CHAPTER 2

Groups

87
Basic Definitions

Before giving thddormal definition of a group, we would rather present
some concrete examples.

7.1 Examples: (a) Consider the addition of integers. From the numer
ous properties of this binary operation, we single out the following ones.

() +is a binary operation o#, so, for anya,b € Z, we have
a+be /.

(i) For alla, b, c € Z, we haved +b) +c=a + (b +¢).

(i) There is an integer, namelhe, which has the property

a+0=a forallac¢/Z.
(iv) For alla € Z, there is an integer, nameb, such that
a+(-a)=0.

(b) Consider the multiplication of positiveal numbers. Lel" be the
set of positivereal nhumbers. Here the multiplication enjoys properties
analogous to the ones above.

(i) - is a binaryoperation ori¥, so, for anya,b € R, we have
ab e R,

(i) For alla, b, c € R, we haveqb)-c = a:(b-c).
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(i) There is a positive real number, nameky @, which has
the property
al =aforalla € [
(iv) For alla € R, there is a positiveeal number, namely
1/a, such that

(c) Letn be a natural number and consider the additiof),iwhich we
introduced in 86.

(i) + is a binary operation o#_, so, for anya, b € Z_, we
havea +b € Z .

(i) For alla, b, c € Z, we haved +b) +c =a + (b + c).

@iii) Thereis an integer moah, namelyO € Z., which has the
property

a+0=aforalla € Z.

(iv) For alla € 7, there is an integer madg namely-a, such

that

a+(a)=0.

(d) Let X be a nonemptget and let§ be the set of all one-to-one
mappings fronX ontoX. Consider the compositiorof mappings irg,.
(i) o is abinary operation o1, for if ¢ andt are one-to-one

mappings fronX ontoX, so isc o 1 by Theorem 3.13.
(i) Forallo,7,p € S, we have (1) op =co(ropn) (Theorem

3.10).
(i) There ismmapping inS,, namely; € S, such that
gog =¢ forallo € S, (Example 3.9(9)
(iv) For alle € S/, there is a mapping i8,, namelyoc1, such
that

oool=yg.
(See Theorem 3.14 and Theorem 3.That ¢ le S, follows from

Theorem 3.17(1).
These are examples of groups. In each case, we havaaempty set

and a binary operation on that set which enjoys sspreial properties.
A group will bedefined as a nonempty set and a binary operation on

63



that set having the same properties as in the examples a@bgveup
will thus consist of two parts: a set and a binary operakormally, a
group is an ordered pair whose components are the seharapera
tion in question.

7.2 Definition: An ordered pairQ, °), whereG isa nonempty set and
is a binary operation 0@ is called agroup provided the following hold.

(i) o is a (well defined) binary operation @x Thus, for any
a,b € G a°bis a uniquely determined elementGf

(i) For alla, b, c € G, we havedob)oc=ac (boc).

(i) There is an elememetin G such that

aoce=aforalla G

and which is furthermore such that

(iv) for all a € G, there is ax with

asx=e

When G, °) is a group, we also say thais (or builds, oforms) a group
with respect to (or underec). Since a group is an ordered pair, two
groups G, ) and H,x) are equal if and only i6 = H and the binary
operatiorr on G is equal to the binary operatieronG (i.e., and~ are
identical mappings frorg X G into G). On one and the same $tthere
may be distinct binary operatiomsand= under whichG is agroup. In
this case, the group6,¢) and G, ~) are distinct.

The four conditiongi)-(iv) of Definition 7.2 are known as tlggroup ax-
ioms The first axiom (i) is called thddlosure axiomWhen (i) is true, we
sayG is closed undevw.

