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Subgroups

A groupis a set with a binary operation on it which has some nice
properties. Being a set, a group has subsets. Naturallyarezemore
interested in those subsets whreflect the algebraic structure of the
group thann the other subsets. They help us understand the structure
of the group. Foremost among them are the sets whidraues them-
selves. We give them a name.

9.1 Definition: LetG bea group. A nonempty subsktof G is called a
subgroup of Af H itself is a group under the operation®n

We write H << G to express thal is a subgroup o6. Clearly, G is a
subgroup of5, soG < G. If H is a subroup o6 and a proper subset G6f
i.e., ifH << G andH c G, we callH a proper subgroup of GIn this case,
we writeH << G. The notation$! < G andH < G meanthat H is not a
subgroup respectively not a proper subgrou@. of

Given a group and a nonempty subd¢bf G, we must check thgroup
axioms forH in order to determine whetheér is a subgroup o6G. We
now discuss each one of these axioinaurns out that we can do w#h
out some of them.

First of all, there must be a binary operatiorHomhe operation ol is
the operatioron G. More precisely, the operation éhis the restriction
of the operation o to H. Hence, fora,b € H, the elementb is com
puted as the product efandb in G. In order to have a binapperation
onH, given by §,b) — abas IinG, it is necessary and sufficient trednte
H for all a,b € H. HenceH must be closed under the multiplication @n
Then and onlyhen is there a binary operation Brthat is the restric
tion of the multiplication ort.

In the secongblace, we must check associativity. For ab,c € H, we
must show &b)c = a(bc). But we know thatgb)c =a(bc) for all a,b,c € G
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SinceH € G, we have allthe more so gb)c = a(bc) for all a,b,c € H.
Indeed, if all the elements & havea certain property, then all the
elements oH will have the same property. Thus associatikiids inH
automatically, so to speak. We do not have to check it.

In H, there must exist an identity, say 4 H such thatly = a for all

a € H. In particular, the identity ylof H has to be such thatl, = 1.
Since 3 € H € G, Lemma 7.3(1) yieldsyl= 1 = identity elemenbf G
So the identity element &is also the identity element Bf providedit
belongs tdd. Then we do not have to look for an identity element,of
we must only check that the identglement ofG does belong tél. We
write 1for the identity element dfi, since it is the identity element of
G.

Finally, for eacha € H, there must exist axnc H such thatax = 1. Read
ing this equation irG, we seex = a* = theinverse ofa in G. We know
that the inverse o& exists. Where? The invers$ a exists inG. We
must also checke H. Thus wedo not have to look for an inverse af
We must only check that the inveseof a, which we know to be i,
is in fact an element of.

Summarizing this discussion, we see that a nonempbsetH of a
groupG is a subgroup d& if and only if

(1) ab e H for alla,b € H,

(2) 1€ H,

(3) ae Hfor alla € H.
Moreover, (2) follows from (1) and (3ndeed, ifa € H (remember that
H = @), thena™e H by (3) and henceaa® ¢ H by (1), which gives X H.
So(1),(2),(3) together is equivalent to (1),(3) together. We proved the
following lemma.

9.2 Lemma (Subgroup criterion): Let G be a group and let H be a
nonempty subset of. BGhen H is a subgroup of G if and only if

(i) for all ab ¢ H, we have abe H (H is closed under
multiplication)and

(i) for all a € H, we havea™ ¢ H (H is closed under the
forming of inverses). O
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So we can dispense with checking H when weknow H z &. On the
other hand, when we do not know a priori thatJ, the easiest way to
ascertaird # & may be to check that<lH.

When our subset is finite, we can do even better.

9.3 Lemma: (1) Let G be a group and let H beramnempty finite subset
of G Then H is a subgroup of G if and only K is closed under
multiplication

(2) Let G be a finite groupnd let H be a nonempty subset ofTGen H
is a subgroup of G if and only if H is closed under multiplication

Proof: (1) We prove that 9.2) follows from 9.2(i) wherH is finite, so
that 9.2(i) and 9.2 are togetherquivalent to 9.2(i), which is the
claim. So, for alh € H, we must showhata™ ¢ H under the assumption
thatH is finite and closed under multiplication.

If a € H andH is closed under multiplication, we hame = a’c H, aa =
a3c H, ..., ingenerala” € H for all n € N. The infinitely many elements
a,a%a3...,a"... of H cannot ball distinct, becaus#H is a finite set. Thus
a™ = ak for somemk € N, m # k. Without loss of generalitylet us
assumean > k. Then

ar‘n—k—:I.a — am—k — a‘ma—k — am(ak)—l — am(am)—l =1,

so tha™ =a" ¢ H. SoH is closed under the forming of inverses.

(2) This follows from (1), since any subset of a finite set is finite. O

9.4 Examples: (a) For any groupG, the subsets {1} andG are
subgroups o6. Here {1} is called therivial subgroup of G

(b) If K<< H andH < G, thenK is clearly a subgroup o

O Letd/={4zec Z:z€ Z}={ue Z :4u} € Z. Now Z is a group under
addition (Example 7.1(3) and Z is closed under additioand under
the forming of inverses by Lemma 5.2(5) and Lemma 5.2(1):

() if Xy € 47, then 4x and 4y, then 4 +vy, sox+Yy € 4/,
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(i) if x € 47, then 4x, then 4-Xx, so-x € 4/.
Hence 4 < /.

