828
Finitely Generated Abelian Groups

In this last paragraph of Chapter 2, we determine the structure
finitely generated abelian groups. A complete classification of such
groups is given. Complete classificatibreorems are very rare in math
ematics and, igeneral, they require sophisticated machinery. However,
the main theorems in this paragraph are prdwedjuite elementary
methods, chiefly by induction! This is duettee fact that commutativity

is a very strong condition.

This paragraph is not needed in the sequel.

28.1 Lemma:Let G be an abelian groupVe write

T(G) :={g € G o(9g) is finite}.
(1) T(G) is a subgroup of Gcalled thetorsion subgroup of §5
(2) In G/T(G), every nonidentity element is of infinite order

Proof: (1) Sinceo(1) =1 N, 1 € T(G) andT(G) # . Suppose now,b are
in T(G), sayo(a) =n,o(b) =m(n,me N). Then ab)"M=a""pv"M=1.1 = 1,
soo(ab) < nm, thusab € T(G); ando(@™) =n ¢ N, thusa™ € T(G). By the
subgroup criterionT(G) < G.

(2) SinceG is abelian, we can build the factgmoup G/T(G). If T(G)x in
G/T(G) has finite order, say € N, then (T(Gx)" = T(G), soT(G)x" = T(G),
sox" € T(G), soo(X") is finite. Leto(xX™) =m € N. Thenx"m = x"™M = 1, so
o(X) < nm Thuso(X) is finite andx € T(G). It follows that T(G)x = T(G) is
the identity element ofG/T(G). Hence every nonidentity element of
G/T(G) has infinite order. O

28.2 Definition: A groupG is called aorsion groupif every element of
G has finite order. A group is said to Wwé&hout torsion ortorsion-freeif
every nonidentity element &@fhas infinite order.
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Thus 1 is the only group which is both a torsion group and torsion-free.

Every finite group is a torsion group, but thare also infinite torsion
groups, for exampl&/~7.

In view of Lemma 28.1, we are led to investigate two classes of abelian
groups:torsion abelian groups and torsion-free abelian groups. When
this is done, we will know the structure BG) andG/T(G), whereG is

an abelian group. We must thervestigate howT(G) and G/T(G) are
combined to buildb.

We cannot expect toarry out this ambitious program without imposing
additional conditions o%G. We will assume that is finitely generated
(Definition 24.4). Under this assumptiol(G) turns out to be a finite
group (Theorem 28.15). The study of finite abelian groups redutlas to
study of finite abelianp-groups, p being a prime number, whose
structures aradescribed in Theorem 28.10. After that, we turn our
attention to torsion-free abelian groups (Theorem 28.13). Thestegxt
in our program is to put the piecd$G) and G/T(G) togetherin the
appropriate way to fornc. The appropriate way prove® be the
simplest wayG is isomorphic to thalirect product ofT(G) and G/T(G).
The structure o€ will be conpletely determined by a set of integers.

28.3 Definition: LetG be an abelian group and &t {g,,9,, ....9,} be a
finite, nonempty subset & If, for any integers, a,, ...,a., the relation
glalgzaz' B grar =1
implies thatg,® =g,»2 =---=g% = 1, therS is said tdbe independentIf S

is independent and generatgsand if 1¢ S, thenS is called abasis of
G.

In the following lemmawe will prove, among other thingsthat S =
{9,,9, -...9,} is a basis ofG if and only ifG is the direct pro.duct of the
cyclic groups<g,><g>, ...,<g>. Lemma 28.4(2) is of especial importance:
it states that finitely generated abeliaarsion group is in fact a finite
group.
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28.4 Lemma:Let G be an abelian group amgg,, ...,g, befinitely many
elements of (ot necessarily distind€t = 1). Let B< G.

(1) <9,,9, ---,9,> =<9,><09,>...<g>.

(2) If eachg; has finite orderthen|<g,,g,, ...,9>1 < 0(g,)0(g,)...0(g,).

3 If G =<9,09, ...,0> ande: G— Alis a homomorphisronto A then A=
<9,#,950, ---,0,9>.

D IfG=<9,0, ...,9> then G&B =<Bg,,Bg,, ...,.Bg>.

(5) If G/B =<Bg,,Bg,, ... Bg>, then G=B<g g, ...,g>. If, in addition
b,,...b,e BandB =<b,, ...,b>, then G=<b,, ... b 9,9, ....9>.

(6) If B=<g>and &B=<Bg,, ...,Bg > then G=<g,9,, ...,0>

(7) {9,,9, --..9,} is an independent subset of G ane @,,9,, ... .9 if and
only if G=<g,>X<g> X ... X <g>. In particular, in caseg,g,, ...,g, are all
distinct from1, the subsefg g, ....9} is a basis of G if and only @ =
<0 >X <0, X ... X <GP

Proof: (1) Certainly 9,9, ....9, } < <9,><g9>...<g,.> < G by repeated ussf
Lemma 19.4(3), and s@,9,, ...,9> < <9,><9,>...<g> by the definition of
<9,,9» ---.9>- Also, any element ofy,><g_. ..<g>, necessarily of the form
9,9, % .. g with suitable integersn,m,, ....m, is in<g,9,, ...,g> by
Lemma 24.2 ando <0,> <9, ..<0> < <0,9» -...9>. Hence<g,g,, ....9> =
<g,><g,>. .. <g,>.

