88
Conventions and Some Computational Lemmas

In our study of groups, we are interested in ko depends oa and

b, not in the name or sign dfe operation. For this reason, we suppress
the operation sign altogether and use juxtaposititenceforward, we
will write ab (and alsococcasionallya-b) for a - b. We will refer to the
operation asnultiplication Thus "multiplication” will be usedh a broad
sense. It camtmean the usual multiplication of numbers, but also the
composition ofmappings, the taking of symmetric differences of two
sets, or some rather artificial operation like thos&xample 7.4. With
this convention, there is no netxd refer to the operation all the time
when we discuss groups. So we call Hs#G a group, instead of the
ordered pair@, °) (we keep in mind of courdgdhat there can be many
groups on the same set). We say then thagrbaep is writtenmultipli-
cativelyor thatG is a multiplicative group. Conforming to this, we call
ab the product of a and bAlso, we write 1 for thedentity element of
the group. Thus 1 is not necessarily thenber one. It is perhaps the
identity mapping, perhaps thempty set, perhaps some other object.
What it is depends on the group we are investigaBaoga warning: we

. L1 . - i
will notwrlteg for the inversa™ of an elemend in a group.

This is themultiplicative notation for groups. Sometimes, we shall use
the additive notation, too,especially when the group is commutative.
Then the operation is denotby "+" and is calledaddition Like "multi-
plication”, "addition" is used in a genesmnse. We cal + b the sum of

a and b When we have aadditivegroup, the identity element of the
group will be written as 0. So O is not necessarilynimaber zero. Also,
we write -a for the inverse of amrlementa in an additively written
group. We calta theopposite of a

8.1 Lemma:Let G be a group and letlac € G.
(1) If ab=ac then b=c (left cancellation).
(2) If ba=ca then b=c (right cancellation).
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Proof: (1) If ab = ac, we multiply by a™ on the left and ged™(ab) =
a(ac). Using associativity, we obtainta)b = (a”a)c. So I = 1c. Since 1
is the identity element &3, we finally getb =c.

(2) The proof of (2) is similar and is left to the reader. O

We must be careful when we wantuse Lemma 8.1 to make cancel
lation. If the group is not commutative, left multiplication byedeeament
and right multiplication by theame element give in general different
results. In the proof of Lemma 8.1, we multiplied zb'}/ on the same
side. Wecannot concludd = ¢ from ab = ca, for instance. Indeed, we
have

ab=ca = aab)=a'(ca) = @)b=@%k)a = b=alca
and this is all we can say. In genesdlica= ¢, sob = c. You must always
make sure that you cancel on the same side.

Cancellationsare multiplications by inverse elements. We now evaluate
the inverse of an inverse, and the inverse of a product.

8.2 Lemma:Let G be a group and letkme G. Then
(1) @YH'=a
(2 @*=blat

Proof: (1) aat = 1 by the definition o™ Soa is a left inverse o&™. So
a is the inverse ad1(Lemma 7.3).

(2) @b)(bla?) = a(b(b™a™?) = a((bbHha?) = a(la™® = aal = 1, and so
bla™

is the inverse odb. O

Therefore, the inverse of the inverse ofetament is the element itself.
Also, the inverse of a product is the product of the inverses, ldhein
reverseorder. Donot write (@ab)™ =ab™. This is wrong unless

ab™® = bla?, which is equivalent t@ab = ba (why?) and which isiot
true in general.
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We defined the product divo elements. The product afandb is ab.

We now wantto define the product ah elements and prove that the
usual exponentiation rules are valifihe rest of this paragraph is
extremelydull. The reader may just glance at the assertions and skip
the proofs if she (or he) wishes.

By the product of three elemerg®,c in agroup G, we understand an
elementabcof G. Let us recall we agreed to denotedbg the element
(ab)c = a(bc). So theproduct ofa,b,c in this order is evaluated by two
successive multiplications. Either weealuateab first, then multiply it
by c, or we evaluatéc first, then multiplya by it. In eitherway, we get
the same result by associativity aht result is denoted bgbc with-
out parentheses.

