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Divisibility Theory in Integral Domains

As we have already mentioned, the rihgf integers ishe prototype of
integral domains. There is a divisibility relation dh aninteger b is
saidto be divisible by a nonzero integerwhen there is an integer
such thatac = b. Integers with no nontrivial divisors are called prime,
and every nonzero integer thatnist a unit can be written as a product
of prime numbers in a unique way.

We want toinvestigate whether there are similar results in other
integral domains. More generally, oo@n ask whether there are similar
results in an arbitrary ring. However, in an arbitrary riage has to
distinguish between left divisors andht divisors: ifa,b,c are elements

of a ring andab =c, thena is called a left divisor, ant is called a right
divisor of c. Herea may be a left divisor ot without being a right
divisor ofc, and vice versa. Furthermore, tdastence of zero divisors

in a ring complicates the theory. For these reasant)is introductory
book, we confine ourselves to integral domains.

32.1 Definition: Let D be an integral domain and lep € D. If « # O
and if there is & € D such thatay = B, thena is called adivisor or a
factor ofp andp is said to belivisible byx. We also say dividesgp.

We write «/p when « divides B, and otfp when « # 0O and « does not
divide B.

32.2 Lemma:Let D be an integral domain and |e1ﬁ,v,u,v,u1,u2, Cobg
ﬁl,ﬁz, ...,ﬁs be elements of . D

(1) If olB, theno|-B, -«|-B, -«|B.

(2) If olpandBly, thenaly.

(3) If alpandy= O, thenay|py.

* More precisely, oZ\{0}
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(4) If aylpy, thenalp.

(5) If alp andaly, thena|B+y.

(6) If olp andaly, thena|p-y.

(7) If alpandaly, theno|up+vy.

(8) If alBy, alB,, ..., olBy, thenod p B+ B+ ... +u B
(9) If = 0,theny|O.

(10) 1 and-1|ax.

Proof: The claims are proved exactly as in the proof of Lemma 5.3.

We know that the units 11 of Z divide every integer. This is true in
any arbitrary integral domain (see Definition 29.14).

32.3 Lemma:Let D be an integral domain aride D. Thenk is a unitof
D (i.e, E € D) if and only ifE|« for all « € D.

Proof: If E is a unit, therkp = 1for somep € D; in particular, sinceé® is
an integral domairgp = 1z O andE = 0. For any € D, we havelE(Bx) =
(EB)x = 1x = &, with Bx € D. Thusk| « for anya« € D. Converselyif F|« for
all « in D, thenk|1, soEp = 1 forsomep € D. Thuslk has an inverse ih
andE is a unit ofD.

O

32.4 Definition: LetD be an integral domain ang ¢ D. Thena is said
to beassociate t@ if there is a unit € D" suchthat « = BE. In this case,
we writea ~ B.

32.5 Lemma: Let D be an integral domaimhen~ is an equivalence
relation on D

Proof: (i) For anya € D, we havex = a1 and 1 is a unitdlencex~ « and
~ is reflexive. () If «,p € D anda ~ B, thena = BE for somek € D, thenp
= «E1 with E™ € D* (for D“is a group by Theorem 29.15) ahd «, so~ is
symmetric.(iii) If «,B,y € Danda ~ B, y » «, then« = BE, B = yE, where
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[E,E” are units irD. Soa = yE'E, with E'E € D' (Theorem 29.15Yhus « » y
and~ is transitive.
m|

Since~ is a symmetic relation, it is legitimate to say thaand g are
associate whean is associate tp. The alert reader will havaoticed that
the groupD* acts on the sdd in the sense of Definition 25.1, anlde
orbit of any« € D consists of the associatescofthatis, elements oD
which are associate 9. Lemma32.5 is thus merely a special case of
Lemma 25.5.

For anyx € D, the units and associatespofire divisors ofx. A divisor of

«, which is neither a unit nor an associafte, is called a proper divisor

of «. An element need not have proper divisors; for instance, a unit has
no proper divisors.

The relationa|/p holds if and only if the relatiom(ll[i1 holds for any
associat@<1 of « and for any associaﬁ?l of B. In other words, as far as
divisibility is concerned, associate elements play the same role.

32.6 Examplesi(a) The theory oflivisibility in Z was discussed in 85.
The units inZ are 1 andl, and the associatesa€ Z area and-a. The
terminology in this paragraph is consistent with that of 85.

