827
Series

In this paragraph, we study series of groups. The celebrated Jordan
Holder theorem is proved and the class of solvable groups is introduced.

27 .1 Definition: A nontrivial groupG is called asimplegroup ifG has
no nontrivial proper normal subgroup.

Thus a grougs is simple if and only iz 1 and 1 andG are the only
normal subgroups @. This resembles the definition of prime numbers.
Just as prime numbers are the building blockatefjers, simple groups
are the building blocks of certagroups, as will be seen below. Mere
over, the fundamental theorem of arithmetic has a counternaamnigly

the Jordan-Holder theorermhis theorem states that, any grdupatis

fying certain conditions that wilbbe specified later, the building blocks
of G are uniquely determined. However, this analogy should not be
pushed too far. For ortking, the building blocks may be combined in
variousways to produce different groups. Stated otherwise, different
groups may have the same building blockstakrt, the problem of de
termining a groupfrom its building blocks, known as the extension
problem, still awaits its solution.

It is an easy matter to find abelian simplegroups. Any subgroup of
an abelian group is normal in that group, so an abelian geaimple if
and only if it has no subgroups except 1 and itselG i§ an abelian
simple group, the® # 1 by definition, and so theie anx € G, x = 1.
Then< is a nontrivial subgroup d@ and, sinces is simple,<x> has to
beG. ThusG =<x> is cyclic. Now an infinite cyclic groupas subgroups of
every index (Lemma 11.11) and cannot be simple. Ther&fme finite
cyclic group, sayG =n > 1. Thenfor every positive divisom of n, the
groupG has a subgroup of order(Lemmall.10). But the order of any
subgroup ofs is either 1lor n. Hence 1 anach are the only positive divi
sors ofn andn is prime. Thus an abelian simple group is a cyclic group
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of prime order. Conversely, a cyclic group of prime order has ne non
trivial proper subgroup by Lagrange's theorem, and is therefore
abelian simple group. We proved the following theorem.

27.2 Theorem:An abelian group G is simple if amdly if G is cyclic of
prime order O

We prove next thahe alternating group8, _, wheren = 5, are simple.

We need a lemma.et us recall that a 3-cycle is a permutation of the
form (@bog,a=b=cxza.

27.3 Lemma:lf n = 3, then A is generated by the set of &Hcycles
in A .
n

Proof: We must prove that every elementAf can be written as a
product of 3-cycles (Lemma 24.2). Eveslement ofA_ can be written
as a product of areven number of transpositions arnhking the
transposi-tions in pairs, we st every element ok can be written
as apro-duct of permutations of the forrabj(cd), wherea # b andc =
d. Hence it suffices to provéhat every permutations of the form
(ab)(cd) can be written as a product of 3-cycles.

There are three cases to consider, in which two or one or nojlasin
the set §,b}. In the first case, §,d} = {a,b}, hence ¢d) = (ab) and @b)(cd)
= (ab)(ab) = ; = (@abg(abg(abg is a productof 3-cycles, wheree is
distinct froma andb (here we use the assumptioe* 3). In the second
case,we may assume = a without loss of generality. Theralf)(cd) =
(ab)(ad) = (abd) is a producbf one 3-cycle. In the third caseb,c,d are
all distinct and &b)(cd) = (@abg(adg is a product otwo 3-cycles. The
proof is complete. O

27.4 Theorem:If n = 5,then A is simple
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Proof: Let 1< N <0 A . We will proveN = 1.