(2) Suppose(g) =k ¢ N foreach =1,2,...r. If g € <0,,95 ---,9.> then,
by part (1).g =g, 9,™..9," with suitable integersn. Dividing m by k,
we may writem = kg +t, whereq,t € Z and O< t < k. Thengim =
(g9%.% = g andg = g,%.%..9 "% Thus
<0395 ---0> S{9,%9,2..9,": 0< t < k foralli =1,2,....r}
and
| <<9,9, .00 < KK,...K.

(3) Ifa € A, thena =g for someg € G sincey is onto and
g=g9,'9,%..0,"" with suitable integersy) sinceG=<g,g,, -..,g.>- Thus

a=ge=(9,"9,"%-.9, N9 = @) "™ax)™..@Qe)" € <g.9.99, -...0,9>
andA < <g,9,94p, -..,0,%>.

(4) This follows from part (3) when we taketo beG/B and¢ to be the
natural homomorphism G — G/B.
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(5) Suppos&/B =<Bg,,Bg,, ...,.Bg>. Letg € G. ThenBg € G/B and, by part
(1) with G/B in place ofG andBg; in place ofg,, we have
Bg = (Bg,)"™(Bg,)™..(Bg)™ = Bg,Mg,™...g. " for some integers).
Henceg = bg,"g,™...g™ for someb € B andg ¢ B<g,g,, ....,9> SOG =
B<g,9, -...0>- If, in addition,B =<b,, ...,b>, then
G =<b,,...,.b><g,0, ....9> =<b>..<b><g><g...<g>
=<b;, ....b,9,9, -...9>.

(6) This follows from part (5) with a slight change in notation.

(7) SinceG is abelianG = <g>X <g»> X ... X <g> if and only if every
element ofs can be expressed in the fowu,...u, whereu € <g>, in a

unique manner (Theorem 22.15).

Every element o6t has at least one such representation if and oGy if
<g,><g,>...<g>, that is, if and only it =<g,,0,, ....9>

We want to show that every elemeoftG has at most onsuch repre
sentation if and only ifd,.0,, ....9,} is independent. Equivalently, we will
prove that there is an elemen@Gwith two different representations if
andonly if {g,,9., ....9,} is not independent. Indeed, there is an element

in G with two different representations if and onlygif*g,™ ..g™ =
9,79, % .9, for some integers such thglt = g." for at least one

i € {1,2,...,r}. The latter condition holds if and only if

My My m =
9, 5> 7 %0, =1,

where not all of,"™™, g,”*™, ..., g™ are equal to 1, that is, if and only

if{9,,9, ...,0,} is not independent.

O

28.5 Lemmai:Let G be a group angl,g,, ...,g, elements of G et B=<g,>
and suppose(g) =o(Bg) fori =2,...r.

(1) If {Bg,, ....Bg,} is an independent subset of85then{g, g, ...,g,} isan
independent subset of G
(2) Assume, g, ...,g, are all distinct froml. If G/B =<Bg_> X ... X <Bg>,

then G=<g > X<g,> X ... X<g>.
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Proof: (1) If m,m,, ....m_are integers such that

9,9, %..9 =1,
¢)
then B =Bg,"g,"%..g,"" = (Bg,))™(Bg,)™...(Bg)"™ = Bg,)™..(Bg)™,
so Bg,)™=--- = (Bg)™ =B since Bg,, ...,Bg} is independent. Thus(g,) =
o(Bg,) dividesm, in caseo(g,) is finite andm, = O in case(g,) = o(Bg)) is
infinite (i = 2,..., r). In both casegM=1 ( = 2,...,r), and, because of)(
glml =1 as well. Henced{,g,, ....9,} is independent.

(2) If G/B =<Bg,> X ... X<Bg_>, thenG/B =<Bg,, ... ,Bg> and

{Bg., ...,Bg,} is independent (Lemma 28.4(7)
G =<9;,0, ---,0.> (Lemma 28.4(6)),
{9,,9, -..,.9,} is independent (Lemma 28.5(2)),
G=<g1>><zgz>>< L X<g> (Lemma 28.4(7). O

We now examine the structure of finite abelian groups. A faitelian
group is a direct product of i&ylow p-subgroups. This follows immedi
ately ifthe existence of Syloyw-subgroups is granted. In order to keep
this paragraph independent of 8 give another proof, from which
the existence of Syloyw-subgroups (of finite abelian groups) followas

a bonus. We need a lemma.