(b) Let D be a field. Therwp for any«,p € D, a« # O sincex # O implies
that there isan inversex™ of « in D and a(a«™B) = B with o € D. In
particular,x|1 for anyx € D, « # 0. Hence any nonzero elementDins a
unit and any two nonzemements are associate. The divisibility theory
IS not very interesting in a field.

(c) LetR ={a/b € 0: (a,b) =1, 5tb} be the ring of Example 29.2(e). It is
easily seen thak is an integral domain. Let us find tlhaits of R. The
multiplicative inverse oi/b € Rc () ((a,b) = 1) isb/a € (J, andb/a € R

if and only if HJa. ThusR* = {a/b € R: (a,b) =1, 5tb, 5ta}. The associates
of a/b € R are the numberg’y with (Xy) = 1, wherea andx are exactly
divisible by the same power of of 5.
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(d) We putZ[i] :={a +bi € C: a,b € 7Z}. One easily checks thaf[i] is a
subring ofC and that/[i] is an integrablomain. The elements dfi] are
called gaussian integergfter C. F. Gauss (1777-1855) who introduced
them in his investigations about the so-call@duadratic reciprocity
law).

Since/Z]i] is a subring of_, each element =a + bi in Z[i] hasa conjugate
and a norm. The conjugateof a + bi € Z[i] is defined to bex = a - bi
in Z[i] (a,b € 7). Notice thatup=«a B for anya,p € Z[i]. The normN(«) of
a +bi € Z[i] is defined byN(«) = o«; henceN(a + bi) = a? + b? (a,b € 2).
ThusN(«) is a nonnegative integer for anye Z[i], and equals O if and
only if x = 0+ 0 = 0. MoreoverN(By) = By-By = By B vy = BB vy = N(B)N(Y)
for anyB,y € Z][i].

Using this, it is easy to determine the unit€fih We claimk € /Z[i] is a
unit in Z[i] if and only ifN(E) = 1. Indeedif E is a unit inZ[i], then EE™>

= 1, thenN(E)N(E™) = 1, where N(E),N(E™Y are positive integers. This
forcesN(E) = 1, as claimed. ConverselyN{E) = 1, thenEE = 1, wherelE

€ /ZJi], and this yield€|1, which mean& is a unit.

ThusE € a + bi is a unit if and only iN(E) = a? + b?> = 1 (herea,b € 7)
anda®+b? =1 if and only ifa?2 =1, b? = 0 ora® = 0,b? = 1. ThereforeE
is a unit if and only ift = 1-1,i-i, so thatZ[i]* = {1,-1,i,-i}. The associates
of « in Z[i] are the numbers, -«, ai, -«i.

“1 +\/3
2

2 . . 2 .
(e) We putw = € C. Thusw = cosé[ + |S|n§7r . By de Moivre's

An
2 .. 2 2 -1 - [
theorem w? = 0032§1T+|S|n2§ =e3 =23|=w and

2 .2 .
WS = COS3§+ISIH3§ =1.S0:°-1=0, so¢ - 1) + v+ 1) = 0. Since

w- 1% 0, we conclude?+w+1 = 0, which can also be verified directly.
Fromw® = 1, we obtain® = v, whence ¢%)? + w® + 1 = 0.

We putZ[e] :={a + be € C: a,b € 7Z}. One easily checks thaf[«] is a
subring of C and that/Z[w] is an integral domain. The closure &Afw]
under multiplication follows fronv? =-1 - :
(@ + bw)(c + dw) = ac+adw + bcw + bdw?
= ac+adw + bcw + bd( -1 - w)
= (ac- bd) + (@ad+bc- bd)w
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€ Z[w]
for alla + bw, ¢ + dew € Z[w]. The ringZ[w] was introduced independently
by C. G.J. Jacobi (1804-1851) and by G. Eisenstein (1823-1852) in their
investigations about the so-called cubic reciprocity law).

Repeating the proof foffi], we seghata + be € Z[w] is a unit inZ[w] if
and only ifN(a + bw) = 1. This is equivalent t@® - ab + b = 1, so
equivalent to 4% - 4ab+ 4b® = 4, so to (2 - b)? + 3b® = 4. The last equa
tion holds ifand only if2-b=52,b=0or2-b=71,b=71 (@b € 2).
In this way, we ged + bo =71, Fw, (-1 - ©) = Fw?. The units inZ[«] are
, 7w, 7( -1 - 0) = Fw?; the associates afe¢ Z[w] are the numbersy, og,
( -1 - ©)a = Fwlx.