A binary operation on a nonemptgetG is said to beassociativewhen

(i) holds. The associativity of enables us to writa o b o ¢ without
ambi-guity. Indeedac bo ¢ has first no meaning at all. We must write
either @ob)occ orac- (bo°c) to denote a meaningful element Gn By
associa-tivity,we may and do make the convention thatb o ¢ will
mean

(aeb)oc=ao (boc), for whether we read it aa{b)occ orac (boc)
does not make any difference. This would be wrong Mvere not
associativeFor instance, : (division) is not an associative operation on
(D\{0} and (a:b):c # a:(b:c) unlessc = 1 (herea,b,c € (\{0}). Thus a:bc is
ambiguous.
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An element of a seG, on which there is a binary operatignis called
aright identity elemendr simply aright identityif ac e =a for all a in

G. The third group axion(ii) ensures that grou@ has a right identity
element. We will show presentthat group has precisely one identity
element, but we have not proved it yet andmuest be careful not to
use the uniqueness of the right identity before we prove itv@&lknow
at this stage is that a grobps at least one right identity for whiak) (
holds. As it is, there may be many righdentities. In addition, there
may be some right identities for which)(is trueand also some for
which (iv) is false. For the timebeing, these possibilities are not
excluded.

They will be excluded in Lemma 7.3, where we will prduether that
our unique right identity is also a lafientity. A left identity element

or a left identity of G where G is a nonempty set with a binary
operatiorr on it, is by definition an elemehbof G such thatf - a = a for

all a € G. The group axioms say nothing about left identitiesGIf Y is a
group, we do not yet know if there is a left identityGiat all, nor dove
know anyrelation between right and left identities. For the time being,
there may be no or one orany left identities irG. If there is only one
left identity, it may omay not be right identity. If there are many left
identities, some or one or none of them may be right identities.

We mention all these possibilities so that the reader does not rigeed in
axioms more than what they really saywe group axioms say nothing
about left identities or about the uniqueness of the right identity.

The group axiomsdo say something about right inverses.CGlfis a
nonempty set with a binary operatioan it, and ife is a right identity

in G, anda € G, an elemeni € G is called aright inverseof a (with
respect taee) whenao x = e. The group axioms statbat, in caseQ °) is

a group, there is @ght identity e in G with respect to which each
element ofG has at least one right inverse. Until we prbeenma 7.3,
there may be many right identities with this property. Adame of the
right identity elementsnay and some of the right identity elements
may nothave this property. Furthermore, some (or all) of the elements
may havanore than one right inverses with respect to some (or all) of
the right identities. The group axioms make no uniquessErtion
about the right inverses.
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Before we lose ourselves in chaos, we had better prove our lemma.
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7.3 Lemma:Let (G, °) be a group and let e be a right identity element
of G suchthat, for all a € G, there exists a suitable x in G withr & = e.
The existence of e is assured by the group axioyasnd (iv).

() Ifg e Gissuchthatgg =g, then g=e.

(2) e is the unique right identity in.G

(3) Aright inverse of an element in G is also a left inverse of the same
elementln other wordsif ao x =e thenxeca =e

(4) e is a left identity in GThat iseca =a for all a € G.

(5) e is the unique left identity in.G

(6) Each element has a unique right inverse in G.

(7) Each element has a unique left inverse in G.

(8) The unique right inverse of any &G is equal tothe unique left
inverse of a

Proof: (1) Letg € G be such thag - g =g. We choose a right inverse @f
with respect te. This is possible by the axionv) Let us call ith. Thus
gech=e Then

Gcg)oeh =goh

ge(@@eh) =geh (by associativity),
gee =e (sinceg o h =¢),
g =e (sincee is a right identity).

This proves part (1).

(2) The claim is thae is the unique right identity i6. This means: if
f € G is a right identity, that is, iho f =a for alla € G, thenf = e
Supposd is a right identityThenao f =a for alla € G. Writing f for a in
particular, we seé€- f =f. Hencef = e by part (1).

(3) A right inversex of an arbitrary elemerd € G is also a left inverse
of a. This is what we are to prove. So we assam& = e and try to de-
rive xeca =e. We use part (1). ko x =¢e, then

(Xeca)o(xca) =[(xca)ox]ea (by associativity)
=[xo(@ox)]ca (by associativity)
=[xoe€loa
=Xo a.

