830
Subrings, Ideals and Homomorphisms

As inthe case of groups, we give a nhame to subsets of a ring which are
themselves rings.

30.1Definition: LetR be a ring. A nonempty subs&bf R is called a
subringof R if S itself is a ring with respect to the operationsRon

Thus a nonempty subsgtof a ringR is a subring oR if and only if S
satisfies all the ring axioms in Definition 29.1. As in ttese of groups,
we can dispense with some of them.

Let R+,) be aring ana&@ #S c R. If Sis a subringf R, then §,+) is a
commutative group, thusS,¢) is a subgroup ofR(+); and §,+) is a
subgroup ofR,+) if and only if

(Da+besS for alla,b € S,

(i)-a €S foralla € S,
as we know from Lemma 9.2. Let us now considairltiplication. If
(S+,) is to be a ringthe the restriction of the operatioto S must be a
binary operation of§; and this holds if and only if

(1)ab e Sforalla € S.
So, if a nonempty subsstof a ring R is a subring oRR, then (i),(),(1)
hold. Conversely, i is a nonempty subset of a riRgand(i),(ii),(1) hold,
then §,+)is a subgroup ofR(+), so §,+) is a a commutative group, and
is a binary operation o8y and the associativity ohultiplication and the
disributivity of multiplication over addition holds Bisince they hold in
fact in R. Thus §,+;) is a subring of K+;). We provedthe following
lemma.

30.2 Lemma (Subring criterion): Let(R,+;) be a ring and let S be a
nonempty subset of Rhen(S,+;) is a subring of R if and only if
(a+besS for all ab € S,
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(i-a €S foralla € S,
(ilab e S for all a,b € S. O

30.2" Examplesi(a) {0} and R are subrings of any rirg

(b) If Ris aring and, is an arbitrary collection cfubrings ofR, then it
follows immediately from Lemma 30.2 thi@lt S, is a subring oR.

(o) If Ris aring anKK is a subset A&, the intersection of all subrings of
R that containX is a subring ofR by Example 30.2°(b). It is called the
subring generated by. X

Some properties of multiplication are inherited by subrings.

30.3 Lemma: (1) A subring of a commutative rinilg a commutative
ring.

(2) A subring of a noncommutative ring can be commutative.

(3) A subring of a ring with identity can be a ring without identity.
(4) A subring of a ring without identity can be a ring with identity.
(5) A subring of a ring without zero divisois a ring without zero
divisors.

(6) A subring of a ring with zero divisoisan be a ring without zero
divisors.

(7) A subring of a division ring is not necessarily a division ring.

(8) A subring of a field is not necessarily a field.

(9) A subring, distinct from {0}, of an integral domain is amegral
domain if and only if it contains the identity.

Proof: LetR be a ring an& a subring oR.

(1) If Ris commutative, theab = ba for all a,b € R and, a fortiori,ab =
bafor alla,b € S. HenceS is commutative.

(2) AssumeR is not commutativeThen there are,b € R with ab # ba
The point is that all such paiag may be outsid§, and thatt=ts may
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hold for allst € S. For exampleR = Matz((ED) IS not commutative, b8 =

a
{ (O g) rab € (ED} is a subring oR andS is commutative.

(3) The point isthat the identity 1 ofR need not belong t&®. For
example,Z is a ring with identity2/7 is a subring of/ and Z has no
identity.

(4) The point is thathere may be aein S such thaes=se= s for all s
in S, buter =re =r need not bé&rue for allr € R, i.e.,ery zrjorr,e=rg
for a particularry in R. As an example, consider Z X Z, on which
addition and multiplication are defined by declaring

@b)+(cd =(@-+ca+d

(@,b)(c,d) = (acad)

for all (a,b) € R and which is easily verified to be a ring with respect to
these operations. Ifap) € R is a left identity elemenbf R so that
(a,b)(xy) = (xy) for all (xy) € R, then axay) = (xy) for all (x)y) € R, thus
a = 1. But (1b) is not a right identity element & becausd€x,y)(1,b) =
(xxb) 7 (xy) for any &Yy) € R with y # xb. ThusR is a ring without an
identity. HoweverS = {(a,0): a € Z} is a subring ofR with an identity
(1,0)€ S, as (1,04,0) = @,0) = @,0)(1,0) for any 4,0) € S.