First we prove that there can be no 3-cycleNinAssume, by wayof
contradiction, thathere is a 3-cycleapg in N. Let @b’c’) be any 3
cycle and choose two distinct numbefsfrom {1,2,... ,nf{ a",b’,c’}. This
is possible because=> 5. Lets be a permutation I8, such thato = a’,
bo =b” andce =c¢” andput = o(ef). Thenar =a’, br =b” andcr =c¢” as
well ando(abds = @' b'c) = (abdxn. Sincethe signs ot andr = s(ef)
are different, eithes ormis in A_. Then,since @bg € N andN <1 A,
eitherc(abgos or 7 (abgn is inN. So @'b’c’) € N andN containsall 3-
cycles. From Lemma 27.3, wedbnclude A < N, contrary toN <1 A.
Therefore there can be no 3-cycleNin

Secondly, there can be no permutatiorN involving a cycle of length
greater than or equabd 4 when written out as a product of disjoint
cycles. Indeed, it = (abcd..)r € N, where &bcd..) andr are disjoint
permutations, then
s L(abds(abd =x(...dcba(cba)(abcd..)r(abd

= " I7(...dcba(cba)(abcd..)(abd

= (...dcbg(cba(abcd..)(abg

= (abd)
would be inN, contrary to what we proved above. So the disjoint cycles
of a nonidentity permutation iN have lengths (1, in which case we
not write them, or) 2 or 3.

Thirdly, in the disjoint cycladecomposition of any nonidentity element
of N, there can be no 3-cycle. To prove this, fwst note that, if there
were onlyone 3-cycle in the disjoint cycle decomposition ohaniden
tity element ofN, so that its disjointycle decomposition is a 3-cycle
times a product of transpositions, then the sqaatkat element would
be a 3-cycle iN, which is impossible. Thusf, there is ac in N whose
disjoint cycle decomposition involves a 3-cydke all, then there are at
leasttwo 3-cycles in the disjoint cycle decompositiornsofThen we have
o = (@abg(dehn, say, whereabo,(del),r are disjoint permutations and
< .(ded™(ded = (abo(dehn(ced(abd(dehr(ded

= (abo)(def)(ced(abo)(def(dedr?

= (adcbjn?
is in N, which is impossible, since there is a cycle of length 5tan
disjoint cycle decompositiof{adcb) andr? are disjoint permutations
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Hence, in the disjointycle decomposition of any nonidentity element of
N, there is no cycle of length 3. Combining tiwgh what we proved
above, we conclude that any nonidentity elemenNtmmust bea product

of (an even number of) disjoint transpositions.

Fourthly, a product of R disjoint transpositions cannot belongNof k
is greater than or equal to 2, fibre¢ = (ab)(cd)(ef)(gh)yr belonged toN,
wherenr =7 or 1 is a product of disjoint transpositions and disjoint from
(ab)(cd)(ef)(gh), thens.(de)(bc) s (bc)(de)

= (ab)(cd)(ef)(gh)m(ed)(cb)(ab)(cd)(ef)(gh)n(bc)(de)

= (@aed(bchHn?
would also belong tl. This possibility was excluded above.

Since we assumig #z 1, there is ao € N, ¢ # 2. Hereo is necessarily a
product of two disjoint transpositions, say= (ab)(cd). We choose a
numbere from {1,2, ... ,n}{ a,b,c,d}. Then the 3-cycles.(aeb ™ c(aebh =

(ab)(cd)(bea(ab)(cd)(aeb = (abe belongs taN as well, the final contra

diction. This shows that the assumptii 1 is untenable. Thussl = 1
andA is simple. O

27.5 Definition: Let G be a nontrivial group. Aproper normal
subgroupM of G is said to be mmaximal normal subgroupf G if there is
no subgroupL of G such thatM < L <1 G. Equivalently,M is a maximal
normal subgroup ddif M <1 G, andM < K <1 G implies that eitheM =

KorK=G

27.6 Lemma:Let M <1 G. Then M is a simple group if and only if M
a maximal normal subgroup of. G

Proof: SinceM <1 G, we haveG/M =z 1. If G/M is notsimple, there is a
normal subgroup d&M, sayN/M, which is distinct fronM/M andG/M,
soM/M < N/M <1 G/M. By Theorem 21.2M < N <1 G and M is not a
maximal normal subgroup & Conversely, iM is nhot amaximal normal
subgroup of5, there is amMl such thaM << N <1 G and,by Theorem 21.2,
M/M < N/M <1 G/M. SoG/M hasa nontrivial proper normal subgroup
N/M andG/M is not simple. O
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27.7 Definitions: Let H << G. A finite sequence of subgroups &
includingH andg, is called aseries from H to Gor a series between H
and G if each groupn the sequence is a normal subgroup of the next
one. Thus a series fromto G can be written