Sog:=(xca)issuchthagog=9g. By part (1)g =e Soxca=e

(4) We are to prove thatis a left identity. So we must shaaw a = a
for alla € G. Leta € G and letx be a right inverse af. Then
aox=e
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aox =Xoa (by part (3)
(@ox)oa =(Xca)oa
ao(Xoca) =(Xca)eoa
ace =eoca
a=eoa.
Thereforegeis a left identity as well. This proves part (4).

(5) The claim is thag¢ is the uniqueéeft identity in G. This means: if is

a left identity inG so thatf o a =a for alla € G, thenf = e. We know that
the right identitye is a left identity(part (4), and that is the unique
right identity (part (2). So we conclude thate is the unique left
identity. Is this correct? No, this vwerong. This would be correct if we
knew that any leftdentity is also a right identitfand so the unique
right identity by part (2), which is not what part (4tates. For all we
provedup to now, there may very well a unique right identity and
many left iden-tities (among them the right identity). Wetarshow in
part (5) that this is impossible.

After so much fussjow the correct proof, which is very short. Suppose
foa=afor alla € G. Write in particularf for a. Thenf o f =f and par(1)
yieldsf =e

(6) The claim is that each elemad G has a unique right inverse @
We know that has at least one right inverse, sayVe havea o x = e.
We are to show: ih oy = e, theny = x (herey € G). Suppose then
aoXx=eandac-y=e We obtain
Xoa =e (by part (3)
( xca)oy =eoy
Xe(acy) =ecy

Xoe =eoy
X =eoy
X =y (by part (4).

This proves part (6).

(7) and (8) Leta € G andlet x be the unique right inverse af From
part (3), we know that is a left inversef a, so thatx° a = e. We must
prove: ifxoa =e andy - a = e theny = xX. Suppose thern o a = e and
yoa=e Then
aox =e
ye(@ex) =yoe
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(Yea)ox =y
eox =y
X =Y.
This completes the proof. O

According to Lemma 7.3, a groups, (°) hasone and only one right
identity, which is also the unique left identifyherefore, we can refer
to it astheidentity ofthe group, without mentioning right or left. Simi
larly, since anya € G has a unique right inverse, whiagkd also the
unique left inverse o, we may call itheinverse ofa. The inverse o&
is uniquely determined byg; for this reason, wéntroduce a notation
displaying the fact that it depends analone. We writea-l for the
inverse ofa (read:a inverse). Thus is the unique element & such
thatacal=a1lca=¢g, whereeis the identity of the group.

The group axioms, gwesented in Definition 7.2, assert the existence of
a right identity, and a right inverse of eaelement. We proved in
Lemma 7.3 that a right identity is also a left identity amight inverse

of an elemenis also a left inverse of the same element. One could give
an alternative definition o group by so modifying the axioms that
they assert the existence of a left identity, and aimefrse of each
element. A lemma analogous to Lemmawdaild prove then that there

is a unique left identity, which is also unique right identity and that
each element hazs unique left inverse, which is also a unique right
inverse of that element. Thus thestence of a right identity plus right
inverses lead to the same algebraic structure (group) as the existence of
a left identity plus left inverses.

However, existencef a right identity and the existence of left inverses
do not always produce a grodgor example, consider the seX Z. For
any @b), (cd) € Z X Z, we put §b) A (c,d) = (@, b+ d). Letus check if
(Z X Z,A) is a group.
() A is abinary operation orY X Z sincea € Z,b+d € Z
whenever,b,cd € Z. SoZ X 7 is closed undet.
(i) Is A associative? For ang,0), (c,d), (ef) € Z X Z, we ask
[@b) 2 cd)] 2 (ef) = (@b)a[(cd) s (e
a@b+d)A(ef) =(@b)a (cd+f)
(@ b+d)+f) = (a, b+ (d+1)