(5) If R has no zero divisors, then
for alla,b € R, az0zb = abgzO.
But this holds for alh,b € S, too. Hence has no zero divisors.

(6) If R has no zero divisors, it may happen that all buwsors fall
outsideS, and in this cas® has no zero divisors. Forstance, The rin®

a
= Matz(@) has zero divisors, but its subget{ (0 8) ra € @} iIs a sub

a
ring of R with no zero divisors. For gt € S andst = 0O, thens = (O 8)

andt = (g 8) for somea,b € ), andst=0 means(ao 8)(8 8) = (8 8)

which is possible only ifi = 0 orb = 0 (in0)), that is, only ifs=0ort =0
(in S).

(7) and (8) Consider the divisiaing U, which is a field as well. Its
subringZ is neither a division ring nor a field.
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(9) A subrings # {0} of an integral domaiR is commutative by (1) and
has no zero divisors by (5). Herees an integral domain dnd only ifS

has an identity. Welaim S has an identity if and only if the identity of
R belongs tcs. Indeed, ifS contains thedentity element J of R, then of

course 1 is an identity element dd. Conversely, ifS has an identity
elementg, thenee=e=1_¢e, so ee- 1.e so €- 1 )e= 0 and, sincesz O
(for S # {0} by assumption)and R has no zero divisors - 1, = 0 and
hencee must be equal to 1 O

The claim in the proof of Lemma 30.3(9) is not self-eviderR.if aring
with identity andS is a subring oR, then it is possible th& is a ring
with identity and the identitgf S is distinct from the identity ofR. Can
you give some examples?

Just as in the case of groups,wamnt to define factor rings by subrings.
We take our factor group construction as a madéet. a groupG and a
subgrou of G, the factor grou®/H is the set of altight cosets ofH in

G, on which the multiplication is defined by thaele Ha-Hb = Hab. In
order that this multiplication be well defined, it m®ecessary and
sufficient thatH be normal irG (Theorem 18.4).

Now letR be a ring an@® a subring oR. ThenR isan abelian group with
respect to addition anglis a subgroup oR. Using ourresults in group
theory, we build the factor grouR/S. This is possible becausg is a
normalsubgroup ofR (any subgroup of an abelian group is normal in
that group). The elements &/S are the (right or left) cosets + S,
wherer ranges oveR. Of courseve must write the cosets as S or as

S +r, not asrS or asSr, for the groupR is an additive group. We now
wish to define a multiplication orRVS and makedr/S into a ring.

The most natural way to define a multiplicationR#S is to put

(r+S) (U+S)=ru+S for allr,u € R.
Let us see if this multiplication is well defined. Onge show that this
multiplication is well defined, it is routine to prove tHftS becomes a
ring with this multiplication. This multiplication is well definafl and
only if the implication
r,+S=r,+S, t, +S=,+S = rt+S=r,,+S (forallr r,t,t, € R)
holds, and it holds if and only if
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r=r,+s,t =t +s, ss, ¢ S = rt-rt e S (for all rrot b € R),
i.e., if and only if
s, €S = (,+s)L,+s)-r,t,eS (forallr,t €R),

i.e., if and only if

S.S, € S = r.s, +st +ss.¢ S (for allr2,t2 € R),
that is, sinces s, € Swhens s, € S, if and only if

SS, €S = rs, +5teS (for allrit € R) €©)
is true. We dropped the subscripts pandt.,

Assume £) holds. Then, choosing= 0, we sees, € S wheneverr € R,
s, € S; and choosing = O, we seest € S whenevers, € S, t € R
Conversely, ifrs, € Sandsit € Swhenever € R;s, € Sands, € S, te R,
thenrs, +ste Sforallrit € R 5,5 € S, sinceS is a subgroup oR with

respect to addition. Thus)(is equivalent to, and the multiplication on
R/S is well defined if and only if:
foralls€ S r € R, there holds € Sandsr € S. (=)

Subrings with this property have a name.