H=H,<H <  <H_ <H =G
(1)

The subgroups H,, ...,H _, H  are called théeermsof the series (1)The

factor groupsi /H, H/H,, ... H/H__, are called théactors of the series
(1). A series from 1 t6 will be called shortly aeries of G

If each termH H,, ... H _,H_ of the series (1) happens to be normal
(characteristic) i, the series (1) will be calledrermal (characteristig

series

There may be repetitions (). If, howeverH. <1 H. for eachi = 1,2,..

N, the series (1) will be calledpmoper series

A series

(2)

from H to G is said to be eefinement ofl) if every ternof (1) is also a
term of (2). Thus a refinement @I) is obtained from (1) by inserting
additional groups between some consecutive terms of (1). These
additional terms need not be distinct from the tern{d)ofFor example,
ASIB<I B < Cis arefinement oA <I B<IC. If (2) is a refinement of

(1) and if there is at least one term in (2) which is not a term aih@n),

(2) is called groper refinement gfL).

27.8 Definition: Let G bea group. A series db is called acomposition
seriesof G if it is a proper series dd and has no propeefinement. A
factor of a composition series Gfis called acomposition factor of G
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27.9 Lemma:A series
1=G NG «d---<dG 9G =G
of a group G is a composition series of G if and only if all facBAG _,

(i=1,2,...,n) are simple

Proof: Suppose first that the given series is a composition seri8pf
definition, it is a proper series. &, <1 G and allfactorsG/G_; are dis
tinct from the trivial groupi(= 1,2,...,n). If one of the factors, say
GJ/Gj—l’ were not simpIeGi/GJ_l would have a nontrivigbroper normal
sulgroup, which may be written afk/GJ_l, whereGj_1 < H < GJ by
Theorem 21.2. Henc(?_1 <IH < GJ (in facth_1 < Gi) and thggiven series
has a proper refinement whichabtained by insertingfd betweenGJ_1
ande, contraryto our hypothesishat the given series is a composition

series. Henc&/G_, are all simplei(=1,2,...,n).

Conversely, let us assume that all facte& _, are simplei(= 1,2,...,n).
ThenG/G_, is not trivial and s&_; <0 G for alli = 1,2,... ,n. Thus the
given series is propetf it were nota composition series, it would have
a proper refinementlo fix the ideas, let us assume that sactefine
ment has a terrnd betweerGJ andGJ_l, so tha’Gi_1 <IH < GJ By Theorem
21.2, H/GJ_1 would be a nontrivial proper normal suwbup of GJ/GJ_l,
contrary to the hypothesthat all factors, includingsleJ_l, are simple.

Hence the given series is a composition series. O

27.10Examples: (a) 1 <0 S, is a series of; and 11 A; < S is a
refinement thereof. The latter is a composition series;obecausehe
factors A,/1 = C; and S;/A; = C, are simple (Theorem 27.2, Lemma
27.9). Itis easily seen thatl A; <1 §; is theunique composition series
of S; (cf. 815, Ex.10).

b)yi1<aVv,<aA, 1S, is a normal series &, (it is a chief series 8,;
see Ex. 4). It is noh composition series &&,, for it can be refined by
inserting one of the subgroups = {,(12)(34)}, U, = {4(13)(24)}, andU,
={4(14)(23)} between 1 and, ={2(12)(34),(13)(24).(14)(23)}. Each one
of the three seriesda U. <1V, <1 A, < S, is a composition series 8f

(i = 1,2,3). The reader will easily verify that thesare the only
composition series &,
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(c) We want to find all composition series & for n = 5. For this
purpose, we determine all normal subgroup$ of

Letn = 5and 1< N < S.ThenN n A < A, by Theorem 21.3 and,
sinceA is simple (Theorem 27.4), eithem A_=A_orNnA_ =1.