IRVIRIEN]
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Yes, this is true since + is associative operation ofi HenceA is asse

ciative.
(iii) Is there an element ihX Z, (a,by) say, such that

(ab) & (a,by) = (@,b) for all @b) € ZX Z7?
Well, this is true if and only ifa(b + b)) = (a,b), which is equivalent to
b,= 0 . There is no condition ag. For example,

(a,b) 2 (0,0) = ,b+0) =@,b)

(a,b) 2 (1,0) = b+ 0) =@,b)
for all (a,b) € Z X Z, so (0,0) and (1,0Care right identities. In fact, any
(n,0) € Z X Z is a right identity.

From Lemma 7.3, we knowhat a group has one and only one right
identity. soZ X Z is not a group undes&. On the other hand, with
respect to (0,0br example (in fact, with respect to any right identity),
each element(b) of Z X Z has a left inverse ():

(0,-b) A (a,b) = (O-b +b) = (0,0)
(with respect torg,0), a left inverse ofa(b) is (n,-b)).

So ¢ X Z, b)) is a systemn which a right identity exists, plus a left
inverse ofeach element; nevertheless, it fails to be a group. Likewise,
fulfilling the existence of a left identity amrdght inverses is not enough
for building a group.

We could define a group by including the claims of Lemma 7.3 directly
into the definition. Then we would have

(i) there is a unique € G such that
ace=eca=aforallaeG
and
(iv)” for alla € G, there is a uniqu&?! € G such that
acal=e=alca
in place of(iii)) and {v) of Definition 7.2. Someéextbooks define groups in
this way.This would save us from the trouble of proving Lemma 7.3.
Why, then, did we not use this definition? Because weallavant to do
unnecessary work. If we defined groups(iy and (iv)" instead offii)
and (v), then, each time when we wanted to show that & &etilds a
group under a binary operatioonG, we had to check
1) that there is ae <€ Gsuch thaace=a for alla € G,
2) that thise is also such thago a =a for alla € G,
3) thate is the unique element Gfwith these two properties,
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4) that for each € G, there is a1 € Gsuch thatcal=g¢

5) thata-1 0 a = e as well,

6) that thisa1 is the unique element 6fwithacal=e=a1loa,
which more than doubles our work. With odbDefinition 7.2, we need
check only 1) and 4). The other items 2),3),5jagdpw from 1) and 4)
automatically. We pay for our comfdoyy having to prove Lemma 7.3,
but, once this is over, we have less work to dorder to see whether a
given setG forms a groupunder a given operation on it, as in the
following examples.

7.4 Examples:(a) For any two elementsb of ()\{1}, we put
acb=ab-a-b+ 2. We ask if\{1} is a group under. Letus check the
group axioms.

(i) For alla,b € Q\{1}, we observeacb =ab-a-b + 2 ¢ O,
but this is not enough. We must praveb =1 also. Letab € (), a # 1 =
b. We suppose b =1 and try to reach a contradictionalfb =1, then

ab-a-b+2=1
ab-a-b+1=0

@-1b-1) =0
a-1=0o0orb-1 =0
a=1lorb=1,

a contradiction. Sac b € ()\{1} and ¢ is a binary operation dd\{1}.

(i) For alla,b,c € \{1}, we ask if @cb)occ=ac (bec).
@b-a-b+2)oc Zao(bc-b-c+2)
@-a-b+2x-(ab-a-b+2)-c+2 albc-b-c+2-a-(lbc-b-c+2)+2
abc-ac-bc+2c-ab+a+b-2-c+2 Zabc-ab-ac+2a-a-bc+b+c- 2+

2
The answer is "yes." Sas associative.
(i) We are looking for ae € ()\{1} such thatac e = a for all
a € N\{1}. Assuming such am exists, we get
ae-a-e+2=a
ae-e =2a-2
@-21)e =2@-1)
e =2 (sinca - 1 = 0).
We have not proved that 2 Q\{1} is a right identity element. We
showed only that aght identity element, if it exists at all, has to be 2.
Let us see if 2 is really a right identity. We observe