Now let us consider the product of foelementsa,b,c,d. Their product
in this order will be defined by three successivdtiplications of two
elements. This can be done in five distinct ways:

a(b(cd)), a((bc)d), (@b)(cd), ((@b)c)d, (a(bc))d,
but these five products are adhual by associativity. The first two
products are equal sindt#cd) = (bc)d. The last twgproducts are equal
since ab)c = a(bc). Further, we have(b(cd)) = (ab)(cd) [putcd = e, then
a(be = (ab)e] and @b)(cd) = ((ab)c)d [put ab = f, thenf(cd) = (fc)d]. So
the five products are equal. This renderspdssible to drop the
parentheses and write sim@pcd This is the product od,b,c,d in the
given order.

More generally, we warto define the product af elementsa a,.....a,
in a groupG (n > 2). Theproduct ofa,a,,...,a will be defined byn - 1

successive multiplications of two elemerBy. inserting parentheses in

all possible ways, we obtain many products (their exact number is
2.4..(4n - 6)/nY), but associativity assures that these productegual.

Now we prove thisin view of some later applications, the following
lemma is stated more generally than for groups.
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8.3 Lemma: Let G be a nonempty set arldt there be defined an
associative binary operation on ,Glenoted by juxtaposition Let
a,a, ...,.a € G Then the products af a,...,a, are independent of the
mode of putting parentheses. This means the following. We define

P,(a) ={a;}
P,(a,.a) = {a,a}
Py(apa5ay) = {(2,85)a a,(a,3,)}

={xy: xe P (a)),y € P(a,a)) orx e P,(a,a),y € P, (ay) }

PalBrr25,) = {2,(2@8) 2,((29,). (a2 )@2,). (@2)2)a, (@A)}
={xy.x €P,(a),y € Py(a,,a5a,) orx €P,(a,.a,),y € P,(a;,a,) or

X € Py(a,a,a3),y € P,(a) }

P(a,a,....8) ={xy x €P(a.a,....a) Yy cP_ @, ) forsome
i=1,2,...,k}

for k=1,2,...,n ThusP_ are subsets of G whose elements are the
products ofi a,,....,a,, reduced to k 1 successive multiplications of two

elements in G

Claim: For all n € N and for alla a,,....a, € G the setP_(a a,....a)

contains one and only one element

Proof: The proof will beby induction onn (in the form 4.5). Foin =
1.2, itis evident theR (a)), P,(a,,2,) each have exactly one element. For
n = 3, the claim is just the associativity of multiplication. Ror 4, the
argument preceding the lemma proves the claim. Notice thaised
only the associativity of multiplication there.

Supposen = 5 and the lemma is proved for 1,2,n- 1. Let
uv eP (a;a,...a). We are to prove =v. By the definition of
P (a,.a,...8) we haveu=xy, Vv =st where

X ePi(al,aZ,...,ai), Yy € Pn_i(ai+1,...,an), relN, I<is<n-1,
s er(al,aZ,...,aj), te Pn_j(ajﬂ,...,an), jeN, 1<
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We proveu = Vv first under theassumptioni = j. By induction, the set
P.(a;a,. .. ,a) contains one and only one element. Herce s. Also,
applying the induction hypothesis to- i, with the elements,,,... .a,

we conclude thaP__. (3 ) has one and only one element. This

PR
givesy =t. Then we getl = Xy = sy=st=Vv. So theclaim is provedn

case =j.