30.4 Definition: A nonempty subs&of a ringR is called anideal of R
if the following two conditions are satisfied.

(i) Sis a subgroup A under addition.

(i) Forallse S, r € R, we havas € Sandsr € S.

According to this definition, an ideal of a riRgs a subring ofR, since it
is closed under multiplication byi)( The condition i() tells more than
simply that the product of aglement inS by an element iI$is in S. It
tells that the product of any elemenRiby any element i, as well as
the product of any element 8by an element iR, are both irb. ThusS
"swallows" or "absorbs" products by element&.in

The condition i{) consists of two subconditionss € S andsr € S. In a
commutative ring, thessubconditions are identical. But wh&nis not
commutative, neitheof them implies the other in general, and one of
them is not enough to makean ideal: both of them ought to hold.

Definition 30.4 and the discusion preceding it give us the following
theorem (cf. Theorem 18.4).
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30.5 Theorem:Let R be a ring and S subgroup of R under addition

The multiplication on the set/Rof right (and lef) cosets of Sjiven by
(r+S) (U+S)=ru+S for all r,u € R.

is well defined if and only if S is an ideal of R O

After giving some examplesd ideals, we will prove that the multipliea
tion onR/S makesR/S into a ring.

30.6 Examples:(a) In any ringR, the set{0} is an ideal (Lemma
29.6(1) and (2) ThesetR itself is also an ideal oR sinceR is closed
under multiplication.

(b) In the ringZ of integers, Z is a subringand in fact an ideal of,
since the product of an even integer by an arbitrary integdwas/s an
even integer. In the same way, therséets an ideal o (n € N).

(c) LetK be thering of real-valued functions on [0,{Example 29.2(i).
Its subsetf € K: f(1/2) = 0} is an ideal oK. Similarly, whenY is asubset
of [0,1], the subsetf{c K: f(y) = O for ally € Y} is an ideal oK.

(d) LetT={a/b € OJ: (a,b) = 1, ptb} be the ringin Example 29.2(g). Then
its subsets

A={a/b ¢ @: (a,b) = 1, ptb, pla} and {a/b € O: (a,b) = 1, ptb, p3a}
are ideals of.

=

e (D, but1 1¢g 7.

(e) Z is not an ideal o), since for example, & 7, > >

(f) Consider the subset= { (|, 8): ab ¢ O} of Mat,(@). Thens is a

subring ofMatz((ED). Also,one sees easily thaet € S for all r ¢ Matz(@),
s € S. Nevertheless5 is not an ideal ol\/latz(@), since it is not true that

1 11
sr € Sforall r € Mat,(D), s € S: for example(l € S (1 1) €

10y,11y (11
Mat,(@), but (3 8)(1 D=(GDes
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Now letS; :{(g 8): Cce€ G;D} ands, ={ (ao 8): a,b € (I;D}. It is easyto see

thatS, andS, are subrings oIR/IatZ(@) and of cours&, < S,. HereS is

anideal of S,, because(ao g)(g 8) = (8 8)(3 g) = (aoc € S, for any

a c
(0 8) € S, and (O 8) € S;. Onthe other handg; is not an ideal of
1 11
Mat, (1)), because, for exampléo 8) €S, (0 0) € Mat,(©) and yet

1 11 11
(0 8)(0 O) = (O O) ¢ S;. ThusS, is an ideal ofS, but not an ideal of
Matz(@). This shows thatidealness™ is not an intrinsic property of a

subring. A subring is not merely aheal, but an ideal of a ring that has
to be clearly specified. Compare this with Example 18.5(i).