28.6 Lemma: Let Abe a finite abelian group and let q be a prime
number If g divides|Al, then A has an element of order g

Proof: Let|A = n and Ietal,az, coan be then elements ofA. We write
m =o(g) fori = 1,2,...,n. We list all products

kin ko Kn
al a2 ...an

where eaclk runs through 0O,1,...m - 1. Our list has thuenm,...m,
entries. Every element &f appears in our list. Twentriesa a2 ..a %
anda ¥a *...a_ ™ are equal if and only if the entay'a2 ..a ", wherer,
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issuchthat < r;, < m - 1 andk - s =1, (modm), is equal to the
identity element ofA. Thus any element oA appears in our list as
many times as 1 does, sayimes. The number of entries is therefore
m,m,...m, =nt. Sinceq dividesn, we seeqlmlmz. ..m, andq divides one

of the numbersm,m,, ..., m, (Lemma 5.16)say qlml. Let us putm =
gh h € N. By Lemma 11.9(2)," has order

o(@," =o(a)/(o(a)),h) =m/(m,h) =aql(ghh) =avh=q. O

28.7 Theorem:Let G be a finite abelian group and Iét= p,*p,*2... p2
be the canonical decomposition|@finto prime numberg, > 0).

(1) Forne N, we put @n]:={g € G.g" =1}. Then Gn] << G for any ne N.
(2) LetG =G[p*] fori=1,2,....s. Then G=G X G, X ... X G,

) IG| = plai (andG is called e&Sylowp.-subgroup of G

(4) LetH be an abelian group withi| =[Gl and H, = H[plai] (i=12,..,9.
Then G=H if and only ifG=H, foralli=1,2,..s

Proof: (1) Letn € N. From 1' = 1, we get 1e Gn], soGn] # @. We use
our subgroup criterion.

() If xy € GN], thenx"=1=y" and &y)" =xy'=11=1
and saxy € g[n|.

(i) If x e gn] thenx" =1 and xH)" = xMN*t=11 =1 and so
x1 e gn].
Thus@n] < G

(2) We must show th& = GG, ..G,andG,.. .G]_1 N G] =1forallj=2,...,s
(Theorem 22.12)We puthI/pla =m (=12,..., s). Here the integers

m,m,, ...,m, are relatively prime and there are integgns,, ... U, such
thatuym +um,+--- +um = 1.

We now shows =GG, ..G, If g € G, theng = g"™Mg"™ .. g™, with g"™ € G

since (UMPY =gi¥=1 (=1,2,....9). ThusG S GG,..G.andG =GgG, ..G,

Secondlyletj € {2, ...,s}andg € G,.. .GJ_1 N GJ Theng =g,... 91 where

a o ai a A .
g, "=... = j_lpJ-l " = 1, thereforgP™-Pr17" = 1 ando(g) Ip,™. .. pj_lal-l. On

the other handg € G, sogh® = 1 ando(g)| pjai. Thuso(g) =1 andg = 1.
ThusGl...Gj_1 N Gj c1 andGl...GJ_1 N GJ =1. This provess =G, X G, X ... X
G

s
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(3) By the very definition o‘taI = G[plai], the order of any element Iﬁll is
a divisor ofplai. Then, by Lemma 28.6G/| is not divisible by anyrime
numberq distinct fromp.. Thus|G| = plh for someb, 0 < b < a. From
PP~ .. p2=I1G|IG) ... IGl =1 G X G, X ... X G| = pp2..p%, we get
pP=IGl=p?foralli=1.2,...s

(4) Lety: G —H be an isomorphism. For agye G, we havegIqai =1, so
@9)P* = @"™)p = 1p = 1. Thugye € H, andGe < H. Also, if h € H, thenh
= go for someg € G and e = (ge)P?* = hP* = 1. ThusgP® € Ker g = 1,
sogh® =1, sog ¢ G andh = go € Go. HenceH, < Go. We obtainGe = H..

Consequentlyy; : G — H, is an isomorphism ar@ = H, for alli = 1,2,...
S.

Conversely, assumé =[H| andG =H, for alli = 1,2,...,s. From part (2),
we getG=G XG,X... XG andH =H, X H, X ... XH_and Lemma 22.16
givesG=H. O

According to Theoren28.7, the structure of a finite abelian group is
completely determined by the structureitef Sylow subgroups. Conse
qguently, we focusour attention on finite abeliap-groups. After two
prepatory lemmadhe structure of finite abeliap-groups will be de
scribed in Theorem 28.10.

28.8 Lemma:Let G be an abelian group anfdg,, ... .9, elementf G
Let ne N. We write G ={g". g € G}

Qe"<aG
(2)If G =<g9,9, -.-.0> then G =<g,"g,", ....9."™>.
(3) If G =<gp> X<g>X ... X<g>, then G'=<g,™> X <g,">x ... X <g"™> and

G/G" =2 <g>/<g,"> X <g/<g,> X ... X <g>/<g™.
(4) Let H be an abelian groujf G = H, then G'= H" andG/G" = H/H".

Proof: (1) and (2) Sinceap)" =a"b" for all a,b € G, the mapping
p:G— G"
a—a"
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is a homomorphism on@'. SoG" = Im v << G by Theorem 20.6. Also, if
G =<0,05 ---,.0> thenG" =<gw,gp, ..., gwv>=<g,".0," ... .,g,"> by Lemma
28.4(3).

