831
Field of Fractions of an Integral Domain

Let D be an integral domain, i.e., a commutatiwvey with identity which
has zazero divisors, distinct from the null ring. Leb,c be elements of
D such that

azo, ab=ac ()
If a has a multiplicative inverse! in D, we could multiply both sises of
this equation by™ and obtain

b =c. (@)

But we do not know whetharhasan inverse irb and we cannot argue
in this way.Nevertheless, it is true that (i) implig€$) in an integral
domain: from (i), we get

ab-ac =0
a(b-c) =0,
and, since # O andD has no zero divisors,
b-c=0
b =c.

Hence the cancellation lalolds in an integral domaib just as if the
nonzero elements ib had inverses i, i.e., as ifD\{0O} were a group
under multiplication.

It is the objectiveof this paragraph to show that any integral domain is
in fact a subring of a ringsuch thatr\{O} is a commutative multiplica
tive group, i.e., a subring offeeld F. We can then say that tim®nzero
elements i do have inverses, perhaps nobjibut certainly irfF.

First we show that finite integral domains are always fields.

31.1 Theorem:If an integral domain has finitely many elemethen
it is a field

Proof: (cf. Lemma 9.3) LeD be an integral domain with finitelgnany
elements. We are s&how that every nonzero elementbDohas a mult
plicative inverse ir.
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Leta € D, a # 0. SincégD| is finite, theelements

of D cannot be all distinct. So there are natural numkgrs N such
thatak=a!, with k < |, say. We obtain then

&-a'=o0
ak-aka™ =0
a1 -a™ =0,
where 1 is the identity db. SinceD has no zero divisors aradz 0, we
concludeak = a-a- ... -a # 0, which yields
1-a™® =0
alk=1,
aa*t =1,
Thusa™' ¢ Dis an inverse of. SoD is a field. O

Starting from anintegral domainD, we now construct, without any
hypothesis ofD|, a fieldF which containd as a subring. This construc
tion is an immediate generalization of the constructionlJofrom Z,

whose basic moments we recollect: every ratiomahber is a fraction

a . : . .
b of integersa,b, with b # O; different fractions can represent the same

rational number, in fac% :% if and only ifad = bc (whera,b,cd € Z

. i a c. .
andb z O # ¢); the addition of two rational numbegs d is carried out

by writing them with a common denominator and adding the

¢c_ad bc _ M); the multiplication is carried

numerators(g A e
b d bd bd bd

o : a c
out by multiplyingthe numerators and denominators separe(tglg:

ac . . . . a
EJI;); an integen is considered to be equal to the rational nuniber

All these carry over to the more general case of an arbitrary integral
domainD in place ofZ, and give rise ta field F which is related t® in

the same way a#) is related toZ. The elements of will be like
"fractions” of elements dd. We introduce them in the next two lemmas.
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31.2 Lemma:Let D be an integral domain and put
S:={(a,b): a,b € D, b=z 0} = D X (D\{0}).
We define a relatior on Sby declaring
(a,b) ~ (c,d) if and only if ad=bc
for all (a,b), (c,d) € S. Then~ is an equivalence relation on S

Proof: (i) For all @,b) € S, we have 4,b) ~ (a,b) sinceab = ba So~ is
reflexive.

(i) If (a,b), (c,d) € Sand &,b) ~ (c,d), then

ad =bc

da =cb

cb=da
(c,d) ~ (a,b)

and~ is symmetric.

(i) If (a,b), (c,d), (ef) € Sand @,b) ~ (c,d), (c,d) ~ (ef), then
ad=bcandcf=de
adf=bcfandbcf=bde
daf = dbe
d(af - be =0.
From ¢,d) € S, we knowd # O, and, sinced has no zero divisors, we
obtainaf - be= 0. Thusaf = be, so @,b) ~ (ef) and~ is transitive.

So~ is an equivalence relation 8n O

31.3 Lemma:Let D be arintegral domainS = D X (D\{0}), and let~ be
the equivalence relation of Lemn®l.2.For (a,b) € S, we designhate the
equivalence class @¢4,b) by [a:b]. Thus[a:b] = {(c,d) € S: (c,d) ~ (a,b)}.

Let F = {{ab]: (a,b) € S} be the set of alkequivalence classes of the
elements in Sor all [a:b], [c.d] € F, we put
[a:b] + [c:d] = [ad + bc: bd],
[a:b]-[c:d] =[ac bd].

