CHAPTER 3

RIngs

829
Basic Definitions

In the preceding chapter, we have examined groups. Groups are sets
with onebinary operation on them. In this chapter, we want to study
sets with two binary operations definedtbeam. The most fundamental
algebraic structure with two binary operations is called a ring.

29.1 Definition: LetR be a nonempty set atet + and- be two binary
operations defined oR. The ordered tripleR(+,) is called aring if the
following conditions (ring axioms) are satisfied.

(i) Forallab e Ria+b e R
(i) For allabc € R, (@a+b)+c=a+ (b +¢).
(i) There is an element B denoted by O, such that
a+0=aforallacR.
(iv) For eacha € R, there is arelement inR, denoted by-a,
such that
a+(-a)=0.
(V) Forallabe R atb=b+a.
(1) For alla,b € R, a'-b € R.
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(2) For alla,b,c € R, (a-b)-c =a:(b-c).
(D) For alla,b,c € R, there hold
a(b+c)=ab+ac and p+c)a=Dba-+ca.

The conditions (i) and (1) assert that two binapgrations + and are
defined onR. We shall refeto + asaddition and to- as multiplication
Further, we shall call the elemeatt b the sum ofa and h and the
elementab theproduct of a and bThe conditions (iJv) say thaR forms

a groupwith respect to addition. The identity element O of this group
will be called thezero elementor simply thezero ofR. So 0 is an
element of the séd® and not neccessarily the number zero. iFiverse
elementa of a € R is called theopposite ok

The condition (2) statethat the multiplication orR is associative. The
condition (D) relateshe two binary operations + andlt is called the
distributivity of multiplication over addition. Here it should be noted
thata-b + a-c stands forg'b) + (a-c) and similarlyb-a + c-a for (b-a) + (c-a).
Notice that there arevo equations in (D), and we must check both of
them when wevant to show that a given ordered tripRetf) is a ring.

In general, neither of them implies the other, ang ihot enough to
check one otthem. There are ordered tripleR,+() for which all the
conditions above are satisfied, except for one of the equati¢gb$, and
they fail to be a ring just for that reason.

For ease of notatiomnve shall frequently denote multiplication by juxta
position and thus writab in place ofa-b. Also, we shall writea - b for

a + (-b). Sincemultiplication in a ring is associative, the products of ele
mentsin a ring are independent of the mode of inserting parentheses
and the usual exponentiation rules are véek 88). We shall use the
results of 88 without explicit mention.

29.2 Examples:(a) Let (R,+) be any commutative group, whose
identity element we shall denote @sWe define a multiplication oR
by declaring

ab=0 foralla,b € R.

It is easily seen thaR,) is a ring.
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(b) A more interesting ring isZ(+,;), where + and are the usual addi
tion and multiplication of integers.

(c) Let 27 denote the set of even integeraen (Z,+;), where + and
are the usual addition and multiplication of integessa ring. In the
same way, ihh € N andnZ is the set of integers divisibile loy then
(nZ,+;) is a ring.

(d) @,+), R,+), (C,+)), (Zn,+,-) are rings under the usual addition and

multiplication.

(e) LetR :={a/b € ©: (a,b) = 1 and %b}. With respect to the usual
addition and multiplication of rational numberR+() is a ring.

(f) Let S = {a/b € ©: (a,b) = 1 and éb}. With respect to the usual
addition and multiplication of rational numberS,+f) is a not ring.The
very first property (i) is not satisfied. For example

les les butt+i=2¢s

2 3 2 3 6
(9) Let p be a prime number and ptt {a/b € : (a,b) = 1 and ptb}.
With respect to the usual addition and multiplication of rational -num
bers, T,+;) is a ring.

a
(h) LetR be a ring. Amatrix over Ris an array(C Z) of four elements

a,bc,d of R, arrangedin two rows and two columns and enclosed within
parentheses. The set of all matrices &veill be denoted byat,(R). If

AB € Mat,(R), we sayA is equal tdB providedthe correspording entries
in A andB are equal and writ& =B in this case.This is clearly arequi
valence relation oMat,(R).

a ef
LetA= (c g) B= (g h) € Mat,(R). ThesumA + B of A andB is defined

ate Db+tf ) )
c+g d+h) and the produaaB of A andB is defined to

aetbg af+b
be the matri>(ce,rdéjJ cfrdh/-

The proof of Theorem 17.4 remains valid and shows Mat(R) is a
commutative group under additi(_)fﬁhe proof of Theorerh7.6(1),(2),(4)
is also valid and establishes tlivegg axioms (1),(2),(D). SoMat,(R),+,) is
aring.