(3) If G=<g>X<g>X ... X<g>, thenG=<g 0, ...,9> and {9,9,, ....9,} Is
independen(Lemma 28.4(7). ThenG" =<g,".g.", ....,g"> by part (2).
Moreover, §,"9,", ...,9,"} is independent, for ifn,m,, ...,m are integers
and ¢,")™(g,)™..(g,)™ = 1,theng,"™g,"™...g "™ = 1, so ¢")M =g"M =

1 becaused,,9,, ...,0} is independent. Frochemma 28.4(7), we obtain
thatG" =<g,"> X <g,>x ... X <g™. The second assertion follows from
Lemma 22.17.

(4) Assumeyp: G — H is an isomorphism. For angye G, g = (@o)" € H",
and therefor&"y < H". Also, ifh, € H", thenh =h" for someh ¢ H and

h =gp for someg € G, soh, =h" = (g9)" =g € G and thusH" < G.
HenceH" = G andg,: G"— H" is an isomorphismG" = H". By Theorem
21.1(7), we have alse¥G" = Gp/G%p = H/H". m|

28.9 Lemma:Let p be gprime numberand G a finite abelian p-group
Letg, € G be such that @,) = o(a) for all a € G and put B=<g>. If

Bx € G/B and dBx) = p™, then Bx= Bg for some ¢ G satisfying ¢g) = p™.

Proof: Leto(g,) = p°, o(BXY) = p™ ando(x) = p". Since B =Bx’ =B1 =

B, wehavep™p" by Lemma 11.6. AlsoBxX’" = (BX)P" = B, thusx”" € B =
<gp> andxP" = g," for somen € Z with 1 < n < p° We writen = pkt,

wherek andt are integersk = Oand g,t) = 1. Thenp® < p“t = n < p°®
and, by Lemma 11.9,

P = p!/p™ = pY/(p".p™) = 0()/(0(.pM) = o(x)
=0(9,") = 0(g,”") = 0(g,)/(0(9,).P*t) = p¥(P5tP") =p¥/pk=p>*

SopSt™K=pY=0o(x) < o(g,) = p° by hypothesis anoh < k.

We putz = glt‘ok'm andg = Zx. Thenz ¢ <g,> = B and Bg = Bx (Lemma
m _ t K t K- m m
10.2(5). From xPr=g,"=9," =@, P = ZP"
gP" = @P" = @)X = 1,
we obtaino(g)lp™. Also p™ = 0o(BX) = o(Bg) < 0o(g). Thuso(g) = p™. This
completes the proof. O
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We can now describe finite abelian groups.

28.10 Theorem:(1) Let p be a prima@aumber and let G be a nontrivial

finite abelian p-groupThen G has a basishat is there are elements
9,95 ---.9, in G\1 such that

G=<gp> X<g,>X ... X<g>.

(2) Thenumber of elements in a basis ofd well as the orders of the
elementsn a basis of Gare uniquely determined by. Glore precisely

let {gl,gz, ...,gr} and{h h2 hé be bases of Get o(gi) =pMm (i =1,2,..r)
ando(hj) =p" ( = 1,2,...,9, and suppose the notation is so chosen that
m=>m,=..=>m2>0andn =2n,=... =2n>0.Thenr=sandthe
r-tuple (p™,p™, ...,p™) is equal to the s-tupl€p™,p™, ...,p™). The F
tuple (P™,p™, ...,p™) is called thetype of G.

(3) Let H be a nontrivial finite abelian p-grouphen G= H if and only if
G and H have the same type

Proof: (1) We make induction om, wherelG = p". If u = 1, then@ = p,
soGis cyclic (Theorem 11.13) and the claim is true. Assume Gasva
finite abelianp-group,|G = p? and assume that, whenewgris a finite
abelianp-group with 1< |G| < |G, thenG, is a direct product of certain

nontrivial cyclic subgroups.

We choose an elemegitof G such thab(g,) = o(a) forall a € G and put
<g,> = B. SinceG # 1, we haveB # 1. If G = B = <g> the claim is
established, so we suppdde< G. ThenG/B is a finite abeliarp-group
with 1 < [|G/B| < |@. By induction, there are elememts, ... ,Bx of G/B,
distinct fromB1, such that

G/B =<Bx>X ... X<BX>.
Letus puto(Bxi) =p™M fori =2,...,r. Using Lemma 28.9, we fingiI € G
such thaBx = Bg, ando(g,) =p™ (i = 2,...r). Let us writeo(g,) = p™.
ThenG/B =<Bg,>X ... X<Bg >and, by Lemma 28.5(2),

G =<g> X<g,>X ... X<g>,
whereg,, ....,g, are distinct from 1 sincBg,, ... ,Bg. are distinct fromB
andg, is distinct from 1 since(g,) = o(a) for alla € G andG = 1. This

completes the proof of part (1).
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(2) and (3) For convenience t-tuple @*,p%, ... ,p%) will be called a
typeof a nontrivial finite abeliap-group ifa, = a,= ... = a,> 0 and
if A'has a basisf{f, ... ,f} with o(f) = p* (k = 1,2,...,t). We cannot say
thetype ofA, for part (2) is not proved yelfhe claim in part (2) is that
all types of a nontrivial finiteabelian p-group (arising from different
beses) are equal.