Then+ and- are well defined operations on F

Proof: First we remark that, ifa), (c,d) € S, thenb,d z 0, and sdod= O
sinceD has no zero divisor3hus @d + bcbd), (acbd) € S and therefore
[ad + bcbd], [acbd] € F.
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We must show that + andare well defined operations én This means
we must show that the implication

[a:b] = [xy], [c.d] =[zu] = [ad + bcbd] = [xu+ yzyu], [acbd] = [xzyuy]
is valid. This implication is equivalent to
(ab) ~ (xy), cd) ~ (zu) = (ad+bcbd) ~ (xu+yzyu), (acbd) ~ (xzyu)
which, in turn, is equivalent to

ay=bx cu=dz = (ad+boyu=Dbd(xu+y2, acyu=bdxz
whereb,dy,u # 0. But certainly, wheay = bx, cu=dz we have

(ad + boyu = adyu+ bcyu= ay-du + by-cu = bxdu + by-cu = bxdu + by-dz
= bdxu+ bdyz =bd(xu+y2 andacyu=aycu=bxdz=bdxz O

31.4 Theorem:With the notation of Lemn®i.3, €,+;) is a field
Proof: (i) According to Lemma 31.3, + is a binary operatiorrFon

(i) + is associative since for argl|, [c:d], [ef] € F, we have
(a:b] + [c:d]) + [ef] = [ad + bcbd] + [ef]

(ad + bo)f + (bd)e : (bd)f]

a(df) + b(cf + de): b(df)]

a:b] + [cf + dedf]

a:b] + ([c.d] + [ef]).

(i) [0:1] is a right additive identity sincea:p] + [0:1] = [al + bO: bl] = [a:b]
for any p:b] € F. (Notice that [0:1] = [@] for alld € D, d =z 0.)

(v) Any [a:b] € F has a right additive inverse:a[b] is the opposite of
[a:b], for [a:b] + [-a:b] = [ab + b(-a): b?] = [0:b?] = [0:1].

(V) + is commutative since for anglp], [c.d] € F, we have
[a:b] + [c:d] = [ad + bcbd] = [cb + dadb] = [c:d] + [a:b].

We proved that H,+) is a commutative group. We nowheck the
remaining ring axioms.

(1) According to Lemma 31.3js a binary operation dn
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(2) - is associative since for angly], [c:d], [ef] € F, we have
(a:b]-[c:d])-[ef] =[acbd[ef]
= [(ac)e :(bd)f]
= [a(ce):b(df)]
= [a:b]-[cedf]
= [a:b]-([c:d] [ef]).

(D) For all a:b], [c:d], [ef] € F, we have
[a:b]-([c:d] + [ef]) = [a:b]-[cf + dedf]
= [a(cf + de:b(df)]
= [acf+ adebdf
= [bacf+ badebbdf (why?)
= [acbf + bdaebd bf]
= [acbd] + [aebf]
= [a:b]-[c:d] + [a:b]-[ef]
and oneof the distributivity laws hold irf. We must prove the other
distributivity law. We can give an argument similar to the abbuée we
show presently thats commutative, anthis will give the other distri
butivity law as a bonus.

We havenotyet proved thatH+,) is a ring.

(3) - is commutative since for ang:lp], [c:d] € F, we have
[a:b]-[c:d] = [acbd] = [cadb] = [c:d]-[a:b].
As we have alreadsemarked above, this yields the distributivity law
we have not checked:
(c:d] + [ef])[a:b] = [a:b]-([c:d] + [ef])
= [a:b]-[c:d] + [a:b]-[ef]
= [c:d][a:b] + [ef][a:b]
for all [a:b], [c:d], [ef] € F.

We now proved thaf(+,) is a commutative ring.

(4) [1:1] is the multiplicative identity because

[a:b]-[1:1] = [al:b1] = [a:b]
for all [a:b] € F. Since multiplication is commutative, there holds also
[1:1]-[a:b] = [a:b] for any [a:b] € F. (Notice that [1:1F [d:d] for all d € D
with d =z 0.)

Thus E,+,;) is a commutative ring with identity. It remains to show that
every nonzero element ihhas a multiplicative inverse h
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(5) Forall [a:b] € F\{O}, we show that b:a] is a multiplicative inverse of

[a:b]. First of all, since [a:b] = [0:1] in F,
(a,b) is not equivalent to (0,1) B
al # b0
a =0
(ba) €S

and p:a] is an element df. Secondly, 4:b]-[b:a] = [abba] = [abab] = [1:1]
= multiplicative identity ofF. Thus p:a] is a multiplicative inverse of
[a:b] # [0:1] in F.