to be the matri)(
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(i) Let K be the set of all real-valued functions definedtloe closed
interval [0,1]. We define operations + amoh K by

(F+9)() =f(x) +9(, F9)() =f(9g9(x) for allx € [0,1]
(f.g € K). Sof + g is that function that maps amxye [0,1] to thesum of
the valuesf(x) andg(x) of the functionsf and g at x; and f.g is that
function that mapsny x € [0,1] to the product of the valudék) and
g(x). In "f + g", the sign "+" stands fothe binary operation + we just
defined, andn "f(xX) + g(X)", the sign "+" stands for the usual addition of
real numbers. It is easily verified th#t+;) is a ring. The suni + g and
the productf-g are said to be defingobintwise The operations + and
are calledpbointwise additiorandpointwise multiplication

()) LetS be any set and leR,¢;) beany ring. LetL denote the set of all
functions fromS into R. Forf, g € L, we put

(f+9)(e =1f(s) +g9(s), FE9)(s) =f(99(s) forallscs.

On the right, we have ttsum (product) of element$s),g(s)in R, on the
left, we have theperations or.. The operations + andon L are called
pointwise additiorand pointwise multiplication With these operations,
(L,+;) is a ring.

Let us find the zerelements of the rings in Example 29.2. This is the
identity element of the&eommutative groulR in Example 29.2(a); the

number zero in the Examples 29.2(b),(c),(d),(e),(f),(g) excephe case
Z_ of Example 29.2(d), where the zero element is the residueCctags

0]
of 0 € Z; theso-called zero matri;(o 8) € Mat,(R), where O is the zero

element oR in Example 29.2(h). Ithe ring of Example 29.2(i), the zero
element is the functiox [0,1] — R for which {(x) = 0 for all x € [0,1];
and in the ring of Example 29.2(j), the zero element is the funati&n
— R for whichu(s) = 0 for alls € S.

We make a convention. As in the casg@mfups, if R,+,) is a ring, and if
it is clear from what the binary operations + are, we shall call the
set Ra ring. Hence we shall speak of the rihopnstead of using themore
correct but more cumbersome expression "the dpng)(, etc.
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The addition in a ring has all the desirable properties one wasidfor:

it is associative,there is an identity element, all elements possess
inverses, andt is also commutative. As for multiplication, only one of
these properties, namely the associativity, is assumed to be satisfied.
may happen, ofourse, that multiplication in a ring has some of these
properties. Then we make the following definitions.

29.3 Definition: A ring R is called acommutativeing if ab = ba for all
a,b e R

29.4 Definition: A ring R is called aring with identity if there is an
elemente in R such thabe=ea=a for alla € R.

Thus a ring is a commutative rinfjthe multiplication ont is commuta
tive. This is a natural definition: since addition is commutative in any
ring, commutativitycan refer only to multiplicationZ, ©, R, €, 27 and

Z_ are example®f commutative ringsMat,(Z) is not a commutative
ring because, for instance,

GIED=-CD-CIH-GDGD.

Likewise, a ring with identity is a ring with a multiplicative identithe
additive identityexists in any ring anyway. Notice thatin Definition
29.4 must be both a right identity ande& identity. Since multiplica
tion in a ringis not necessarily commutative, we cannot conclude, say,
from

ae=a forallaeR
that the other condition

ea=a forallaeR
also holds. In the case of groups, we proved that a right identtgo a
left identity, but inthe proof we made use of the existence of inverse
elements. We cannot use sme argument in the case of rings, for we
do not know anything about the existence of inverse elements. They
may or maynot exist for alla € R. It is possible that a rin@ has an
elementf such that

af =a forallaeR

but fb #b for someb € R.
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In short,R may have amultiplicative right identity which is not a left
identity. If each right identity ira ring fails to be a left identity, then
the ring is not a ring with identity.

These remarks make semsdy for noncommutative rings. Of course, in
a commutative ring, any right (left) identity is also a left (right) identity.

A ring may be commutative without having an identityZ 4s an

example. A ring may havean identity without being commutative:
1

Matz(Z) is an example. An identity of this ring is thmatrix (0 1) More

generally, ifR is a ring with an identitg, then Mat(R) is a ring with an

e
identity (O g). The proof of Theorem 17.6(3) works here without

change.