IRVARIE
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ao2=a2-a-2+2=2-a=a
far alla € ()\{1}. Since 2€ ()\{1}, 2 is indeed a right identity if\{1}.
(iv) For alla € Q\{1}, we must find anx € (\{1} such that
ao°x = 2. Well, this gives
ax-a-x+2=2

ax-a-x+1 =1
@-1)x-1) =1
x-1 =1/@-1)
X =al/(a-1),

which is meaningful sincez 1. We have not proved yet tled{a - 1) is
a right inverse ofi. We showed only that a right inversfea € O\{1}, if
it exists at all, has to k&(a - 1). We must now show thavt a/(a - 1) =
2 for alla € (\{1} and also that/(a - 1) € (W\{1}. Good. We have
acal/(a-1) =a(a/(a-1)-a-(a/(a-1)) +2
=@-1)a/(a-1)-a+2
=2,
and alsaa/(a - 1) # 1, fora/(a - 1) € ¢ anda/(a - 1) = 1would imply
that a=a - 1, hence 0 = 1, which is absurd.
Since all the group axioms hol@d\{1} is a group undevr.

(b) Let us define an operatieron/Z by puttinga b =a + b + 2 for all
a,b € Z. DoesZ form a group undes?
(i) Foranyab ¢ Z,a~b=a+b + 2 is an integer. Sd is
closed under.
(i) For allabc € Z, we ask if@§ « b)  c =a ~ (b = c). We
have @~ b)yc=@+b+2)xc
=@+b+2)+c+2
—a+b+2+c)+2
—a+b+c+2)+2
—a+(b=xc)+2
=a~* (b= c).
So~ is associative.
(i) Isthereanintegere € Z such that ~ e =a for alla € Z?
Well, thisgives a+e + 2 =a ande = -2. Let us check whethe2 is
really a right identity element. We observe that-2 =a + (-2) + 2 =a
for all a € Z. So-2 is a right identity element.
(iv) Does each integea have a right inverse iZ? The
conditiona = x =-2 yields
a+x+2=-2
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X=-4-acl/l.
-4 -a is indeed aiight inverse ofa sincea ~ ((4-a)=a+(-4-a)+2=
-2.
ThereforeZ is a group with respect to

(c) LetA se a nonempty set and Bbe the seof all subsets oA. The
elementof dare thus subsets & Consider the forming of symmetric
differences (81, Ex.7@is a group undex:

() ForallST € 3,SATis asubset o\, soSAT € 3 and is
closed undet.

(i) A is associative (81, Ex.8).

(i) @ is a right identity (81, Ex.8).

(iv) Each elemen$ of 3 has a right inverse, namedyitself,
asSaS=g forallS € % (81, Ex.8).
So is a group undet.

We have seemany examples of groups. In some of the groups),(
theunderlying set is infinite, in some finite. The number of elements
of G, more precisely the cardinality 6fis called theorder of the group
(G, o). We denote the order d,() by |G. A group G, 0) is called &finite
group if |G is finite, and annfinite group if |G is infinite. One might
distinguish between various infinite cardinalities, but we will nosado
in this book. When the order of a grope] is infinite, we writg G| = .
The symboko will stand for all types of infinities.

A. Cayley (1821-1895ntroduced a convenient device for investigating
groups. Let G, °) be a finite group. We make a table that dispkhay®

for eacha,b € G. We divide a square int6? parts by dividing the sides
into |G parts. Each one of the rows Wik indexed by an element of the
group, usually written on the left of the row. Likewise, each ahthe
columns will be indexed by an elemearit the group, usually written
above the column. Each element vinldex only one row and only one
column. It is customary tose the same ordering of the elements to
index the rows and columns. Also, the first ramd the first column are
customarily indexed by the identity element of the grdupthe cell
where the row ok € G andb € G meet, we write dowra o b. This
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square is known as the Cayley table or the operation table
(multiplicationor addition table as the case may baf)the group(G, o).