+I

+H

(f) We putZ[\/5i] = {a + b\/5i € C: ab € Z}. Again, it is easily verified
that Z[\/gi] is an integral domain, and € Z[\/gi] is a unit if and onlyif
N(a) = 1. NowN(a + b\/5i) = a2 + 5b? = 1if and only ifa =1, b = 0 (here
a,b € 7). Thuss1l are the only units irZ[\/gi] and the associates of a
numbera € Z[\/gi] are the numbersx.

So far, the divisibility theoryn an arbitrary integral domain has been
completely analogous to the theoryZinwhich culminates in the funda
mental theorem dadirithmetic asserting that every integer, not a zero or
a unit, can be written as a product of prime numbers unique way.
We proceed to investigate if a similar theorem is truannarbitrary
integral domain. First we introduce the counterparts of prime numbers.

32.7 Definition: LetD bean integral domain and € D. Then« is said
to beirreducibleif « is neither zero nor a unit, and if, in afactoriza
tion « = By of «, wherep,y € D, eitherp ory is a unit inD. Whena« is net
ther zero nor a unit, and whenis not irreducible irD, « is said to be
reducible

An irreducible element irD is thereforeone which has no proper
divisors. Clearly, when andp are associates,is irreduciblaef and only
if B is irreducible. One might expect that such elements be qgadiece

365



rather than irreducible, buhe term "prime" is reserved for another
property (Definition 32.20).

We now ask if every nonzermonunit element in an integral domain
can be expressed apmduct of finitely many irreducible elements!.
Theorem 5.13) Let us try 'rgue as in Theorem 5.1&ivena € D (a #
0, not a unit)a is either irreducible or notin the former caseg is a
product ofoneirreducible element. In the latter cases «,f for some
suitable proper divisorsf o. Hereq, is either irreducible or not. In the
former caseg, is an irreduciblalivisor of . In the latter casey, = o,p
for some suitable proper divisors @f. Herea,, is either irreducible or
not. Repeating this procedure, we get a sequence

A=Ay, Oy Oy e (s)
of elements i, whereq, , is a proper divisor of, (i =0,1,2,...).

When the sequence (sjops after a finite number of steps, we obgain
irreducible divisor ofx. However, we damot know that the sequence (s)
ever terminates. Ithe case o/, the absolute valuesf «;, which are
nonnegative integers, getmaller and smaller andsince there are
finitely many nonnegative integelsss thanol, the sequence (s) does
cometo an end.But this argument cannot be extended to the general
case, for there is no absolute value concépt. us supposehowever,
that there is associated a nonnegative inte@g) to eache; in such a
way that d(a,,,) < d(g;). If this is possible,we can conclude that
sequence (s) does terminate.

For example, wheml is one of/[i], Z[v], Z[\/Ei],l we mayconsider the
norm N(g;) of o;. The normN(¢;) is a nonnegative integer, and also
N(o;, ) < N(o;) whenevery, , is aproper divisor ofg;. In fact, with the
norm function, there is a division algorithm4fi] and inZ[w].l

32.8 Theorem:Let o,p be elements of[i] (resp of Z[v]), with B = O.
Then there are two elementandp in Z[i] (resp in Z[w]) such that
a=xp+p and N(p) << N(B).

Proof: (Cf. Theorem 5.3; note thatandp are notclaimed to be unique.)
Theelementsy,p of Z[i] (resp. ofZ[w]) are complex numbers, arfidz O.
Thusa/p € C. Let us write
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%:x+yi (resp.%:x+yw)

with xy € R. We Want% to be "approximately equal” te, with an

"error"% so small thaN(%) << 1. SO we approximate + yi (resp.X + yw)

by an elementk in Z[i] (resp. inZ[w]) as closely as we can. This end,
we choose integeesb € Z such that

1 1
|X—al<§ Iy—bl<§

and putk = a + bi (resp.x =a + bw). This is possible since the distance

. A 1
betweerx and the integer closestxas less than or equtad 5 - Whenx

is half an odd integer, thesre two choices foa, and therefore there

. . . 1
can be no hope for uniqueness. In this case, we ihafaet [x - al = >

and the approximation above is the best possible onesarhe remarks
apply toy andb.

We now putp =« - kp. Thena = kf + p. It remains to show thal(%) < 1.