29.5 Lemma: Let R be a ring with identityThen its multiplicative
identity is uniqué€i.e., thereis one and only one element e such that ea
—ae=aforallae R.

Proof: If e andf are identity elements & thene = ef sincef is a right
identity andef=f sincee is a left identity, s@=ef="1. O

In view of this lemma, we caspeak ofthe identity. We shall follow the
convention ofwriting 1 for the multiplicative identity of a ring with

identity. 1 is therefore an element of the ring under staay not
necessarily the numbesne. For instance, in the rinylat,(Z), the

1
element 1 is the matri(gO (j) the identity matrix. The ring of Example

29.2(i) is a ring with identity, andne checks easily that 1 here is the
function h: [0,1] — R such thath(x) = 1 (real humber one) for al ¢
[0,1].

What about the existence of multiplicative invers®$zourse the ring
must bea ring with identity if we are to speak about multiplicative
inverses. We will see presentlgat the additive identity O of a ring
cannot have a multiplicative inverse unless the ring is idiosyncratic.

29.6 Lemma:Let R be a ringandO its zero element
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(1) a0 = Ofor all a € R.
(2) Ga =0forallacR.
(3) a(-b) =-(ab) for all ab € R.
(4) ((a)b =-(ab) for all ab € R.
(5) ((a)b =a(-b) for all ab € R.
(6) (-a)(-b) =ab for all ab € R.

Proof: (1) Since O is the additive identity Bfwe have O + O = 0. Thus
a(0 + 0) =a0 for alla € R,
a0 +a0 =a0 for alla € R.
By Lemma 7.3(1)a0 must be the identity of the grouR, ¢). ThusaO =
0.

(2) This is proved by the same agument, usmg @ = (0 + O a = Oa.

(3) For anya,b € R, we have

0 =a0 =a(b + (-b)) = ab + a(-b).
Soa(-b) is the additive inverse abb. The additive inverse dab is -(ab)
by definition. Hencea(-b) = -(ab).

(4) For anya,b € R, we have

O=0m=(a+(-a))b=ab+ (-a)b.
So (a)b is the additive inverse aib. The additive inverse @b is-(ab) .
Hence ¢a)b =-(ab).

(5) This follows from (3) and (4).

(6) This follows from (5) on writingb for b and observing(-b) =b. 0O

29.7 Lemma:Let R be a ring with identity. If the zero elemen® of R
has an inversdi.e, if there is an elementda R such thatOt = t0O = 1),
then R has only one element

Proof: If r € R, thenr =r1 =r(0Ot) = (rO)t = Ot = 0, soR < {0}, so R = {0}.
O

The set {0} can be made intorang if we define + and in the only
possible way: O + O = 0 andOO= 0. Thisis a commutative ring with
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identity, the multiplicative identity being the additive identity This
ring is called theaull ring.

29.8 Lemma:Let R be a ring with identity. If R is notthe null ring
thenl = O.

Proof: If R is not the null ring, then therean r € R, r #Z 0. Then the
assumption 1 = O leads to the contradictieirl =r0O = 0. So X 0.
O

Lemma 29.7 states that O in a ring cannot possess a multiplicative
inverse unless the ring is the null ring. Wlew want to show that
divisors of O cannot possess a multiplicative inverses, either.

29.9 Definition: LetR be a ring. Ifa z 0, b # O are elements & such
thatab = O, thera is called deft zero divisorandb is called aright zero
divisor.

It may very well happen that = O, b # O, butab =0 in a ring. For
example, in the riniylat,(I)) of matrices ove®),

@D =0=(C0 a9 =0 P QNG = (G =0

As a second example, considée ring K of real-valued functions on
[0,1] with respect to pointwise addition and multiplicati§Bxample
29.2(i)). The zero element in this ring the function;, wheref(x) = 0 €
R for all x € [0,1]. The functions andb, where

_[oifo<x<12 . (1lifO<x<1/2
AN =1 1if1/2< x <1 PPV oif1/2< x < 1

are thus distinct from, but their pointwise product 5 asa(xX)b(x) = O
for all x € [0,1].