Now suppose = j. Without losing generality, weassume < j. We put
j =i +h, with h € N. Now apply the inductiorhypothesis tg, with the

elementsa, .. . . 8- There is a unique element IPF(a .o ,a]), which we
calleds. Also by induction, applietb i with the elements,.... a, there
is a unique element iR (a,a,. ...a), namelyx. Again by induction,

applied toh with the elementaiﬂ,. 8 there is a unique element in
Ph(ai+l,...,a]), sayb. By the definition on(al,...,a]), we have
xb € Pj(al,. .. ,aj), soxb=s

We haven - i = h + (n - ). By induction, applied tan - i with the ele
mentsa, ,,,....a., the sef__.(a .
which we calledy. Also by induction, applied tth with the elements

a CT there is ainique element iR (a .,aj), namelyb. Again by

..,a) has one and only one element,

i+1"" i+l

induction, applied tan - j with the elementaj .a, the set

+10-
Pn_j(ajﬂ,. ..,a ) has a unique element, namelyy the definition of

P i@y @ gqr -8 ), We havedt € P_.(a

H i+h1 J+l1 --,an), SObt:y

i+1”

Thusxb = s andbt = y. This givesu = xy = x(bt) = (xb)t = st = v. This
completes the proof. O

8.4 Definition: The unique element iR (a,.a,...,a) of Lemma 8.3 is
called theproduct ofa a,,....,a, (in this order) and idenoted bya.a, . a_

or by |n|ai.
i=1

So theproduct ofn elements in a given order can be written without
parentheses. This simplifies the notation enormously.
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Using the notation of Definitior8.4, we carreformulate Lemma 8.3 as
follows. If G is a nonemptyset with an associative multiplicatiam it,
and ifa, a,, ..., a € G, then

al(az. . arQ = (alaz)(as. . arQ = (alazae)(a Y an) = - = (ala2 . .arrl)an =aa,..a,

N .
We writea” fora;a,...a in casen,, a, ..., a are all equalta € G, n ¢ N.

In particular,al = a. We havea” = a™a = aa™. More generally, the
above reformulation of Lemma 8.3 gives

aMa" =a™" for alla € Gandmn € N. ()

In particular, §M2 =a™aM=a™™ = a°M = 3™, We prove more generally
@M" =a"" by induction om. The case& = 1 is trivial andhe casen = 2
has just been showssume nown = 3 and &¢™™ = a™™D for all

a € G. We want to showa™" = a™ for all a € G. We have dM" =
@mM*eD = @M@t = aM@M™ by (x), with a™1n - 1 in place of
a,mn, respectively. Then we gat" = aMa™MD = gMgmnm = gm+mnm) 1y,
(*), with ammn-n in place ofa,mn, respectively. This gives'()" = a™
Thus we proved the

8.5 Lemma:lIf there is an associative multiplicatiammm a nonempty set
G, denoted by juxtapositiothen
da"=a™"and (@™M"=amfor all a € Gand mn € N. O

Lemma 8.5 can be extended to arbitrary integral powers inattes of
groups. We give the relevant definitions.

8.6 Definition: LetG be a groupa € G, m € N. We put
a® = 1 = identity ofG, anda™= @™™ = inverse o™

8.7 Lemma:Let G be a grouplhen
(1) aman — al’T‘H—n;

(2) @hM=a™

(3) @MH" =a™,

foralla e Gand mn e /.
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Proof: (1) We provaa™a"=a™". If m>= 1,n = 1, Lemma 8.5 yieldthe
result. Ifm = 0, thena®a" = 1a" = a" =a°™ for alln € Z; andif n = 0,
thena™®=am =am=a"™Pfor allm € Z. So we have

am™a" =a™" whenevemn = 0. (e

We must prove this relation also when= 0, n < O; m < 0O, n = 0;
m << 0, n << 0. Changing our notation (replacingn by |ml|, |n|) we must
prove (Da™Ma™ =a™"; (i) a™" =a™"; (ii)a™ " =a ™™ for allmn = 0.