Let G andH be nontrivial finiteabelianp-groups, let g™,p™, ...,p™) be
a type ofG, arising from a basig,g,, ....,g,} of G and let p™,p™, ...,p")
be a type ofi, arising from a basish{,h,, ...,h} of H.

If r =s and(p™,p™, ...,p"™) = (P"™,p™ ...,p™), then<g> = CIorﬁ = <h> for
I =1,2,...r andG=<g> X <g>X ... X<g>=<h>X<hpyx ... X<h>=H
(Lemma 22.16). This proves the "if" part of (3).

Now the "onlyif' part of (3), which includes (2) as a particular case
(whenG = H): we will prove thaG = H impliesr = s and @™,p", ...,p™)
= (E™p™, ....p").

Suppose&é = H. We make induction on, wherelG =p“. If u = 1, thenq

= p =[H|, soG andH are both cyclic, hendé= <g,> andH = <h>. Thusr =

1 =sandp™ =o(g,) = p =o(h) = p™. The claim is therefore established
whenu = 1. Now supposi = p? and suppose inductively that@fand

H, areisomorphic finite abeliarp-groups with 1< IGll < |G, and if
(P?Lp%, ... p*) is a type ofs, and EP,p%, ... ,p%) is a type oM, thenr
=s and p%,p%,...,p*) = (PP, ..., p>). We distinguish two cases: the
case where® = 1 and the ca€e® = 1.

In caseG” = 1, we havegP = 1 for allg € G, in particularp™ =o(g,) = p for
alli =1,2,...r. AlsoHP = 1 (Lemma 28.8(4) and p"i = o(h)=pfor allj =
1,2,...,s. Hencep" =1<gpl I<g>l ...I<g > =G =IH| = [<hp| [<hp| ...[<h>| = pS,
sor =sand ™,p™, ....p™) = (E.p, ....P) = E™.P™, ...,p™), as claimed.
Suppose nows® = 1. ThenHP =z 1. Thus there are elements@randH of
order> p, sop™ > p andp™ > p. Assumek is the greatest index in

{1,2,...,r} with p™ > p, so that (whelk <r) p"™t=-.. = p™ =p. Letthe
index| € {1,2, ...,s} have a similar meaning for the grodpThen

E™pP™, ....p™ = (@™ ... PP, . . . .P) (1)

r-k times
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©™.p™, ....0" = E™ ....p"Pp, - . . .P), (t1)

sl times
it being understood that the entrshould be deleted whda=r or s
=|. By Lemma 28.8(3),
GP =<g,P>X<gf>x ... X<g P>
=<g,P> X X< P> X< X L X <D

r-k times

=<g,P> X ... <X <9 P>
with o(gP) = p™* > 1 fori = 1,... k Hence §,°, ... g} is a basis and
(™ ... . p™Y is a type ofsP. In the same wayp(t? ... p"D is a type
of HP. HereGP is an abeliarp-group with 1< |GP| = p{Mm™D* - - -+(MeD)
p™tTet s = |G, SinceGP = HP by Lemma 28.8(4), our inductive hypo
thesis gives
k=1 and ™7 ... p"™Y =L ... p"d.

Thenp™ =p" fori =1,...,k From

pmut tMprK= |G = [H = pht o ipST = put e o Mst
we getr - k=s-| =s- k. Thusr =sand a glance at (1),(t1) shows

PE™pP™, ....p™) = E™,pP™, ...,p™). This completes the proof. m|

28.11 Examples(a) We find all abelian groups of ordpe?, wherep is
a prime numberAn abelian groupA of orderp® is determined by its
type @™, ...,.p™), where of coursp™* - "M = |A = p°. Sincem > 0 and
m, +--- +m =5, the only possible types are
(P°), (0*.p), (P*P?) .(P>P.P), (P*.P7P), (P°P.PP), (P.P.P.P.P)
and any abelian group of ordetis isomorphic to one of
Cps, Cp4 X Cp, Cp3 X sz, Cp3 X CIO X Cp, sz X C 2 X Cp,
CpZXCpXCpXCp, CpXCpXCpXCpXCp.
In particular,there are exactly seven nonisomorphic abelian groups of
orderp®.

(b) Thenumber of nonisomorphiabelian groups of ordga” (p prime)
can be found by the same argumertis numbeis clearly the number

of ways of writingn as a sum of positive integers, ..., m. If n € N, an
equation of the fornrm=m, +--- + m, wherem,m,, ..., m arenatural
numbersandm, = m, = ... = m > 0O, is called gartition of n Thus
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the number of nonisomorphic abelian groups of opfes thenumber
of partitions oin. Notice that this number depends onlyrmpmot onp.