INn caseN N An :An, we haveAn <N << Sn. ThusIN:AnI dividesISn:AnI =2
andIN:AnI =1 orIN:AnI = 2. Hence\ :An orN :Sn.

In caseN N A =1, we haveN < A, (because K N), soA < AN < S,
soA N =S and|N| =|N:1] =INNN n A | =[ANA | =[S A | = 2. ThusN =
{70} for someos € S \A . SinceN < S, we obtain

{20} =N=N"={s0} ={/0}={s0}forall t €S,

hence c'=¢ forallr ¢ S, )

Fromo(c) =I<c> =|N| = 2, we see thdhe disjoint cycle decomposition of
o involves transpositions only (Theorem 15.17), say

o = (@,b)(a,by)...(a b )

for some odd numben. If m = 3, thenx = @gby)...(a, b,) is disjoint
from (@,b,)(a,b,) and

(@3 — (albl)(alaz)(azbz)(alaz),-[(alaz) = (a,b(@,b,)m =z (a;b)(@,b,)T =0

contrary to €). Hencem = 1 ands = (albl). Letc € {1,2, ... ,n}\{ al,bl}.

Now
@9 = (ca,)(a,b,)(a,c) = (b,c) # (a,b,) =0,
againcontradicting {). Hence there is no nontrivial normal subgroup

of Sn such thalN n An =1.

Consequently, B S are the only normal subgroups $fwhenn = 5.
Thusif1=G)d G .- 4 G_, NG =S is a composition series §f,
hereG_, has to beA andG_, has tabe 1. Therefore the series must be

1< A, S, which is indeed a composition seriesSof for A /1 = A_
andS /A = C, are simple groups (Lemma 27.9).

Thus 10 A < S, is the unique composition seriesSpfwhenn =5,
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(d) Not every group has eomposition series. For examplé, has no
composition series. Indeed, any serieg of of the form

O<m/Z<dm/Zs...dmJZ</7, (3)
wherem,/m;, mjm,, ..., mIm_, . If mjis a multiple ofm, andm, # m,,
then
odm/Zi<am/Zdm/d.. . dmZ<a”
is a proper refinement of (3). Thus any serieg dfas a proper refinre
ment. Consequently, no series/fofan be a composition series/of

(e) Let<a> be a cyclic group of order 12. Then

1 <g<@b><a<ad<g<ar; 1<49<a®%><a <a®><a<a; 1g<at>< <a®><
<ar

are the composition series<@af. The compositioiactors are isomorphic
to C,CiC,  C,C,Cy CLC,C,.

Thus, aside from order, thmmposition factors arising from different
composition series are isomorphic groups.

27.11 Definition: Let G be a group. Two series

1=G,<4G <. <G ,<G =6
1=H,<H, < <IH_ <H =G

of G are said to bequivalentif n = m and if the factorss/G_, are, in
some order, isomorphic to the factdaljré—h._1 (ij=1,2,...,n).

Here itis not stipulated tha®&/G_, = H/H,_, for alli = 1,2,...,n. The
conditionin Definition 27.11 is thats/G_; = H, /H, _, for someoc € S

Clearly, Definition 27.11 introduces aguivalence relation on the set of
all series ofG. The three series in Example 27.10¢4e2 equivalent. We
will prove that any two composition series afgroup are equivalent,
providedG does have a composition ser{dsrdan-Holder theorem). In
fact, a much stronger theorem is true (see Schreier's theorem b&m®W).
need some elementary results.
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27.12 Lemma (Dedekind's modular law)lLet G be a groumand let
AB,C be subgroups of &uch that A< C. Then