() Letmn = 0. If m = n, thena™a" =a™ by (e). Multiplying by
(@M™=amon the right, we get™ =aMa™if m = n. Taking the inverses
of both sides of this equation, we get, in case= n, a"a™m =
(@YX a™ L= [aM@M) Y= @Ma) L= @™ 1=a{™ = ™" |nterchang
ing m andn, we geta™a" =a™m =a™" in casen = m. Soa™Ma™ = a™"
irrespective of whethean= norn=m

(i) Letmn = 0. If n = m, thena™a™" = a" by (e). Multiplying by
@Mt =a™Mon the left, we gega™" =a™a" if n = m. Taking the inverses
of both sides of this equation, wet, in casen = m, a™a™ =a(a™Y™?
=@M @Mt=@™MN 1= @M= @M1 =al™ = 3™M |nterchanging
n andm, we gea™a" =a™" in casem = n. Soa™a" = a™", irrespective
of whethetrm = norn= m.

(i) Let mn = 0. We hava™a" = a™" by (e). Taking theénverses
of both sidesof this equation, we gea™™ = @M1@M™ = @aM™? =
@m™M1 =g (M = g™ for gll mn = 0.

Thusa™a"=a™" for alla € Gandmn € Z.

(2) We prove &)™ =a™ This is true ifm = 1, sincedH)t =at = @)™
Suppose nom € N, m= 2 and ¢ )™t =a ™D, Then ¢H™ = @H™a?)
=a (Mg l=gMigl= g1l = 3™ 50 @)™ = a™ for all m € N by indue
tion. It is also true whem =0, as §1)° = 1 =a° = a®. Now we must
prove it form << 0. With a slight change in notatiomneg are provea(l)Jm
=a™for allm € N. We have indeeda®) ™= [(@ )™M= @M = [@M Y =
a™. The first equality in this chain follows from Definition 8v@ith a?tin
place ofa, the second from the fact thatlJ™ =a™ for all m € N, which
we just proved and the third from Definition 8.6.

So@VH)M=a™for allm eZ.

(3) We proved™"=a" If m= 1,n = 1, Lemma 8.5 yields the result.
If m=0, theng®)"=1"=1=a%°=3a" for alln € Z; and ifn = 0, then
@M°=1=a°=a" for allm ¢ Z. So we have
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@M"=a"whenevemn = 0. (e")

We must prove this relation also when= 0, n < O; m < 0O, n = 0;
m < 0, n < 0. Replacingn,n by |m, |n| we must prove (i)a™™ = a™™;
() @™M" =at™" Gii) (@™ = at™ for all mn = 0.

Writing (e”) witha™in place ofa andusing (2), we geta()™ = [(@™" =
@M"=[@HM" = @H™M" = a ™ = g™, This proves (i). Walso get ™"
= a™ = ™" This proves i(). Finally, we have a™M™ = [@MY™" =
(I@MIH" = @M" =a™=at™M™  This provesdii).

Thus @M"=am"for allmn € Z.

The proof is complete. O

8.8 Lemma:Let G be agroup ana,, a,, ...,a_ € G Then

(aa,..a)t=a"t..a,a ™

Proof: By induction onn. If n = 2, the assertion is true by Lemma
8.2(2). Suppose nowe N, n=> 3 and §a,..a )" =a T...a,a " Then

(alaz' ) n 1 n) * = ((alaz an—l)an)_l
=a Naa, ..a )7
4,k o,
=a a T..a,"a,",

as was to be proved. O

Lemma 8.8 givean alternative proof ofa®™ = @™™. When our group
is commutative, we have additional results, for exarafih8 = b"a™

8.9 Lemma:Let G be a group and a,bG. If ab =ba, then
(1) ab"=b"a;

(2) a™d" =b"a™

for all mn € Z.

Proof: (1) We proveab” =b"a. The casa =0 is trivial. Also,ab' = ab =
ba = b'a by hypothesis and the claim is true for= 1. Suppose now
neN, n>= 2and the claim is proved fan - 1, so thatab™ = b™a.
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Thenab" = a(b™b) = @b™Hb = ©"a)b = b"ab) = b"(ba) = (b"b)a =
b"a. By induction,ab™ = b"a for alln € N.