(9) Intersection of ideals in a ring is &eal. More precisely, ifR is a
ring ands; are ideals oR (i € I), thenS = ifgl S, is an ideal ofR: we

know thatS is an additive subgroup &f(Example 9.4(f)_ andwhenever
reR, seS, we haves ¢ Si for alli € 1, hencers ¢ Si andsr ¢ Si for all
i €1, hencas € Sandsr € S, andS is therefore an ideal (Rf_

(h) Let R be a ring anX a subset oR. There are ideals oR which
containX, for exampler itself. The intersection of all ideals that contain
X is an ideal ofR by Example 30.6(g)This ideal is called theadeal
generated byX. Compare this with Definition 24.1. Whéhconsists of a
single element only, say wheir= {a}, the ideal generately X is said to
be aprincipal ideal more exactly therincipal ideal generated by. & is
easy to verify that the principal ideal generated »y

{za+ua+at+ i ras:ze Z,utr,s € R ne N}

i=1
(cf. Lemma 24.2). IR has an identity, this ideal can b&itten more
simply as

{il ras:r.,s € RoneN}.
i=

If Ris commutative, the principal ideal generated I/
{za+ra:ze Z,r € R}

If Ris a commutativeing with identity, in particular, iR is an integral
domain,
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{fra: reR={ar: re R}

is the principal ideayjenerated bw. This is usually written aRa or as
aR, or as §).

30.7 Theorem:Let R be a ring and A an ideal of @1 the set RA of

right cosets of A in Rve define two operationsand- by
r+A)+S+A =+ +A, FF+A(s+tA)=rs+A

for all r,s € R. With respect to these operatioR8A is a ring

Proof: The addition oirR/A is well defined sincé\ is a normal additive
subgroup oR and the multiplication oR/A is well defined sincé& is an
ideal ofR (Theorem 30.5).

R/A is a commutative group under additiofTheorem 18.7, Lemma
18.9(2). We must now check the associativity of multiplication and the
distributivity laws.

For allr + A, s+ A t+A € R/A, we have
[(r +A)(s+A)](t+A) =(s+A)(t+A)
=(rs)t+A
=r(st) +A
= +A)-(st+A)
= +A)[(s+A)(t+A)
so multiplication is associative; and we also have
¢ +A)[(s+A+E+A)] = +A)[(s+1) +A)]
=r(s+t) +A
=(s+rt) +A
=(s+A) + (rt +A)
= +A)(s+A) + (+A)+A)

and
[6+A) +E+A](r +A) =[(s+t) +A)]-(r +A)
=(s+Hr+A
=(sr+tr) +A
=(sr+A) + (tr + A
=EHAN(+A) + E+AN(T +A).
HenceR/A is a ring. O
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30.8 Definition: Let A be an ideal of a rinB. The ringR/A of Theorem
30.7is called thefactor ring of R with respect to, Ar thefactor ring R
by A or thefactor ring R mo¢ulo) A. Other names fdR/A are:"quotient

ring”, "difference ring", "residue class ring".

30.9 Examples:(a) In the ringZ of integers, the multipleaZ of an
integern form an ideal, the principal ideal generated by Example
30.6(b) and (h) The factor ringZ/nZ is exactly the ringZ  of integers

modn.

(b) LetT andA be as in Example 30.6(d). Théns an ideal off and we
can build the factor rin@/A. This factor ring has precisefyelements.
What are they?

(c) LetR be a ring and\ an ideal oR. If Ris commutative, so IR/A, for

then ¢ + A)(s+A) =rs+A=sr+A=(s+A)(r +A) for all (r + A),(s+ A

in R/A; and ifR is a ring with identity, so IR/A, for if 1is an identity of

R, then 1 +A € R/A is an identity oR/A, because
r+A)A+A)=rl+A=r+A=r1+A=00A+A):(r +A)

forallr + A € RZA

Idealsare the subrings with respect to which we can build factor rings,
just as normal subgroups are the subgroups with respect to which we
can build factor groups. We know thadrmal subgroups are exactly the
kernels of homomorphisms. We now show that iddgals, are the ker

nels of homomorphisms.