ABNC)=ABnNC.
(A(B N C) andAB n C are not necessarily subgroupsscof

Proof: Letx €¢ A(Bn C). Thenx=abfor someac A, b ¢ Bn C. Thusx =
ab ¢ ABandx=ab € AC=C, sox € ABn C. This givesA(Bn C) € ABn C.
To show the reverse inclusion, e AB n C. Thenc =a b, for somea
in A andb, in B. Fromb, = al'lc € AC=C, weconcludeb, € B n C, hence
c=a,b, € A(BnC). This givesABN C< A(Bn C). SOA(BN C) =ABn C. O

27.13 Lemma:Let ASIC<< Gand B<< G. Then
ANB<ICnB andCnB/ AnB=A(BNC)/A

Proof: If Gis a groupH <1GandK << G, thenHnK<lK andK/ Hn K is
isomorphic toHK/H by Theorem 21.3. Using this theoramth GHK
replaced by, AC n B, respectively, we obtaiAn (Cn B) <ICn B and

CnB/ANn(CnB)=A(CNB)/A. SinceAn (CnB)=AnB andA(C n B)

= A(B n C), the claim follows. O
G
BC=CB
¢ BA = AB
AB C=A(B B

A C B
A B
1

27.14 Lemma:Let AIC<< Gand B<I1G. Then
BA<IBC and BC/BA=C/A(Bn C).

Proof: SinceB <1 G, we know from Lemma 19.4 thaB = BA << G and
thatCB =BC << G. ThusBA < BC. We provenext thatBA is normal inBC.
We observe
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B < BA< N (BA)
hence (BAP =BA for all b € B.
Then, for anyb € B, ¢ € C, we obtain
(BAPC = [(BA)P]® = (BA)® = BCA® = BA® = BA
sinceB <1 G andA <I C. Thus BA)* =BA for all x € BC andBA <l BC.

Using Theorem 21.3 witBC, BA C in place ofGH K, respectively, we get
ABN C<ICandC/ABn C= C(AB)/AB.

SinceAB n C = A(B n C) andC(AB) = (CA)B = CB = BC, this isomorphism

meansC/A(B n C) = BC/BA O

27.15 Lemma (Zassenhaus' lemmalet G be a group

U, <u,<GandV, <V, <G

Then U, (U, n V) < U (U,NnV,), V,(U, nV,) <LV, (U,nV,) and
u,(U,nV,)/u,(U,nV) =V, (U,NnV,)/V (U NV,).

Proof: We putD; :=U; nV, (i,j = 1,2). Since < U, we have

U, nv,U,nV, by Lemma27.13, soD,, S D,,. SimilarlyV, <V,
and Lemma 27.13 gives, NV, S U, n V,, soD,, <D,,. NowD,,<D,,
andD,, < D,, and writingk =D_,D,, =D, D,, for brevity, we getE <

12-21 21”12
D,, by Lemma 19.4(3).

Y V2
U,b5%
U1D21 -
u,
D

Dll

Sincee I D,, < U, andU, < U,, Lemma 27.14 gives

ue<uUD,, and UD,/UE=D,/EU,ND,). (4)
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HereU,E=U,(D,,D,,) = (U,D,,)D,, =U,D,, andE(U, n D

U,nD,,=D,,< E), so (4) becomes

,») = E (because

ub,,<uDb,, and U,D,/U,D,, =D, /E (5)
Repeating the same argument witk replaced by's, we get
v,b,,<Vv,D,, and V,D,/V D ,=D,/E (6)

The claim follows from (5) and (6). O

27.16 Theorem (Schreier): Any two series of a group have
equivalent refinementsiore preciselyif

1=G,<G < <G, ,<G,=G @)

n
1=H,<H <---<H_ <H =G (h)
are series of Gthenthere are serie$g’) and (h’) of G such that(g) is a
refinemenbof (g), (h) is a refinement ofh), and (g”) and (h") are equit
valent

Proof: We will try to build a series between eagh andG (i = 1,2,..
,N) by so modifying the termaf (h) that the modified series begin from
G_, and terminate &;. There are twoatural ways of doing this. Either
we multiply each term ofh) by G_; (the resulting series will thus begin
from G_;) and intersect the products with (the modified series will
thus terminate at); or we intersect eaclerm of ) by G (the
resulting seriewill thus terminate a6) and multiply the intersections
by G_,(the modified series will thukegin from G_)). By Dedekind's
modular law (Lemma 27.12), these two series betwgenand G are
identical.