The partitions of 6 are
6, 5+1, 4+2, 4+1+1, 3+3, 3+2+1, 2+2+2, 2+2+1+1, 2+1+1+1+1,
1+1+1+1+1+1
and an abelian group of ordeftis isomorphic to one of
Cps, Cp5 X Cp, Cp4 X C o2 Cp4 X Cp X Cp, Cp3 X Cpg, Cp3 X sz X Cp,
cpzxcpzxcpz, szxcpZXCpXCp szxchCpXCpXCp,
CpXCpXCpXCpXCpXCp.

(c) Let us find all abelian groups of ord@24000 = 2353 (to within

isomorphism). An abelian groufd of this order is the direct product
A, XA XA, WhereAp denotes the Syloyw-subgroupof A (p = 2,3,5).

Here A, has order 2 and is isomorphic to one of the seven groups of

type
(23, (2%,2), (22,29 ,(22.2,2), (Z.2%,2), (Z,2,2,2), (2,2,2,2,2).

Likewise there are five possibilities oy
3%, (32,3), (3% ,(3%3.3), (3,3,3,3)
and three possibilities fa&x;:

(59, (5%,5), (5,5,5).
The 735 various direct products, X A; X A, gives us a complete list of

nonisomorphic abelian groups of order 8P0.

Now that we obtained a complete classificatiorfimte abelian groups,
we turn our attention to torsion-free ones.

28.12 Lemma:lLet G bean abelian groupB a subgroup of G and
assume that 8B is a direct product of knfinite cyclic groups(k = 1),
say

G/B = <By > X <By,> X ... X<By>
VYo - Y € 6. Then<y >y,>, ... <y, are infinite cyclic groups and

G=B X<yp> X<y, X ... X<y
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Proof: LetY =<y, ....¥> < G. ThenG/B = <By,BY,, ... By and, from
Lemma 28.4(5), we obtai@ = BY. We will show thatG =B X Y andY =
QY XY X X<y

To establistG =B XY, we need only proven Y=1. Letg € Bn Y. Then
9 =¥,"¥,% ..y 2 for some integers, a,, ...,a (Lemma 28.4(1) andB = Bg

= (By)*(By,)®. .. (By)* Since By, By, ... By} is an independensubset
of G/B (Lemma 28.4(7), we get By))* = By,)?= -+ = (By)* = B. But

o(By,) =o(By,) =--- =0(By) = « by hypothesis, sa, =a,=--- =3 =0

and thug =y,%.2..y,°2= 1. This prove8 n Y= 1. Henc&s =B X V.

We now proveY =<y > X<y > X ... X<y >. In view of Lemma 28.4(7), we
must only show thaty,y,, ...,y } is an independerdgubset ofy. Suppose

m,m,, ...,Im_are integers with
Y,y =1

Then (By)™(By,)™...(By, )" =B,
SO rnl:n‘b:---:rq(:o
and ylmlzyzrnzz...:ykrrk: 1.

Hence {y,)y,, ...y} is independentandY =<y > X<y >X... X<y

Finally, sinceBy; has infinite order, we sebaty, has also infinite order
and<y;> is an infinite cyclic groupi & 1,2,...,K). O

28.13 Theorem:Let G be a finitely generated nontriviedrsion-free
abelian group

(1) G has a basjghat is there are elementg,g,, ....g, in G\1 such that
G=<gp> X<g,>X ... X<g>.

(2) The numberof elements in a basis of Gusiquely determined by.G
More preciselyif {g,,9,, ....9,} and{hh, ... ,h} are bases of @hen r=s

The number of elements in a basis of G is calledathe of G.

(3) Let H be a finitely generated nontrivial torsion-free abelian group
Then G2 H if and only if G and H have the same rank

Proof: (1) LetG be a nontrivial torsion-freabelian group and assume
thatG =<u,u, ... ,u>. We provethe claim by induction om. If n = 1,
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thenG =<u,> is a nontrivial cyclic group and the claim is true (with 1,
g, = u).
Suppose now = 2 and suppose inductively:Gf is anontrivial torsion

free abelian group generateddyget ofm elementswherem < n - 1,
thenG, is a direct product of a finitely many cyclic subgroups§.of

If u =1, therG=<,u, ...,.u>=<u, ...,u>is generateddy a set oh - 1
elements and, by inductioB,has a basis. Let us assume thereépre
1. Theno(u,) = . We putB/<u> = T(G/<u,>).

For anyb € B, the elementu >b of B/<u> has finite order, thus there is
a natural numbaean with b" € <u,>. Consequently, for anlg € B, there is
ann € Nandm € Z such thab" =u™

We define a mapping: B — @ by declaringbp = m/n for any b € B,

wheren € N, m € Z are such th&t" =u ™. Thismapping is well defined,
for if " € N andm’ € Z are also such tha" = ulm', then ulm""””'m =
(u™M(u,™M"? =" O™ = 1, som'n - 'm = 0 (because(u,) = ®)

andnvn=m~/n".