30.10 Definition: LetR andR, be rings andet ¢: R — R, be a mapping
fromRintoR,. If

(a+b)p =ap + by and (ab)e = ap-be
for all a,b € R, thengy is called aring) homomorphism

The operations on the left hand sidesthesoperations oR, and those
on the right hand side are the operationsRprif the operations orR;
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were denoted by and®, the equations would read € b)e = ap ® by
and @b)p =ap ® bey.

If ¢: R— R, isa ring hanomorphism and is a subring oRR, then the
restrictiony of ¢ to Sis also a ring hmomorphism.

A ring homomorphism is a homomorphism adlditive groups which
preserves products as well. This remark enables wsetahe properties

of group homomorphisms whenever we investigate ring homomorph
iIsms.

30.11 Lemma:Letyp: R— R, be a ring homomorphism

(1) Gp = 0.

(2) ((a)e =-(ap) for all a € R. _

) @ ta,+--+a)p=agp+tagp+--- +apforalaa, . ...a €Rne N,
n = 2. (In particular, (na)e = N(ay) for all a € R).

4) (alaz. .. an)cp =a,9a,9...a for all a8, ....8, € Rne N, n= 2. (In
particular, @M = (ap)" for all a € R).

Proof: (1),(2),(3) follow immediately from Lemma0.3, sinceg is a
group homomorphism. (4) is provdy the same argument as in the
proof of Lemma 20.3(3). O

We now establish the ring theoreticahalogues of theorems about
group homomorphisms.

30.12 Theorem:Letyp: R— R, andy: R, — R, be a ringhomomorphisms
Then the composition mapping

pp:R—=R,
is a ring homomorphism from R inkg.

Proof: We regardp and ¢ as group homomorphisms. We know from
Theorem 20.4 thaty is an additive group homomorphislhremains to
show thatpy preserves multiplication. Since
ts)ov = ((rs)e)w
= (re-sp)y
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= (re)w(sp)w

= r(ew) s(ey)
for all r,s € R, pp does preserve multiplication and henrageis a ring
homomorphism. O

Since any ring homomorphismR — R, is a group homomorphism, we
can talk about the image and kerneb.o®f course

Imoe={rp e R:r e RS R, andKereo={r € Rirg =0} < R

30.13 Theorem:Letg: R— R, be a ring homomorphisrithen Ime is a
subring ofR, and Kerg is an ideal of Rcf. Theorem 20.6).

Proof: Im ¢ is a subgroup oR;, by Theorem 20.6. We must show that

Im ¢ is closed under multiplication (Lemma 30.2). kgt Im ¢. Thenx

=rp, y =3sp for somer,s € R. Thenxy=r¢-sp = (rs)p is the imageundereo,

of an element oR, namely ofrs € R. Soxy € Im ¢ andIm ¢ is closed
under multiplication. This proves thhh ¢ is a subring oR, .-

Ker ¢ is a subgroup d® by Theorem 20.6. We must only shdvat Ker ¢
has the "absorbing"” property (Definition 30.4). For arryR and
a € Ker g, we haveap = 0 and so

(ra)e =rp-ap =re-0 =0 and &r)p =apre =0rp =0
by Lemma 29.6(1),(2). Thua € Ker ¢ andar € Ker ¢. ThereforeKer ¢ is
an ideal oRR. O

We prove conversely that every ideal is the kernel of dmonmemorph
ism.

30.14 TheoremiLet R be a ring and let A be an ideal offTRen
v. R—= R/A
r-r+A

is a ring homomorphism from R ontdARand Kerv = A (v is calledthe
natural or canonicalhomomorphism
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Proof: The natural mapping R — R/A is a group homomorphism from

R ontoR/A andKer v = A by Theorem 20.12. So we need only show that

v is a ring homomorphism, i.e., that preserves multiplication. This

follows from the very definition of multiplication iR/A: we have
(rs)v=rs+A=(r +A)(S+A) =rv-sv

for allr,s € R. Sov is a ring homomorphism. O

30.15 Definition: A ring homomorphismp: R — R, is called a 1ing)
isomorphismif it is one-to-one and ontoln this case, we say is iso-
morphicto R, and writeR = R,. If Ris not isomorphic t&®,, we putR e R

So a ring isomorphism is a group isomorphism that presarutgplica-
tion. We use the same sig&""for isomorphic ringsas for isomorphic
groups. This should not lead to any confusion. When confusilikelg,
we state explicitiywhether we mean ring isomorphism or group-iso
morphism.