Hm Gl—le Gl—le N G‘l - C;I
Hm—l C-:‘l—lHrn—l Gi—le—l N C:"l
Hl C:"l—lHl G‘l—lHl N G‘l




Ho G_1Ho GiHo NG =G,

Hm HmﬂG Gl_l(HmﬂGl):q

Hm—l Hm—l NG Gl—l(Hm—l N Q)

Hy Hy NG G (H N G)

Ho Ho NG G (HonG) =G,
We put G”. :q_lHj NG :Gl_l(HJ. nG) i=12,...nj=12,...

,m).
Similarly, we pu1HiJ. = Hj_lq N HJ. = Hj—1(G| N Hj) (i=12,...nj=12,...
,m).
HereG_, < G, henc:e(?i_l(Hj N G) < G by Lemma 19.4(2). Thu@”. is a

subgroup ofz. In the same Wa)HiJ. is a subgroup df.. So

G,=G, <G, <G, < <G, <G =G (@)

and H_, =Hy < Hy; < Hy < - i < q=H- (h)

A
A
T
T
I

T

Using Zassenhaus' lemma (Lemma 27.15) with
U,=G_,U,=G,V, = Hj_l, V, = HJ.,
we obtain, for each=1,2,...,n,j =1,2,....m:

G_,(Gn Hj_l) <] G_,(Gn Hj), Hj_l(Gl_1 N Hj) <l Hj—l(Gl N Hj)
and  G_,(GnH) /G_,(Gn H) = H,(GnH) / H_ (G, N H).

ThusG. . <G ,H .. <lH. and G /G, =H/H _ .
-1 1j -1, ij 1j -1 ij -1,

Therefore ¢;) is a series betweeh , andG, and hj) is aseries between
HJ._1 and HJ.. Writing the terms ofq;).(9,).(d5). ... .(9,) consecutively, we
obtain a seriesg() of G with nm factors; and writing the terms of
(hy.(hy),(hy), ....(h,) consecutively, we obtam series{’) of H with mn

296



factors. Here @) is a refinement ofg) and @") is a refinement ofh).
Finally, in view of the isomorphism@i /qj_l = Hij/Hi_lj, the seriesg()
and @) are equivalent. O

27.17 Theorem:LlLet G be a group and assurtiat G has a composition
series

(1) Every proper series of G hasrafinement which is a composition
series

(2) (Jordan-Holder Theorem®ny two composition series of G agqui
valent

Proof: Let

1=G,<9G - 196G _, 9G =G (9)
be a proper series Gfand let

1=H,<94H, <-- <H_, <9H =G (h)

be a compositiorseries ofG. By Schreier's theorem (Theorem 27.16),
there are equivelent serieg’)(and @) of G such that ') is a
refinement of ) and §) is a refinement ofh). From ") and §"), we
delete repeated factors and thereby obtain two equivalepér series,
say ) and @), respectively. Herg(') is a refinement ofg) and )

is a refinement of(), because botlyg) and f) are proper series.

(1) () is a proper series and as refinement of ). But (h) has no
properrefinement, becauseh)(is a composition series. Hench | is
identical with ). Thus ¢) has a refinemeng() which is equivalent to
the composition seried’() = (h). Then the factors ofg(’), being ise
morphic to the composition factars (h), are all simple groups and™(
itself is a composition series by Lemma 27.9. Therefore any proper
series ¢) of G has a refinemeng() which is a composition series.