@ isin fact a homomorphism. To see this, bt €¢ B andby = nvn, cp =
m’/n” (wherenn € N, mm € 7). Thenb” =u™ andc" =u,™, so
nn _ MmN /-N\n —,, mn,, Mn _ ,, mn+rn
(b =) (") =u u " =y
and o = (MmN +MnN)/nn =m/n+m’/n" = by + ce.
Thuse is a homomorphism.

SinceKer ¢ ={b € B: bp = 0/1} = {b € B: b* =u,°} = 1, the homomorphism
® IS one-to-one angt B — Im ¢ is an isomorphisnB = Im P.

Claim: if B is finitely generated, thel is cyclic. To prove this, assume
B=<b,b, ....b>and letbp =m/n (i = 1,2,...,t). Using Lemma 28.4(3),
we seethat Im ¢ = <b1 ,bch, C ,btcp> = <ml/n ,rrb/nz, C ,rq/nt> is a
subgroup of the additiveyclic group<1/nn,...n>. Hencelm ¢ is cyclic
andB is cyclic.

If B=G, thenB is finitely generated by hypothess®B = G is cyclic and
(1) is proved. We assume theref8re G. Then

G/B =<Bu,Bu,, ...,.Bu>=<Bu, ...,Bu>
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(see Lemma 28.4(#)s a nontrivial abelian group, generated by 1
elements. MoreoverG/B = G/<u> / B/<u> = G/<u> / T(G/<up>) is
torsion-free by Lemma 28.1(2%0, by induction,

G/B =<Bg,> X ... X<Bg >

with suitableg, € G, whereBg, is distinct fromB (i =2, ... r). Thuso(Bg;)
= o, and this forces(g,) = co(i = 2,...,r). Lemma 28.12 yields

G=BX<g,>X ... X<g>.

We putdg,, ...,0>=A. ThenG =B X A andB = G/A is finitely generated
by Theorem 22.7(2)Lemma 28.4(4). Hence, e claim aboveB is
cyclic, sayB =<g,> Since 1# <u > < <g,>, we haveo(g,) # 1, soo(g,) = x
and

G=<g> X<g,> X ... X<g >
This completes the proof of (1).

(2) and (3) Foconvenience, a natural numbewill be called arank of

a finitely generated nontrivial torsion-free abelian grédud A hasa
basis ofr elements. We cannot sdlge rank of A, for part (2) is not
proved yet. The claim in part (8 that all ranks of a finitely generated
nontrivial torsion-freeabelian group (arising from different bases) are
equal.

Let G andH be finitely generated nontrivial torsion-free abelian groups,
letr be a rank o6 andsbe a rank oH, sayG =<g,> X <g> X ... X<g>
andH =<h>X<h>X ... X<ho.

If r =s, then<g>=Z =<h>fori =1,2,...,r and
G=<g> X<g,> X ... X<g>=<h>X<h>X ... X<h>=H
by Lemma 22.16. This proves the "if" part of (3).

Now the "onlyif' part of (3), which includes (2) as a particular case
(whenG =H): we will prove thatG= H impliesr =s. This is easy. Now
G/G? = <g >/<g,> X <gp/<g,>> X ... X <g>/<g®>=C,XC, X ... XC,

is a finite group of order'y Lemma 28.8(3). Also

H/H? = <h>/<h®> X <hp/<n?> X ... X <hs>/<h52> >=C,XC,X...XC,
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is a finite group of order2If G= H, thenG/G? = H/H? (Lemma28.8(4),
so 2 =|G/G? =|H/H?3 = 25 Hencer =s.
O

28.14 Remark:Theorem 28.13 states essentially that a directZum
Z®7d... &7 ofr copies of/ cannot be isomorphic to a direct sum
75 =7 D 7Z D ... ® Z of s copies ofZ unlessr = s. This isnot obvious:
there are many one-to-oneppings fronZ" onto 7%, and there is no a
priori reason why one of thesmappings should not be an isomorphism.
The proof ofZ" = 75 = r = s does not and cannobnsist in cancelling
oneZ at a time from both sided 7" = 75. In general, it doenot follow
from AXB =2 AXC thatB = C. As a matter of fact, there aabelian
groupsG such that=GXGX G butGZ GXx G

28.15 Theorem:Let G be a finitelygenerated abelian groughen TG)
is a finite group and there is a subgroup | of G such thatT@s) X I.

Proof: G/T(G) is afinitely generated abelian grouhemma 28.4(4)
and is torsion-freéLemma 28.1(2). Thus eitheG/T(G) = 1; or G/T(G) =
<T(G)g,> X <T(G)g,> X ... X<T(G)g> with suitableg,,g,, ...,9. € G (Theorem
28.13(1) and therefor& = T(G) X <g,> X<g,> X ... X <g> (Lemma 28.1p
Puttingl = 1 in the first case arld=<g,> X<g>X ... X <g> in the second

case, we obtai6 =T(G) X I.