In a commutative ringthere is no distinction between right and left
zero divisors. But in a non commutative rilag, element # O may be a
right zero divisor without being a left zero divisor, and vice versa.
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29.10Lemma: Let R be a ring with identityf a is a left zero divisor,
then a does not have a multiplicative left inveilta is a right zero
divisor, then a does not have a multiplicative right inverse

Proof: Let 1 be the identity dR®. If a is left zero divisor, thea # O and
there is & # O in R such thatwab = 0. Now ifa had a left inverse, so
thatxa = 1, we would obtaif = 1b = (xa)b = x(ab) = xXO = 0, a contra
diction. Soa has no lefinverse. The second statement is proved aralog
ously. O

We knowthat the zero element in a ring distinct from the null ring
cannot have an inverse and we understiioth Lemma 29.10 that
being a zero divisor is the very opposite of havingnaerse. So if we
want a ring to have th@roperty that every nonzero element in it has a
multiplicative inverse, the ring has to be free from zero divisors.

29.11 Definition: A commutative ringwith identity, which is distinct
from the null ring, and which has no zero divisasscalled anintegral
domain

29.12 Definition: A ring with identity, which is distinct fronthe null
ring, and in which every nonzero eleméat a right inverse, is called a
division ring

An integraldomain is therefore a ring in which we may expect that
nonzero elements have inverses, but nothisgid about the actual ex
istence of inverses. Theecessary condition that zero divisors be absent
is satisfied in an integral domain, plus commutativiWhether the
nonzero elements do in fact have inverses is not relevant ohefime-

tion of integral domains.

In a division ring, every nonzero element does have a right inverse;
more precisely, aight inverse. But this means that the nonzero ele
ments in a division ring form a groupder multiplication. We know
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that, in any group, right inverses are alsoileferses and that they are
unigue (Lemma 7.3). Hence, in a division ring, eveonzero element
hasa left inverse as well, and the right and left inverse of an arbitrary
element coincide. This will be calleédeinverse of that element.

Z is an integral domain. In fact/ is the prototype of all integral
domains. Z is not an integral domain, becauaé is not a ring with
identity, although 2Z is commutative andchas no zero divisors. An
example of division rings is given in Ex. 9.

A ring which is both an integral domain andlimision ring deserves a
name.

29.13 Definition: A commutative ringwith identity, which is distinct
from the null ring, and in which every nonzero element haslaplica-
tive inverse, is called &eld.

Thus a fieldis a commutative division ring. Also, a field is an integral
domain in which every nonzero element dbage an inverse. A field is
a ring in which the nonzero elements form a commutagreeip under
multiplication.

Z is not &field, since 2¢ /Z, for instance, does not have an inversée in
(thereisna e Z suchthat 2 = 1). ThusZ is an integral domain which
is not a field. The ring®, R, C, ande (wherep is a prime number) are
example of fields,so Definition 17.1 is consistent witbefinition 29.13.
There are fields.with finitely manglementsas well as with infinitely
many elements.

29.14 Definition: LetR be a ring with identity. An elememtec R of R
is sait to be anit of Rif a has both a right inverse and a left inverse in
R. The set of all units iR will be denoted by
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For example, the units of are 1 and1, soZ" = {1,-1}. The units inZ_
are the residue classador which there is d ¢ Zn suchthata b = 1,
and this holds if and only iaf) = 1. HenceZ = {a € Z.(an) =1}, asin
811. We know tha?* = {1,-1} and Z; are groups undemultiplication
(Theorem 12.4). This are a special cases of the following theorem.

29.15 Theorem:Let R be a ring with identitffhen Ris a group under
multiplication

Proof: We denote the identity &f by 1. Since 1 = 1, wehave 1¢ R
and soR' # ¥. We now show that any unit & hasa unique right
inverse, which is also the unique left inverse of that unitaleeR’, let x
beanyright inverse of and lety beanyleft inverse ofi. Thenax =1 =
ya and

Y=yl =y(@ = (yax = Ix=x.
Thus any right inverse af is equal toy. Hencethere is only one right
inverse ofa, namelyx. Thenany left inverse ofa is also equal tox
Hencethere is a unique left inverse af namely the unique right
inversex of a.

We check the group axioms.

() If ab € R, then thereare uniquely determined elements
X, ziIn Rwith ax=1 =xaandbz=1 =zb From
(ab)(z¥) =a(bgdx =alx=ax=1, X(@b) =z(xa)b=z1b=zb=1,
we see thagkx is both a right inverse and a left inverdeab. Hence
ab € R andR" is closed under multiplication.

(i) The multiplication orR* is associative sindeis a ring.

(i) Sinceal =a = 1a for all a € R, and since 1¢ R, we see
that 1 is the identity element Bf

(iv) If a € R, then there is ane€ Rwith ax=1 =xa Thisx is
in fact an element AR it follows fromax = 1 =xa thata is a left and
right inverse ofk, sox € R. So anya € R has an inverse iR.