30.16 Lemma:Lety: R— R, andy: R| — R, be ring isomorphisms
(1) ep: R— R, is a ring isomorphism
) ot R, — Ris a ring isomorphism

Proof: (1) We know thaty is a group isomorphisifLemma20.11(1)
and a ring homomorphism(Theorem 30. 12), sogpy is a ring
isomorphism. This proves (1).

(2) We know thaty™? is a group isomorphisnfLemma 20.11(2) We
must also show thaft! preserves products. For ary € R, we must
show &y)e™ =xotye™ Sincep is onto, there areb € R such thatg = x
andbe =y. Nowa andb are unique with this property, foris one-te
one,anda = x¢}, b = ypL. This is the definition of the inverse mapping.
Sincep is a homomorphism, we have

@b)e =ap.by
(abe =xy
ab = (xy)p™*
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xpLye™ = (xy)e ™
for all xy € R,. Sog™t R, — R is a ring homomorphism and consequently

¢Lis a ring isomorphism. O

30.17 Theorem(Fundamental theorem on homomorphisms)tet
R — R, be a ring homomorphism and leR — R/Ker ¢ be the natural
homomorphism

R/Ker ¢ R/Ker ¢
v B P
R ® R, R ¢ R,
() (b)

Then there is a one-to-one ring homomorphjsRriKer ¢ — R, such that
vp =@,
Proof: From Theorem 20.15 and its proof, we know that the mapping

P! R/Kercp—>R1
r+Kergo — ro

is a well defined one-to-orgroup homomorphism such thag = ¢. It
only remains to check thatpreservesultiplication. For allr,s € R, we

have ((r +Kerg)-(s+Kerg))y = (rs+Ker ¢)yp
= (rs)e
= re-Sp
= (r + Ker 9)y-(s + Ker ¢)yp,
soy preserves products agpds a ring homomorphism. O

30.18Theorem: Letp:R — R, be a ring homomorphisnithen
R/Kergo = 1m o (ring isomorphism

Proof: The mappingy:R/Ker ¢ — R, is a one-to-one ring homomorphism
r+Kero — ro
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(Theorem 30.17) antm v = Im ¢ (see the proof of Theorem 20.16).
Thusy is a one-to-one ring homomorphism ooy and therefore
R/Ker @ = 1Im ¢. O

30.19 Theorem:Let¢:R — R, be a ring homomorphisfrom R onto
R,

(1) Each subring S of Rvith Ker¢ < S, is mapped to a subring &,
which will be denoted by, S

(2) If Sand T are subrings of Bhd Kerp c SC T, then S T,.

(3) If S and T are subrings ofd®ntaining Kerp and ifS € T, then S T.
(4) If S and T are subrings ofd®ntaining Kerp and ifS =T,, then S=T.
(5) For any subring U oR, thereis a subring S of R such thiser ¢ < S
andS, =U.

(6) Let S be a subring of R containing Keffhen S is an idealf R if and
only if S, is an ideal oR,.

(7) If S is an ideal of R containing Kerthen IS=R,/S,.

R R, R R, R/S,
T Tl

S s, S s, 1
Ker ¢ {0} Ker ¢ {0}

{0} {0}

Proof: (1) As in Theorem 21.1ye putS, =1m ¢, By Theorem 30.135,
is a subringf R,. (The restriction of a ring homomorphism to a subring

is also a ring homomorphism.)

(2),(3),(4) We regardp merely as a group homomorphism aapply
Theorem 21.1(2),(3),(4).