We have indeed
o-K * N((x + yi) - (a + bi))
NG =NCg & =N(g=x) :{ N((x + y©) - (a + bw))
{ N((x - a) + (y - b)i)
N((x - @) + (y - b)w)
_{(X- a)® + (y - b)?
l(x - a)? - (x-ay - b)+ Y- b?
flx - a®+ly - b?
“Ux - a2 +[x - ally - bl +|y - b?
<{ (1727 + (1/2Y
=L (@22 + (1/2)((a/2) + (11D
2/4
“13/4 <
This completes the proof. O

1.

What happens iﬁ[\/gi]? Fora,b ¢ Z[\/gi], B =0, we Write% = X + yi, with

Xy € R. The best approximation %)is given byk =a + b\5i, wherea,b

1 1
are integers such thiat- a| < 5 ly - bl < 5 Puttingp = o« - ¥p, we can

conclude only
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NG) = NP =N — 1) =N(x- @) + v - b))
= (x - a)2 + 5y - b)2 < (1/2¥ + 5(1/2Y = 3/2
()
instead oN(%) < 1 as inZ[i], Z[«].

32.9Theorem: In Z[\/gi], there are elementg,, B, with B = O such that
N(og - kBo) > N(B,)  for all k € Z[\/5i]

Proof: We choosex,,B, in sucha way that equality holds in (1) above.

This will be the case whenandy arehalf odd integers. So we set, =

1 +1/5i, B, = 2. Then, for anx = a + b\/5i € Z[\5i] (with ab € Z), we

have

N(ag-kBy) = N(ﬁO)N((Xog;ﬁO) - N(ﬁO)N(gg ~ k) = N(ﬁO)N(1+25i @+
b\/5i))

= N(BO)[(; - a)%+ 5(2 - b)2] = N(B[(1/2)? + 5(1/2F] = N(B,) ‘;’ > N(B),
as claimed. -

The integral domainen which there is a division algorithm are called
Euclidean domains. The formal definition is as follows.

32.10 Definition: Let D be an integral domaim. is called aEuclidean
domainif there is a functiom: D\{0} — N U {0} € Z such that
() d(«) < d(apB) for all «,p € D0},
(i) for anya,p € D\{O}, there arex,p € D satisfying
o =kp +p and p =0 ord(p) < d(B).

The first condition (i) assures that ttkevalue of a divisor of € D\{0} is
lessthan or equal to thd-value ofy. It follows thatd(p) = d(p”) when
ever p and p° are associate. Usingi)( repeatedly, the analog of the
Euclidean algorithm is seen to be valid, and therasizero remainder
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is a greatest common divisor. It will begood exercise for the reader to
prove this result.

Z is a Euclidean domain, with the absolute value funatiorking as the
function d of Definition 32.10. Thisfollows from Theorem 5.3, witlb
replaced byb|. Also, Z[i] andZ[w] are Euclidean domains, withe norm
functionworking as the functiomnl of Definition 32.10, as Theorem 32.8
shows. On the other hand, we do not kabw whetherZ[\/gi] is a
Euclidean domain. lloesnot follow from Theorem 32.9 thaZ[\/gi] is
not EuclideanFrom Theorem 32.9, it follows only that eithé[r\/gi] is
not Euclidean, o%[\/gi] is a Euclidean domain with functiond that is
necessarily distinct from the norm function.

In a Euclidean domaib, the sequence (8rminates after a finite num
ber of steps. We shakove a more general statement (Theorem 32.14).
Recall that £« € D: € € D} = Do, wherea € D, is the principal ideal gerne
rated byx (Example 30.6(h)

32.11 Theorem:If D is a Euclidean domajrthen every ideal of [x a
principal ideal

Proof: LetD bea Euclidean domain, and ldtbe the function of Defini
tion 32.10. For any ided& of D, we must findan « such thatA = Dx. We
argue as in Theorem 5.4.

When A = {0}, we clearly haveA = DO, and the claim is true. Assume
now A # {0}. ThenU ={d(x) € N U {0}: « € A « # 0} is a nonempty
subset of the set of nonnegative integers.rdde the smallesnteger
in U. Thenm =d(«) for somex € A, o # 0; andd(a) < d(B) for all B € A,

B = 0.