This proves that+,) is a field. O

31.5 Theorem:Let D be an integral domain and Igt+;) be thefield of
TheorenB1l.4.Then D is isomorphic to a subring of F

Proof: Let¢: D — F. We demonstrate thatis a one-to-one ring homo-
a— [a:l]
morphism.For alla,b € D,
ap +bp =Ja:1] + [b:1] =[al + Ib:1-1] = [a + b:1] = (@ + b)p
ap-bp = [a:1]-[b:1] = [ab:1-1] = [ab:1] = (@b)e,
thuse is a homomorphism. Also
Kerp ={a € D: ap = zero element di}

={a € D:[a:1] = [0:1]}

={a € D: (a,1)~ (0,1)}

={a € D:a'1 = 1.0}

={a € D:a=0}

= {0}
and hencep is one-to-oneBy Theorem 30.18D is isomorphic to the
subringlm ¢ =Dg ={[a:1] € F: a € D} of F. O

31.6 Definition: Let D be an integral domain. Thethe field of
Theorem 31.4 is called tHield of fractionsor thefield of quotients ob.
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a
b
fractions (of elements fronD). Furthermore, we identify thentegral

domainD with its imageDe under the mapping in Theorem 31.5. Thus

From now on, we shalrite — for [a:b]. The elements of will be called

we writea instead O% and regard as a subring of. Then the inverse

ofbe DCF isé € F and that o% is: (herea,b € D, a,b # 0). With these

notations, calculations are carried out in the usual way.

Starting from an integral domai) we constructed the fieldt of frac
tions of D. Now this fieldF is also an integral domain, toand we may
repeat ourconstruction and obtain the field of fractions fofsay F,.
However, nothing is gained by this repetition, fgris not essentially
distinct fromF.

31.7 Theorem:Let K be a fieldand IetK1 be the field of fractions of .K
ThenK, is isomorphic tK

Proof: From Theorem 31.6, we know thaK — K, is an isomorphism
a

a—

1
from K ontoKg = Im ¢. We will show thatm ¢ = K-

Any element oK, can be written a% , wherea,b € K andb =z 0. SinceK

is a field andb z O, there is an inverd®t e K of b in K. Thusab?® € K and

bl
2 = [ab] = [ab™1] =2 = @bYe € Im .
This prove, < Im ¢, solm ¢ =K, andK, is isomorphic t&. O

Next we show that the fieldf fractions of an integral domain is the
smallest field containing that integral domain.

31.8 Theorem:Let D be anintegral domain and F the field of fractions
of D. If K is anyfield that contains Dthen K contains a subring iso
morphic to F
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Proof: We construct an isomorphism Frdmonto a subring oK. The
elementf F are fraction% , Wherea,b € D andb # 0. Regarded as an

element oK, b has an inverske™ in K, soab™® € K. Lety: F— K.

a il
b ab

p is a well defined mapping, for %: % (a,bcd € D, b= 0 = d), thenad

= bc, soadb™d™® = bcbld?, soab® =cd?, so %)lp = (%)w. Now

E+w=C02%y = @d+bo(bayt

= (ad+bo)dbl=abl+cdl= (%)q) + (%)q)

and (%- - %)lp = (%)lp = @0 (bd)y! = acdb?=ablcd?= (%)lp-(%)lp

for any two fraction% % in F andy is a ring homomorphisnierevy is

one-to-one becauser v = {0}, for a € Ker p implies %)q; =0, soab1=0,

b
_ 1 el a_ 0 _ O _ L .
soa =abb™= 0™ = 0, SOB “b~-1- 0. HenceF is isomorphic to the
subringlm v of K (Theorem 30.18). O
Exercises

1.LetD, ={a+biecC:abe 7}, D,={a+2bi e C:abe 7} and
3 3
E={a+ b\/z + C\/Z € R:abc € Z}. Show thatD,, D,, E are integral

domains and describe, as simpl/you can, the elements in the field of
fractions of these integral domains.

2. LetR be a commutative ring and Mtbe a nonemptynultiplicatively
closed subset d&f. For ordered pairs iRX M, we put

(rm)~ (' ,mMm) ifand only if thereis ame M such that(rm” - r'm)
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Show that- is an equivalenceelation onR X M. Denote the equivalence
r . .
class of (,m) bya and define, on the skI'R of all equivalence classes,

addition and multiplication by
rr_rm+mr rr rr’
—+-—=——"— and—-— = "
m m mm m m mm
Prove thaM™R is a commutative ring with identity under these opera
tions.

3. Keep the notation of Ex. 2. Prove tha#k\ifs an ideal oR, thenM™A =
{% e MTR:a € A, me M} is an idealof M'R. If AB are ideals oR, then
MA +B) = MA + MB andM™(A n B) = M1A n M7 B. Does every ideal
of MR have the fornM™A for some ideah of R?

4. LetR be a commutative ring with identity and Rebe a prime ideal
of M (see830, Ex. 11). Show tha¥l := R\P is a multiplicatively closed
sukset of R. Prove thatM™R, in the notation of Ex. 2, has a unique
maximal ideal (see 830, Ex. 12).

5. Discuss the rings in Example 29.2(e),(g) under the light of Ex. 3 and 4.
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