As an illustration, we give the addition table df,¢) below. ¢,,+) is a
group by Example 7.1(c). We drop the bars for convenience.

+ O 1 2 3

ol o0l 1| 2] 3

1] 1|1 23] 0

21 2] 3|1 0] 1

31 31 0] 1] 2

We observe inthis table that every element ESI appears once in each

row and also in each column. This is a general propeyooips: if (G o)

is a group, then every elemdndf G appears once and only once in the
row of anya € G, say in the cellwhere the row of and the column of

X € G meet. Asimilar assertion holds for columns. This is the content of
the next lemma.

75 Lemma Let (G, °) be a group and b € G.
(1) There is one and only one=>G such that a x =b.
(2) There is one and only onesyG such that y a = b.

Proof: (1) We prove first that therman be at most orre € G such that
aox=b. Letacx=b=ao°x. We provex =x,. We have

aox =aox;
alo(acx) =alo (ao X;)
(@ra)ex=(alea)ex
eoXx =eeo X
X=X

by Lemma 7.3. So there can be at most>omwith a° x =b.

The existence of at least one sxadb easily seen when we putalo b.
Indeedac(alob)y=(@cal)cb=ecb=Dh

So there is one and only one elenteat G, namelyx =a1o0 b, such that
ao x =b. This proves (1).
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The proof of (2) is similar and is left to the reader. O

We give an application of Lemnya5. We determine the Cayley table of
groups of order 3. Let fa,b}, °) be a grouf order 3, wheree is the
identity. The Cayley table dhis group contains the information given
in Figure 1. Now we fill the remaining four cells. Whatisa? The cell *
cannot contail, for a would otherwise appear more than once in the

e a b e a b e a b
e el| a b e e| a b e el| a b
*
a a a a b a a b e
b| b b b b bl e a
Figure 1 Figure 2 Figure 3

second row (or column). So the celcontainse or b. If it containede,
then the third entry ithe second row had to leeandb would appear

at least twice irthe third column, contrary to Lemma 7.5. This leaves
only the possibilitya o a = b. Then we have the table in Figure 2. The
remaining cells are necessarily filled in as in Figure 3.

We did not prove that Figure 3 is a Cayley table of a gaduprder 3.

At this stage, we do not even know whethegraup of order 3 exists.
We proved: if there is a group of order 3 at all, then its Cayley table
the table of Figure 3. We now protlee existence of a group of order 3.
We use Figure 3. Letefa,b} be a set of 3 elements, and let the binary
operatiorr on this set be&lefinedas in Figure 3. It is easy to check the
group axioms (i)ii),(iv). It remains to check associativityVe must
verify 3.3.3 = 27 equationx ¢ y) o z=xo (Y ° 2), wherexy,z € {ea,b}.

An equation of this type is true when oofex,y,z is equal toe. So we
are left with 2.2.2 = 8 equations

(@aca)eca =ao(aca) (boa)oca =bo(aca)
(@ca)ocb =ac(a°b) (boca)ob =bo(acb)
(@ocb)ca =ao(beoa) (bob)oca =bo(boa)
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(@cb)ob=ao (bob) (bob)ob =bo (b b)

and these are verified easidence (fab}, ©) is a group. There is a
group of order 3. Any two groups of ordérhave essentialy the same
Cayley table, namelghe table in Figure 3. This statement will be made
precise in 820.

The Cayleytables of £,+) and (feab}, ) are symmetric about the

principal diagonal (that joins the upper-laftd lower-right cells). What
does this signify? The symmetry of the Cayley table girap G, °)
means thathe cell where the-th row andj-th column meet has the
sameentry as the cell where theh row andi-th column meet, and
this for all ij = 1,2,...,1G. Assuming the-th row is the rowof a € G
and thg-th column isthe column ofb € G (and assuming we index the
rows and columns by the elementssoh the same order), this means:
ob=Dboa for alla,b € G. So the group is commutative the following
sense.