(2) Assume now(g) is also a composition series & By the same
argument as abovey’ () must be identical withg§. Then ¢) = (@) and
(h"") = (h) are equivalent. Thus any two composition serigs afe equi
valent. O

We now discuss the class of solvable groups.
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27.18 Definition: A series
H =Ho<l H1<| e Hm1

fromH to G is said to be aabelianseries if all the factors
HllHo HZ/Hl’ Hm/Hm1

dH =G
are abelian groups.

27.19 Definition: A groupG is called asolvable(or solublg group ifG
has an abelian series (from 1Go

Clearly, any abelian groufais solvable:1 <l Aisan abelian series &k

S; is an example of a nonabelian solvable group. Not every group is

solvable. For example nonabelian simple groups @gainly not solv
able. In particularA | is not solvable fon = 5.

27.20 Lemma:lf G is a solvablegroup then all subgroups and factor
groups of G are solvahle

Proof:. Being solvableG has an abelian series
1=H,<dH <---<dH_ <H =G
LetK be an arbitrary subgroup &f Then, by Lemma 27.13,
1=H,NnKSHnKS - H  NKSH NnK=GnK=K (6)

is aseriesof andH, NK/H_ NnK = H _(KnH)/H <H/H_ foralli =
1,2,....m. SinceH/H,_, are abeliand, N K / H_, N K are alsabelian and

(6) is an abelian series KfHenceK is solvable.

Now letN be an arbitrary normal subgroup @fBy Lemma 27.14 and
Theorem 21.2,

N/N =HN/N S H,N/N SURERIEN H.. N/N S HN/N =G/N (7)
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is a series o&/N, and, for ali =1,2,...,m HN/N / H,_,N/N = HN/H._ N

=H/H_(Nn H) = H/H_, / H,_,(N n H)/H_, is a factor group of the

1
abelian groupi./H,_, and therefored.N/N / H,_N/N is abelian(Lemma

18.9(2). So (7) is an abelian seriesGfN andG/N is solvable. O

27.21Lemma: Let NI G. If N and &N are both solvablethen G is
solvable

Proof: By hypothesis, there are an abelian series

1=NOQ Nlﬂ e d Nm_1<| N,=N

of N and an abelian series

N/N =H/N <H/N - < H /N SSH/N =G/N
of G/N. By Theorem 21.2,

1=N, <IN, <<~ <IN _ <IN =N=H, <H < <H

is a series o6. SinceNJ. /N]._1 is abelian foy = 1,2,...,m andHi/Hi_1 >

H/N / H,_,/N is abelian foi = 1,2,... Kk, this is an abeliaseries ofG.

ThusG is solvable. O

27.22 Lemma:Let H and K be normadolvable subgroups of a group G
Then HKis a normal solvable subgroup of G

Proof: HK is anormal subgroup o6 by Lemma 19.4(3). Also, sind€is
solvable,K/H n K is solvable by Lemma 27.20, $tX/H is solvable by
Theorem 21.3. SH andHK/H are solvable and consequertily is solw
able by Lemma 27.21. O

27.23 Theorem:If G is a finite p-groupthen G is solvable

Proof: If Gis a finitep-group of ordetG = p?, then there is a series
1=H,<H, < <dH_ <H =G
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of G whose factorsi/H. | (i = 1,2,...,a) are cyclic oforder p (Theorem
26.3(2). ThusG has an abelian series aB solvable. O

The series in Theorem 27.23 is a composition seri€s bfe nowwant
to prove more generally that a finigeoup G is solvable if and only if
every composition factor d& is cyclic of prime order. A finite group
does have a composition series, of course.

27.24 Lemma:A solvable group G simple if and only if G is cyclic of
prime order

Proof: LetG be a simple solvable group. Theég 1 andG has arabelian
series

1=H,<H, < - <H  <H =G

After deleting repetitionsyve may assume that this is a proper series.