(5) LetU be a subring oR,. ConsiderU as an additive subgroup &f.
From Theorem 21.1(5), we know that there is a subgdmf|®, namely

S={r e Rirp € U}
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with Ker ¢ € S andS, =U. It remains to show th&tis asubring ofR. We
need only check thatis closed under multiplicatiorgnd this is easy: if
rse s, thenrg, sp € U, thenro-sp € U, then ¢(s)p € U, thenrs € S andS
is multiplicatively cloéed.

(6) LetS be a subringf R, with Ker ¢ € S. First we assume th&tis an
ideal ofR and prove thaﬁl is an ideal oRl. We must show th.':l[_tls1 €8
andslr1 € Sl for all rp €R,s € Sl. Well, if rp€R,s € S=Im P then
there area € Rwith rop = ry ands € S with sp = S and so

rS, =resp= rs)e € Im Pg = S sincers € S asSis an ideal oR,

S, =spro = (sNe € Im P =S sincesr € S asSis an ideal oR.
This proves tha$, is an ideal oR, if Sis an ideal oR.

Next we supposé, is an ideal ofR,. By Theorem 30.145 = Ker v/,
wherev’: R, — R,/S, is the natural homomorphism. Thent R — R /S, is
a ring homomorphism (Theorem 30.12) with

Kergv' =S, *)
as follows from (ii) on page 225. By Theorem 303 an ideal oR.

(7) Assume thas is anideal of R andS, is an ideal oR,. From the ring
homomorphismpv: R— R /S, we get

R/Ker ov" = Im v’ (ring isomorphism)

by Theorem 30.18. Hei&er ¢v° =S by (*) andim ¢v’ =R,/S,, forp and v’
are both onto. Thus
R/S=R//S, (ring homomorphism). O

30.20 Theorem:Let A be andeal of R The subrings of A are given
by A, where S runs through the subrings otdétitaining A In other
words for each subring U of A, there is a unique subring'S of R such
that Ac U and U=S/A WhenU, andU, are subrings of RA, say with

U, = S/A andU, = S/A whereS, S, are subrings of Reontaining A
thenU, c U, if and only ifS, < S,. Furthermore S/A is an ideal oR/A if
and only if S is an ideal of. R this case

R/A/ S/A = R/S (ring isomorphism

Proof: The natural homomorphism R — R/A is onto by Theorem
30.14. Now we may apply Theorem 30.1hich states that arsubring
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of RZA is of the formS, =Imv,={sv e RF/A:s € S§}={s+Ac R/Aisc § =
S/A for some subring of R containingKer v = A (notice thatS/A is
mean-ingful, forA is an ideal ofSs whenA < S andS is a subring oR).

We know thaty, = Im Vs, cIm Vg = U, if and only ifS < S, (Theorem

30.19(2),(3)). Finally, S/A = Im vg Is an ideal oR/A if and only ifSis

an ideal oRR, in which cas®/A / S/A = R/S (Theorem 30.19(6),(J)

O

30.21 Theorem:Let R be a ringS a subring of Rand Aan ideal of R
(1) S+ Ais a subring of RhereS+ Adenotes§¢+a € Rise€ S,ac€ A} € R
in accordance with Definition 19.1).

(2) Ais an ideal of S A and Sn Ais an ideal of S

B)S+A/A =2 S/ Sn A (ring isomorphism).

Proof: (1) S+ A is an additive subgroup 8f(Lemma 19.4), and it ialso
closed under multiplication since

(s+a)(s +a’)=ssS +sa +as +aa € S+A
forall ss € S a,a” € A, because thess € S; andsd,as,aa € A, conse
quentlysa +as +aa € A. SoS+ A is a subring oR.

(2) Ais an ideal oR and a subseif S + A, so, a fortiori,A is an ideal of
S+ A Also,Sn Ais a subgroup @ and, foralla €¢ SN A ' s€ S,

sa€ Sandsac A, sosa€ Sn A,

as€ Sandase A,soas€ SN A
sinceSis closed under multiplication ar is an ideal oR. This shows
thatS n Ais an ideal of.