ThenT(G) 2 &/I by Theorem 22.7(2). Sindgeis finitely generated, sis
G/1 (Lemma28.4(4) and T(G) is also finitely generated. From Lemma
28.4(2), it follows thal(G) is a finite group. O

The subgroupl in Theorem 28.15 is natniquely determined by
However, its rank(l), which is the rank o&/T(G) is completelydeter
mined byG whenG/T(G) Z 1. Let us define theank of the trivial group

1 to beO and let us caly a basis ofl. Then the rank of any finitely
generated torsion-free abelian group is the number of elemerdas in
basis of thagroup, andr(l) is completely determined Ly, also in case
G/T(G) = 1.
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As G = T(G) X I, the finitely generatedbelian groupG is determined
uniquely to within isomorphism b¥(G) andl. Now | is determined
uniquely to within isomorphism by thategerr(l) (Theorem 28.13.(3)
and the definitionr(1) = 0); andT(G), being a finite abeliargroup
(Theorem 28.15), is determinehiquely to within isomorphism by its
Sylow subgroups(Theorem 28.7(9) Let s be the number of distinct
prime divisors ofT(G)| (sos= 0 whenT(G) = 1). Each one of the Sylow
subgroups (corresponding to thdistinctprime divisors) is determined
uniquely to within isomorphism by its typ@heorem 28.10(3) Thus
the finitely generated abelian groQugjives rise to the following system
of nonnegative integers.

(i) A nonnegative integear, namely the rank o&/T(G). Herer = 0
means tha® is a finite group. If > 0O, thenT(G) X I, wherel is a direct
product ofr cyclic groups of infinite order. Thmubgroupl is not, but its
isomorphism typés uniquely determined b.

(i) A nonnegative integes, namely thenumber of distinct prime
divisors of|T(G)|. Heres = 0 means thaf(G) = 1 andG is a torsion-free

group.

(i) In cases > O, a systenp,,p,, ...,py of prime numbers, namely
the distinct prime divisors ¢T(G)l; andfor eachi = 1,2,...,s, a positive
integert. andt, positive integersn,,m., ...,m,, so that

it;’
(p™MLp™, ..., p"™) is the type of the Sylow-subgroup off(G).

With this information,G is a direct product of +t, +t, +--- + t_ cyclic
subgroupsr of them are infinitecyclic; and (in cases > 0) t, of them
have orders equal to a prime numipgrmore specificallyt, of them

have orderp™,p™, ... ,p™. Furthermore, two finitely generated abel

ilan groups are isomorphic if and only if theywe rise to the same
system of integers.

Exercises

1. LetG be an abelian group ahds G. Prove that
(@) T(H) =T(G) n H,
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(b) T(G)/T(H) =2 HT(G)/H < T(G/H)
and thaHT(G)/H need not be equal TI§G/H).

2. LetG be an abelian group. Show that

(a) if Gis finite, thenG/G" = @[N] for all n € N;

(b) if G is infinite, then G/G" = GNn] need not hold for any ¢
N\{1}.

3. LetG be a finite abelian group. Tlegponent of As defined to be the
largest number ijo(a): a € G}, i.e., the largest possible order of the
elements irG. Show that

(a) the exponent ad divides|G;

(b) for anyg € G, o(g) divides the exponent ¢

(c) the exponent o6 is the least common multiple of the order of
the elements i;

(d) Gis cyclic if and only if the exponent Gfis |G.

4. LetG be a finite abelian group ahid<< G. LetK << G such thatd n K =
1 andH n L # 1 for anyL << G satisfyingK < L. Letg € G.

(a) AssumgP € K for some prime numbear. Prove that, iy ¢ K,
then there aré € H, k € K and an integer relatively prime top such
thath = kg'. Conclude thag € HK.

(b) Prove thaG =H X K if and only if, for anyprime numbeip and
elementg € G, h € H, k € K such thag? = hk, there is an elemeht € H
satisfyingh = (h")P.

5. LetG be a finite abelian group of exponerandlet g € G be of order
e, so thab(g) = e. PutH =<g>. Show thatt =H X K for someK < G. (Hint:
Use Ex. 4. Consider the cag®e andpte separately.

6. Let G be anontrivial finite abelian groupUsing Ex. 5,prove by
induction on@ that there are non-trivial elementsy,, . ..,g. in G such
thatG =<g > X<g>x ... X<g>and (in case > 1) o(g,) divideso(g,,,) for
i=1,2,...r-1.

7. Keep the notation d&x. 6. Prove that the integes@,), o(g,), ...,0(9,)
determine the types of the Sylgwsubgroups ofs uniquely, and conr
versely the types of the Sylopssubgroups ofG completely determine
the integer=(g,), 0(g,). . . .,0(9,)- (The integere(g,), o(g,), . ...,0(g,) are
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called theinvariantfactors of G Two finite abelian groups are thus diso
morphic if and only if they have the same invariant factors.)

8. Find the invariant factors of the finite abelian grogpsC,
CeX CgX C X Cqyyy C, X Cs X C X Cpy
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