ThenH_ , <1 G andG/H__, is a nontrivial abelian group. Th@& < H__,

(Theorem 24.14) an@ is a propemormal subgroup ofs. SinceG is
simple,G" = 1 andG is abelian. Thus§ is cyclic of prime order by The
orem 27.2. Conversely, a cyclgroup of prime order is simple; and
abelian, hence solvable. O

27.25 Theorem:Let G be a finite groupG is solvableif and only if
every composition factor of G has prime order

Proof: If G is solvable, then any compositidector of G is solvable by
Lemma 27.20, simple by Lemma 27.9, asd has prime order by
Lemma 27.24. Conversely, if eveppmposition factor ofG has prime
order, thena composition series ot is an abelian series d& and

thereforeG is solv-able.

The following result will play a&rucial role in proving that a polynomial
equation of degree greater than four cannot be solved by radicals.
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27.26 Theorem:If n = 5, then % is not solvable

Proof: Otherwise the subgroup, of S would be solvable (Lemma
27.20), whereasA , being anonabelian simple group (Lemma 27.3),
cannot have an abelian seridsie conclusion follows also froiffheorem
27.25, sinceA | is a compositiofiactor of S_ (1< A, < S is the unique
composition series & by Example 27.10(9) O

Exercises

1. Let{G:i € N} be a collection of simple groups such tﬁlaté G,, for all

(eo}

i € Nand letG = iLle G. Prove thaG is a simple group.

2. LetS(N) ={o € S ko # k for at most finitely manyk € N} and, for
eachn € N, letS(n) = {0 € S ko # kfor allk = n + 1}. Show that

S, = S(n) < S(N) < S, Let A(n) denote the imagef A  under the
isomorphisn_= S(n) forn = 2 and show tha# := iL:J5 A(Nn) is a simple

group. A is called thanfinite alternating group of degrd&l|.)

3. LetM <1 G and|GM| be prime. Proveghat M is a maximal normal
subgroup ofa.

4. A normal series of a group is called achief series of Gf it is a
proper series and if it has no proper refinement whichhnmmal series
of G. A factor of a chief series &fis called achief factor of G

Let G be a nontrivial group. A nontrivial normal subgrow of G is
called aminimal normal subgroup of @& there is nd. <1 G such that
1<L<M.

Prove the following statements.
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(a) H/K is a chief factorof G if and only if H/K is a minimal
subgroup ofs/K.

(b) If M is a minimal normal subgroup d then M has no
characteristic subgroup except 1 ahd

(c) If G has a composition series, tHeéhas a chief series.

(d) 11V, <aA, S, is the unique chief series §f

5. SupposeG has a finite abelian group havingo characteristic
subgroupsexcept 1 ands. Show that there is a prime numhgisuch
thatgP = 1 for allg € G.

6. Prove that an abelian group has a composition series if and ondy if it
finite.

7. Find an infinite abelian subgroup of the infiraleernating group (see
Ex. 2). Conclude that a subgroup of a groauth a composition series
does not necessarily have a composition series.

8. LetH <1 G. Prove that, ifs has a composition series, so dG4s.

9. LetH <1 G. Prove that, iH andG/H have composition series, so d&es

10. Repeathe proof of Schreier's theorem for the two series 0, <
Cxand 119 C, <1 C , <19 C,  of the cyclic grouft, ..

11. Prove that, i andK are solvable, so i$ X K.
12. Prove that, il,LK <A G andG/H, G/K are solvable, so i&/H n K.

13. For eacm € N, we define a subgrou@™ of G recursively by =
(G™)" = [6(M,cM]. The series

GG =@ = ...

is called thederived series ob. Show that eacB( is characteristic i
and that, if

Grél Gr-1<] Gr_zél .o < Glél GO:G
is an abelian series betwe@randG, thenGM < Gn for eachn = 1,2,. ..

r. Prove tha6 is solvable if and only (") = 1 for some € N.

14. Prove that a solvable grobps a composition series if and only if it
is finite (cf. Ex. 6).
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