(3) We have a ring homomorphisrg S — R/A, therestriction of the

natural homomorphism: R — R/A. HenceS/Ker vg = Im v.. From the

proof of Theorem 21.3, we knoker Vg = SN A andim Vg = S+A /A So
S+A/A=2S/SNA
as contended. O

Exercises
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1. LetR be a ring. Theenter of Rs defined to be the set
Z(R)={z € R.za=azfor alla € R}.
Is Z(R) a subring or an ideal &

2. Given a ringR, find Z(Mat,(R)).
3. Prove that, iD is a division ring, the#(D) is a field.

4. LetR be a ring and € R. Is thecentralizer
Cy(b) :={r € Rirb =br}

of b a subring oR?
5. LetR be a ring with identity. Prove or disprove tB@t) = (Z(R))*

6. Show that, iK is a field, then {0} and are the only ideals df.

7. LetD be a division ring. Find all ideals bfat,(D).

8. LetR be a ring and leEndR) be theset of all ring homomorphisms
from R into R. For anyp,py € EndR), we definep + p: R — R by

r(p+vy) =rp +ry.
Show that + p € EndR) andthat EndR),+,) is a ring ¢ is the composi
tion of functions).

9. LetR be a ring and\ an ideal oR. Prove that
{r e Rerx € Afor allx € R}
is an ideal oR.

10. Let R,+;) be a ring. ITAB are nonempty subsets Bf we defineAB
to be the nonempty subset
{a,b, +ab,+---+ab eRneNaeAb cB}

of R. A subgroupA of (R,+) is called aright (resp. left) ideal of R
providedar € A (resp.ra € A) for alla € A, r € R. Prove that, iiAB,C are
arbitrary right (resp. left) ideals &f then

(a) A+B, AB, An B are right (resp. left) ideals &f

(b) (AB)C = A(BO),

(c)A(B+C)=AB+ACand B +C)A=BA+CA

11. LetR be a ring. An ided&? of R is said tdbe primeif P # R and if, for
any two ideal#AB of R, the implication
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ABCP = AcCPorBcP
is valid (see Ex. 10). Prove the following statements.
(a) LetP be an ideal oR andP =z R. If, for anya,b € R,
abeP = acPorbeP
thenP is a prime ideal oR.
(b) LetR be commutative. IP is a prime ideal oR, then
abeP = acPorbeP
for anya,b € R.
(c) {0} is a prime ideal of any integral domain.
(d) LetR be a commutative ring with identity aRdan ideal ofR.
ThenP is a prime ideal oR if and only ifR/P is an integral domain.

12. LetR be a ring. An ideal (resp. right ideal, resp. left id&alpf R is
said to bemaximal ideal(resp.right ideal, resp.left idead)of Rif M = R
and if there is no ideal (resp. right ideal, resp. left idealf)R such that
M < N c R. Prove the following statements.

(a) If R is a commutative ring with identity, then every maximal
ideal ofR is prime.

(b) If Ris a ring with identitydistinct from the null ring, and ¥
is an ideal oR such thaR/M is a division ring, theM is maximal.

(c) If R is a ring with identity andM a maximal ideal oR, then
R/M is a field.

(d) Find a noncommutative rin@ with identity and a maximal
idealM of R such thaRk/M is not a division ring.

13. An element in aring R is said to be nilpotent i#" = 0 for some
Nn € N. Provethat, if a,b are nilpotent elements in a ring, andlif= ba,
thena + b is also nilpotent.

14. LetR be a commutative ring. Show that theMsef all nilpotent ele
ments iNR is anideal of R and that the factor rinB/N has no nilpotent
elements other than O.

15. Find ringsR,S with identities1,, 1, respectively and &@&ng home
morphismp: R — S such thatigq)cp #z 1o

16. If RS arerings with identitiesl_ 1. respectively, and if: R — S is a
ring homomorphism ont8, prove that )¢ = 1..

17. The notation being as in 8. 7, prove that the mappimg— (r,0)
is a one-to-one ring homomorphism fr&mto S.
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