ThusR" is a group under muiltiplication. O
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The reader will check easily that, Rfis a ring with identity, distinct
from the null ring, therR is a division ringif and only if R* = R{0}.
Likewise, ifK is acommutative ring with identity, distinct from the null
ring, thenK is a field if and only iK* = K\{0}.

From now on we will writed)", R*, C* for the multiplicativegroups{\{0},
R\{0}, C\{0} of nonzero rational, real, complex numbers, respectively.

We conclude this paragraph with the binomial theorem.

29.16 Theorem (Binomial Theorem) Let R be arin@nd gb € R. If

ab = ba, then(a + b)" = éo gk

Proof: First we remark thaa"b® and a®b" are to be interpreted a$

m n!

andb" respectively, even iR hasno identity. As usual, kO W

n +1
and O! = 1. We use the formug=+ Ek—lgz g‘k Efor 1<ksn-1.

We make induction om. The formula & + b)! = %%1&) + ﬁ%obl is

clearly true We suppose that the formula is proved when the exponent
ofa+bisn. Then

@+b)™l=(@+b)a+b"=@+b)y g‘g ampk
k=0
E WD g IRk 4 n WD A Rpk+L
— %Ean+lb0 z d"D amlkpk 4+ n 1 d"D ampk+L 4 g%aobn+1

_ Dn+10 n EOD A kpk 4 o 0N O ongedpk M+1g o, n+1
0o 027 P+ 3 [k O+ T feqn Tt frygmatd
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_m+1man+1bo oo, bk

=0o O * 2 omkot Ele]]a Op"t

D’l+lDa
g 0, 0 MO peiaqk Opn+1
=0o 02 b+Z Jk gam ok + D1+1Dab

— n+l H‘+1D n+1-k-k
-2, Ok "o

and the formula is true when the exponena efb isn + 1. This com
pletes the proof. O

Exercises

3
1. LetX ={a + b\/z ab e ZYand Y = {a + b\/z :a,b € Z}. Determine
whetherX andY are rings under the usual addition amdtiplication of
real numbers.

2. Let R,+,) bea ring. On the groupR(+), we define an operationby
declaringa ¢ b = ba for all a,b € R. Show thatR,+¢) is a ring(called the

oppositering of R,+,)).
3. On the groug ® Z, we define a multiplication by
(a,b)-(c,d) = (acb)
for all (a,b), (c,d) € Z® Z. DoesZ & Z become a ring with this multipli
cation?

4. Show that the sét={a/b € 0): (a,b) = 1,ntb} is not a ring (under the
usual addition and multiplication of rational numbers) i acomposite
number.

5. Prove tha? _has zero divisors ifi is composite, and that is a field

if nis prime.
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6. On the groug =Z & Z, we define a multiplication by

(a,b)-(c,d) = (acad)
for all (a,b), (c,d) € Z & Z. Prove that, with this multiplicatio® becomes
a ring. Show that (1,0) is a left identityRnbutnot a right identity; and
that (1,0) is a right zero divisor, but nmtleft zero divisor. IR a ring
with identity?

7. Let R be a ring without identity, and le$ = R & Z. On the
commutative grou, we define a multiplication by

(r,a)(r',b) = (rr" +ar” + br,ab)
for all (r,a), (r',b) € S. Prove thas is a ring with identity.

8. On the grouR® =Z_& Z_, we define a multiplication by
(a,b)(c,d)=( ac- bd , ad+Dbc )

for all (a,b),(c,d) € R. Show thaR is a commutative ring with identity.
Prove thatR is a field whenn = 3,7,11 and thaR is not an integral
domain ifn =5,13,17.

a —
9. LetH :{(B ab): a,b € C} c Mat,(C). Prove that, under the usual

matrix addition and multiplicatior is a division ring (cf. 817, Ex. 14).

10. LetRR,, ... ,R be rings. Prové¢hat the groulR, ® R, & ... & R

becomes a ring if multiplication is defined by

(rl,rz, ...,rn)(sl,sz, ...,sn) = (rlsl,rzsz, ...,rnsn)

forall (rpr,, ....r).(s;s,....8) € Ry, ®R, @ ... D R.. Moreover, proveéhat
R, ®R,® ... &R is a commutative ring if andnly if eachR_is; and
thatR, ® R, & ... ® R is a ring with identity if and only ieachR_ is.
TheringR, ® R, ® ... ® R is called thalirect sum oR R,, ... ,R.

n
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