, as this is the only group pfpower order available to uld.acts on
R, ={Na a € G} the set of all right cosets &f in G by right multiplica

tion (Example 25.12(b), Example 25.2)hl.emma 25.20 yields

IR, = IFix(R1(H)| (modp).

Sincenp =|GN| = ICRll, the claim will be established when we shihvat
IFix(R (H)I = 1.
1
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From the equivalences

Na € Fixg (H)

I

Stab,(Na) =H

(Na)h=Nafor allh ¢ H
Nahal =N for allh € H

ahal ¢ N for allh € H

h®" € Nforallh € H

H&' < N

Ho" is a Sylowp-subgroup ofN
Ha" the unique Sylowp-subgrou of N
He' =H

a™t e Ny(H) =N

aeN

Na =N,

1330000007070

it follows thatFix,, (H) = {N}. Thus|Fix, (H)l =1 anchp = 1 (modp).
1 1

This completes the proof. O

26.2 Definition: Let p be a prime number. A finite groupis called a
finite p-groupif |G = p? for some integex = 0.

26.3 Theorem:Let G be a finite p-groypvith |G = p? > 1.

(1) G has a normal subgroup of order p

(2) There are normal subgroupt of G such that| = p' (i =0,1,2,...,2)
and 1=H,SH <H, < <H_, <H =G

Proof: (1) From Theorem 25.17, vimow Z(G) # 1. Letz € Z(G) with z z
1, and leto(@ = p¥ (1 < k < a). Theno(@") = p. Thus<Z*™> is a
subgroup of ordgp and is normal it (Theorem 23.3).

(2) We make induction oa. If a = 1, then|G = p and G has normal
subgroupsi, andH,, namelyH, = 1 andH, =G, with |[Hj = 1 andH | =p
such thati; < H,.

Assume now thad = 2 and that the claim is true for any fingegroup
of orderp®™. By part (1), there isl) < G with |H1| = p. We consider the
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factor groupG/H,, which has ordefG/H| = |G/IH| = p/p = p*Ll By
induction, thereare normal subgroups, s#&y /H,, of G/H, with |Hi+1/H1|

= pi (i=0,1,...,.a-1) and

1 =H1/H1< HZ/H1< H3/H1< s KH /H1< Ha/H1:G/H1'

al

By Theorem 21.2, ead G (i = 1,2,...,a) and

H<H, < <H_, <H=G

HereIHi+1|

Ho= 1, the claim is proved for finite-groups of ordep?. O

=IH.,,/H/IH] =p'p=p'*tfori =0,1,... a-1. Thus, when we put

26.4 Theorem:Let G be &inite group and let p be a prime number
Suppose %GI, where b= 0. Then G has a subgroup of ordéeY p

Proof: Let us writdG = p?m, with m € N andptm. ThenG has a Sylow
p-subgroupH of orderp?, and, by Theorem 26.3(2), has a subgroup
of orderp®. Hencel is a subgroup o with |J = p®. O

Theorem26.4 generalizes Sylow's theorem (1) to the case V\;b{b're
any prime power divisor dfj (not necessarily the highest power pof
dividing |G). Part (2) of Sylow's theorem does not generalize: two
subgroups), andJ,, of the same ordeg®, arenot necessarily conjugate

in G, or even isomorphic. Part (3) of Sylow's theorem, howesdrue in
the more general case:@dfl|G, then thenumber of subgroups of order
p® in G is congruent to 1 modujm

We close this paragraph with two applications of Sylow's theorem.

26.5 Lemma:Let p and g be distinct prime numbers and leb& a
group of order pq Then either a Sylow p-subgroup or Sylow ¢
subgroup of G is normal in.@&n fact if p > q, then a Sylow p-subgroup
of G is normal in G
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Proof: Suppose > q and Ietnp be the numbeof Sylow p-subgroups
of G. Thennp divides|G/p =q, son, = 1 orq, andnp = 1 (mod p). So n, =
g implies pl g-1, which is not compatible witp > qg. Thus n,=d is
impossible and1p = 1. Then there is a unique Sylgwsubgroup ofG,
and it is normal ire.

O

26.6 Lemma:Let p and g be distinct prime numbers and leb& a
group of order pg. Then either a Sylow p-subgroup or a Sylow q
subgroup of G is normal in.G

Proof: Let Ny, be the number adylow p and Sylowg-subgroups of,
respectively. The claim is that eithepr: 1 orn, = 1. Suppose, by waof
contradiction, thanp > 1 andnq > 1.

SincenIo divides|G/p? = g, and sincey is prime, we havelp = qg. Fromqg
=n,=1 (modp), we getp < q- 1, soq > p. Besidesn, divides|G/q =
P2, son, =p or p~. Heren, =p is impossible, becausg = 1 (modgq) and
q>p. Thusn = p2.

LetQ, Q, ..., sz be the Sylowg-subgroups o6. An element of ordeq is
a nonidentity element in one of these subgroapsl any twdlistinct of
them have a trivial intersectioQ:n q = 1. Hence

{g € Go(9) =a} =(QN1}) U (QM1) V... U (QM1D,

where the union igaken over pairwise disjoint sets. Counting the
number of elements on the right hand side, we see that thereaatky
p?(g-1) elements of ordeqg in G. So there are exactlg - p?(g-1) = p?
elements in

G{g e€Go(9)=at={g € G o(9) = q}.

LetP bea Sylowp-subgroup ofG. ThenP < {g € G o(g) # g}, and, since

both of these sets havp® elements, we haveé = {g € G o(g) # g}
Therefore § € G o(g) # g} is the unique Sylow-subgroup ofs and n, is

equal to 1, a contradiction. &dhas either a normal Sylopvsubgroupor
a normal Sylowg-subgroup. O
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Exercises

1. Find Sylow 2- and Sylow 3-subgroupsSgfA,, SK(2,7Z,), GL(2,Z,).
2. Find a Sylowp-subgroup oD, (n € N).

3. LetG be a finite group with exactiyne Sylowp-subgroup. Prove that
everysubgroup and every factor group ®ftoo, has exactly one Sylow
p-subgroup.

4. LetG be a finite group andd <1 G. If P is a Sylowp-subgroup ofG,
show thatP n K is a Sylowp-subgroupof K and PK/K is a Sylow p-
subgroup ofs/K.

5. Let G be afinite group andH < G. Show that, ifP is a Sylow p-
subgroup of5, thenP N H is not necessarily a Sylogrsubgroup of.

6. LetG be a finite groupH < G and letP, be a Sylowp-subgroup ofH.
Show that there is a Sylogvsubgroug® of G such thaP N H =P,.

7. LetP <K < G, whereGis a finite group ané is a Sylowp-subgroup
of K. Show that =N (P)K.

8. LetG be a finitegroup andd,J << G. Supposél is a finitep-group and
IHl = 1 (modp), wherep is a prime number. Prove that C (J) = 1.

9. LetG be a finitep-group. Show that, if ¥ H <IG, thenH n Z(G) = 1.

10. LetG be a finitep-group andd < G. Prove thatl << N (H).

11. Letp,q,r be distinct prime numbers and leétbe a group of order
pgr. Show thats has a nontrivial proper normal subgroup.

12. LetG be a finitep-group, with|G =p? > 1, and leK << G. Prove that
there are subgrouptof G such that

(i) H| =p' for alli =0,1,2.... a,

(i) K= Hj for some =0,1,2,...,a,

(i) L=H,<<H, <H, <+ <H_, <H =G
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