7.6 Definition: A group G, o) is called acommutativegroup oran abel-
ian group, if, in addition to the group axioms ())( a fifth axiom

(V) acb=boaforallab <G

holds.

A binary operation on a sétis calledcommutativewhena b =b o a

for all a,b ¢ G. So a commutative group is one where the operation is
commutative. The term "abelian” is used in honoNoH. Abel, a Nof
wegian mathematician (1802-1829).

We close this paragraptith some comments on the group axioms. The
reader might askvhy we should study the structureS ¢) whereo
satisfiesthe axioms (i)J(),(ii),(iv). Why do we not study structures, ¢)
whereo satisfies theaxioms (i)(iii),(iv),(v) or (i),@i),(@ii),(V)? What is the
reason for preferring the axioms (i), (ii),(iv) to some othecombination

of (i),(i),(iii),(iv),(V)? There is of course no reasshy other combinations
ought to be excluded from studfs a matter of fact, all combinations
have a proper name and there are theories about Hmmever, they
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are very far from having the same importance asdhwwination (i),i),

i), (iv).

A mathematical theory, if it deserveshte considered important, has to
possess both generality and informative significance. Clearltheory
whose axioms are too restrictive to hold in a variety of daslesund to

be insignificant fothose who cannot fulfill them in their area of study,
and the theory will have limited interest. An interesting theorygema

eral one. But generalityosts content. When we wish that the axioms of
a theory be fulfilled in diverse areas andnwany contexts, we must
also realize that the theocan only deal with what is common in these
diverse areas, and thiight be nil. There we have the danger that the
theorywill degenerate into a list of uninformative paraphrases of the
axioms without substance. Imposing restrictions on the axoimsi-
ishes the usand interest of a theory, and lifting restrictions tends to
make the theoryoid. The balance of generality against content is very
delicate. Group theory mne of the cases where this balance is attained
successfully. Group theory has applicatiamditerally every branch of
mathematics, both pure and applied,wadl as in theoretical physics
and other sciences, and it is a theory full of deep, interesteaytiful
results.This is why the choice (i)i),(iii),(iv) is judicious. Other combinra
tions of the axioms are not as fruitful as )(i),(iv).

Exercises

1. Determine whether the following sets build groups with respdhbtto
operations given. In each case, state which group axioms are satisfied.
(@) R under subtraction, multiplication and division.
(b) R\{0}, O\{0}, C\{O} under muiltiplication.
(¢) {0,1}, {-1,1} under muiltiplication.
(d) {z € C: |4 < 1} under multiplication.
(e) {z € C: |74 = 1} under multiplication.
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(f) 5Z ={5z¢ Z: z € Z} under multiplication and addition.
(9) {X} undereo, wherexo x =Xx.
(h) {(t,u) € Z X Z: t?> —5u® = 4} under«, wherex is defined by

Lito +ounly tiuxtholy
(touy) = (Lu) = (P22 =)

for all (t,,u,).(t,,w,) in this set.
() Zg5andZgunder multiplication and addition.
(4) Z, andZ {0} under multiplication.

(k) {f,g} under the composition of mappings, whé&me —x and
g: x—1/(1 - X) are functions fronR\{1} into R\{1}.

(h {f,g,n} under the composition of mappings, whé&re —x and
g: Xx—1/(1 - X) andh: Xx — (x - 1)/x are functions froniR\{1,0} into
[R\{1,0}.

(m) {fa,b: a,b € R, a 2 0} under the composition of mappings,

wheref_  is defined byf_  ,(X) =ax+b as afunction fromR into R.

2. For whichm € N is the se¥ \{O} a group under multiplication?
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