We multiply this relation byo™ on the left and on the right. Thigves
b"a =ab" for n € N. Soab" =b"a is truealso whem < -1. Soab" = b"a
foralln e Z.

(2) We haveb"a = ab" by (1). We uséhis as a hypothesis and apply (1)
with a,b,n replaced by",a,m, respectively. Then we obtaaTb" = b"a™
for allmn € Z. O

If G is not a group but merelg nonempty set with an associative
multiplication on it, the proof remainslid for the casann € N; and
also for the casen = 0 orn =0, provided there is a unique identéyn

G and we agree to wrig® =efor alla € G

8.10Lemma: Let G be a nonempty set with an associative multiplica
tiononitLet ab € G

(1) If ab =ba, then &b" =b"a™ for all mn € N.

(2) If, in addition there is a unique e G such that ce= ec for all ce G
and if we put® = e for all c € G, then &b" = b"a™ alsowhenm= 0 or
n=0. O

8.11 Lemma:Let G be a nonempty set with an associatnétiplica-
tion on it For anym € N and for anya,a,, ..., a_,b € Gsuch that

ab=ba foralli=1,2,...m
there holdga,a,. . .a )b =Db(a,a,. . .a ).

Proof: By induction onm. The casen = 1 is included in the hypothesis.
Suppose nown = 2 and the claim is true fon- 1. Then

@a,..a ,a)b =(aa,.a j)a)b
= (@8- a,,)@.b)

= (@3, - a, ,)(ba)
=((a;a,. . & )b)a_
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=(b(aa,. . a_))a_
=b((a,a,. . a,_,)a )
=b(aa,. . a, ,a),

as was to be proved. O

Lemma 8.11 gives a new proof of Lemma 8.10 when we choose
a, =a,=---=a_=a and replacé by b".

We provedn Lemma 8.3 that the product nfelements in a group (or

in a setwith an associative multiplication on it) is independent of the
mode of puttingparentheses. When the elements commute, the product
is also independent of the order of elements.

8.12Lemma: Let G be a nonempty set with an associative multiplica
tion on it For all n €N, for all a;, &, ..., &, € Gsuch that

88 = aa; whenever,j=1,2,..,n,
there holds
A By B T A8y A,
for each arrangemerkl, k2 kn of1,2,...,n (i.e, for eachkl, k2 e kn
such thatfk, k,, ..., k}={1,2, ...,n}).

Proof: By induction onn. The casen = 1 is trivial. Now assuma = 2
andthe claim is proved fon - 1, for all pairwise commuting elements
b, b, ....b _, of G for all arrangements of 1,2,n - 1. Leta , a,, ..., &,
be n arbitrary pairwise commuting elements®and letk, k,, ..., k

n
be an arbitrary arrangement of 1,2n. Thenn = Iﬁ for somej € {1,2,...

,N}. We have
aklakz. . .akn = (akl. . alﬁ_l)a%(alﬁﬂ. . .akn)
= (akl. : 'ak,.l) (akj(akjﬂ. .. akn))
= (akl. : 'ak,.l) (akj+1. : .akn)akj)
= ((akl. : 'alﬁ_l)(ak,-ﬂ' : .akn))akj
= (akl. : 'a‘ﬁ.lakjﬂ' . akn)an
and herek,... k_;,k ...k, are simply the numbers 1,2,.,n - 1 in

-1 +1r
some order. By the inductive hypothesis, applied telbmentsa, a,, ..
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.,a_, and the arrangemeh,.. kj_l,k]ﬂ,. ...k, of the numbers 1,2,.,n -

1, we have, ..., a, ..., =a.a....a_ .; therefore
kl kj—l k]+1 kn 1a2 n-1

a....a, =@, ...a a ...q )a
BB, = G- B B - 803,
=(a,a,...a 1)a,
= a1a2' o an—lan

and the induction argument goes throughm the chain of equations
abovethe term §_...a, ) is absent if = 1 and the terma( ...a ) is
1 j-1 j+1 n

absent if = n. The argument remains valid in these cases. O

8.13 Lemma:Let G be a commutative group anddgs,, ..., a_ be ar-

bitrary elements of GI'hen
aklakz. : .akn =a,a,...a_
for all arrangmentsk k... k of the indiced,2,.. n.