(d) The additive grou is a subgroup of the additive grodp Also,
we havel) < R < C, where the group operation is ordinary addition.

(e) Under multiplication{" ;= {x € (J : x > 0} is a subgroup ofJ\{0},
since

(i) the product ofwo positive rational numbers is a positive
rational number, and

(i) the reciprocal, that is, the multlpllcatlma/erseg of any

positive rational numbexis a positive rational number.
({0} is a groupunder multiplication by 87,Ex.1(b).) Als@l'<< R* (see
Example 7.1(b) andO\{0} < R\{0}. We have in factll' = (\{0} ) n R".

() If H andH, are subgroups d§, thenH; n H, is a subgroup ofG.
IndeedH, N H,# @ since 1€ H, and 1€ H, Also

(abeH NnH,= abeH andabec¢H, = abeH, and
abe H, = abeH nH,

(iJaeH,NnH, = aecH andaecH, = ateH andateH,
= ateH NH,
ThusH, N H2< G. More generally, iH; are subgroups d¥, wherei runs
through an index seét thenifgI H <G Indeed,lfgI H. = @ since 1¢ H. for
alli €1 and

(i.) a,b € ifgl H = abeHforalliel = abeH,forallie¢
I = abe ifgl H.,

(DaeflH = acHforalliel = a'eHforallicel

= atle ] H.
iel 1
(9) LetSpp,1) bethe set of all one-to-one mappings from [0,1] onto [0,1],
which is a group under themposition of mappingéExample 7.1(d)
Consider
T={axe S[O,l] : O = O}.

ThenT is a subgroup dg,1j, for T is not empty (why?) and
NDoePpeT = O0x=0andP=0= O@B)=COx))p=0B =0
= op €T,
(i) «a €T = 0k=0= OQual=0t1= 0/=0u*?
= 0=t = oleT
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(h) LetUu={1357} c Zg5 and consider the multiplication k. We see
11=1 13=3 15=5 17=7
31=3 33=1 35=7 37=5
51=5 53=7 55=1 57=3
7T1=7 73=5 75=3 77=1

so U is closed under multiplication. Sin(:é8 is a finite set,U is a
subgroup on8 by Lemma 9.3Right? No, this is wrong. This would be

correct if Z8 were a group under multiplication, which ig not (for
instance has no inverse by Lemma 6.4().%8 is agroup under addi

tion, but this is something else. When want to use Lemma 9.2 or
Lemma 9.3, we must make sure that the larger set is a group.

Neverthelesd) is a group under multiplication:

(i) U is closed under multiplication by the calculations above.
(i) Multiplication onU is associative since it is in fagssocia
tive onZ, (Lemma 6.4(7).

(i1 € U anda 1 =a for all a € U. This follows from our
calculations or from Lemma 6.4(8). $ads an identity element af.

(iv) Each element dd has an inverse id. This follows from
the equationd 1=1, 33=1, 55=1, 77=1 and from1,35,7 € U.

SoU is a group. Let us find its subgroups. Now we canLesema 9.3.
This lemma shows that1{3}{1,5}{ 1,7} are subgroup®f U since they
are closed under multiplication. The reader will easilytbae these are
the only nontrivial proper subgroups Of Hence the subgroups &f
have orders 1,2,4, which are all divisors of the oltdler 4 ofU.

(i) E={1,-1,,-i} € C\{0O} is a subgroup of the groufp\{0} of nonzero

complex numbers under multiplication by Lemma 9.3 ams itlosed

under multiplication. The same lemmhows that {151} is a subgroup
of E. Also, E has no other nontrivial proper subgroup, for anopgroup

of E that contains or -i mustcontaini?i3i% or )2-)3-)* and thus

must beE itself. SOE has exactly three subgroupsge of order 1, one of
order 2,one of order 4. Here, too, the orders of shbgroups are
divisors of the ordeE = 4 of the groujk.
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()) Lemma 9.3 may be false if the subsetas finite. For example/ is

a group under additiony is a subset of andN is closed withrespect
to addition. Still,N is nota subgroup ofZ since there is no additive
identity inN (0 ¢ N).

Exercises

1. LetG be a group and létbe a nonempty subset 6f Show thatH is
a subgroup o6 if and only ifabt € H for all a,b € H.

2. Show thatnZ .={hze Z:z¢ Z}={u e Z:nu} € Z is a subgroup of
(under addition), where is any natural number.

3. LetM ={x€ §p,1]: Ox = 0 or x = 1}. IsM a subgroup o§jp,1; under
multiplication?

4. LetL={1245,78} € Zg. Show that. is a group under multiplication.

Find all subgroups df. Do theorders of the subgroups divide the order
ILI = 6 of the grouph.?

5. LetG be a group and léd << G, K << G. Show thatH U K is not a
subgroup ofG unlessH U K =H or H U K = K. (The union of two sub
groups is (generally) not a subgroup.)

6. Give an example of a grogand subgroupis,K,L of G such that
HuUKUL < G. (The union of three subgroups can be a subgroup.)

7. LetG be a group and latbe a fixed element &. Determine whether
the subsets

C={x € G ax=xa} andD={x € G:ax=xa orax=xa}
of G are subgroups @&

8. In Example 9.4(h), why cannot we use Lemma 6.4(9) to prove that
the axiom iv) holds?
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