Proof: This follows immediately from Lemma 8.12. O

8.14Lemma: Let G be a nonempty set with an associative multiplica
tion on itand let ab € G

(1) If ab =ba, then(ab)" =a"b" for all n € N.

(2) If, in addition there is a unique e G such that ce- ec for all c€ G,
and if we put® =efor all c € G, then(ab)® = a®b°.

(3) If, in addition Gis a groupthen(ab)” =a"b" for all n € Z.

Proof: (1) The claim is trivially true when = 1. Suppose now = 2
and assumeb)™t =a" " Then
@b)" = (@ab)"(ab) = (@"b"H)(ab)
=a"{b"a)b
—a"{ab™b  (by Lemma 8.10)
= (@) (b"b)
— anbn
and the claim is true for. So @b)" =a"b" for alln € N.
(2) Writing e for ¢, we getee=e. Thus @b)° = e = ee=a% = a%°.

(3) That @b)" =a"b" is proved fom = 0. We are to prove it also when
N << -1. Replacingh by -n, we are to prove thaalp)™ =a™™ for n € N.
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We note thatab = ba implies b1a™ = (@ab)® = ba)™ = a'b?, so the
hypothesis of (1) is satisfied when weplacea by a* and b by b™
Using (1) withab™ in place ofa,b, respectively, we obtain

(ab)™ = [(ab) " = [(ba) " = @7 H" = @H(BH" =ab"

for n € N. Thus @b)" = a"b" is valid also whem < -1. So(ab)" = a"b"
foralln e Z.
m|

8.15Lemma: Let G be a commutative grouphen(ab)" = a"b" for all
a,b € Gand for alln € Z.

Proof: This follows immediately from Lemma 8.14. O

So far, we dealwith multiplicative groups.For additive groups, there
are some modifications. In the cask an additive group, the unique
ele-mentirP (a,.a,...,a ) of Lemma 8.3 is called theum ofa a,....a,

and is denoted bg;+a,+ - -+a_ or by i 3;- We writena for a;+ a+ - - -
i=1
+a  in casen eN anda,a,,...,a are all equal ta € G. Also, we define @
= O (the first O is the integer O, the second O is the identity elemént of
and ¢m)a =-(ma) for m € N. Thus we definedafor alln € Z,a € G

8.16 Lemma:Let G be an additively written commutative grolipen
(1) ma+na=M+n)a;

(2) Cmja =m(-a);

(3) n(ma) = (nmM)a;

(4) n(a+b)=na+nb

forallmne Z,ab € G

Proof: (1),(2),(3) follow from Lemma 8.7 and (4) from Lemma 8.15.
Notice that commutativity is essential for (4). O

Exercises
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1. Let G be a group such tha® = 1 for alla € G. Prove thatG is
commutative.

2. Justify each step in the proof of Lemma 8.11.

3. LetG be a group anab,c € G. Supposeab = ba. Prove thata™"c")*=
cfa™™ for allmn,r € Z, justifying each detail.

(4) LetG be a nonemptget with an associative multiplication on it and
leta,, a, ..., a be pairwise commuting elements®fShow that

(aa,...a)M=a,ma, ™. .a™
forallme N.
(5) Show that, if5 is an additive commutative group, then

~(atayt e = (ay) F(a) t +(ay)
for all a,a,,. ..Aa in G

n
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