We show thaA =Da«. First we hav®a € A, because € A andA hasthe
"absorbing"” property. To prowk c Dx, take an arbitraryfrom A. There
arexk,p € D such that

y=xax+p, p=0ord(p) <<d),
providedy # O (Definition 32.10)Now « € A, sokx € A, and since € A
as well, we sethatp € A. Hered(p) < d(«) is impossible, for thed(p)
in U would be less tham, which is the smallest number th Hence
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necessarily = 0 andy = kx € Dx. This showsy € D« for ally € A, pro-
videdy # 0. Since O = @ € Dx as well, we gefA € Da. ThusA = D«. O

32.12 Definition: An integral domainD is called aprincipal ideal
domainif every ideal oD is a principal ideal.

With this terminology, Theorem 32.11 can be reformulated as follows.

32.11 Theorem:Every Euclidean domain is a principal ideal domain

In any integral domainy|p if and only ifDB € D, anda ~ B if andonly if
Dax =DB. Thus the sequence (s) gives rise to the chain

DO(:DO(OQ Dalg DO(ZQ
of principal idealsn D. The sequence (s) breaks down if and only if this
chain of ideals breaks down. For principal ideal domadlhris, is always

true.

32.13 Definition: Let D be an integral domaim is saidto satisfy the
ascending chain conditiofACC) if, for every chain

AOQAlQAZQA3Q...

of ideals inD, there is an indek such thatAm = A< for all m = k; or,
what is the same, every chain

BOC B]_CBZCBSC...
of ideals inD consists of finitely many terms. An integral domaatis

fying the ascending chain condition is also calledoatheriandomain
(in honor of Emmy Noether (1882-1935)

32.14 Theorem:Every principal ideal domain satisfies tlascending
chain condition(is noetherian

Proof: LetD be a principal ideal domain and let
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A SA SACAC..

be achain of ideals ob. We must show there is an intedesuch that

®
A=A for allm= k. To this and, we pu = iL:J1 A. We claimB is an
ideal of D. Indeed, ifo,p € B, thena € A) B € A for some indiceg,l.
Assuming < | without loss of generality, we haﬁgg A. SinceA is an
idealof D, we havex + B € A, sox +p €B. Also -a € A, soa € B. This
shows thatB is a subgroup ofD under addition. Finally, if § is an
arbitrary element oD, thendx € A, sinceA is an ideal, sofx € B.
HenceB is an ideal oD.

SinceD is a principal ideal domaiB, =Dk for somex € D. Ask = 1k € Dk

e}

=B = iLle Ai we seex € Ak for somek. We cIaimAm = Ak for all m = k.

We know thatA < A _for all m = k because each ideal in the chiin
contained in thenext one (the chain is acsending)n the other hand,

o

for anym = k, we haveA < iL:J1 A =B =Dk c A, because € A_andA_
is an ideal oD. ThusA_=A for allm= k andD satisfies the ascending

chain condition. O

Using Theorem 32.14, we shall prove the analog of Theorem 5.a8yor
arbitrary principal ideal domain.

32.15 Theorem:Let D be a principal ideal domaiifhenevery element
of D that is neither zero nor a unit can be exressed as a product of
finitely many irreducible elements of D

Proof: First we prove that every elemenin D, which is neither zero
nor a unit, has an irreducible divisorn Let « € D, « # 0, « # unit.
Arguing as on page 366, we get a sequence

A=Ay, Oy Oy e (s)
of elements irD, whereq, , is a proper divisor of; (i = 0,1,2,...). In
particular, none of thex is a unit. This sequence gives rise to the

ascending chain
Do = Doy € Doy < Do, © ...
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of ideals ofD (hereDo<i c Doy 4 because:xi+ is a proper divisor of o<i).

1
SinceD is noetheriar{Theorem 32.14), this chain breaks off: the chain
consists only of the ideals

Da = Do < Day € Do, © ... < Doy
say. Hence

x = O(O, O(l, 0(2, ...,O(k

are the only elements in the sequence (s). We claimthsirreducible
in D. Otherwise, there woulde proper divisorg,  , andf,  , of ¢ with
o = ¢, 1B @Nd the sequence (s) would conthie terme, , after o,
and would not terminate with the terq a contradiction. Hence,_is
an irreducible divisor ofk. We provedhat every element in D, which

is neither zero nor a unit, has an irreducible divisdr. in

Let p be an arbitrary nonzero, nonunit elemenb.ine want to show
thatp can be written as a produddt finitely many irreducible elements
in D. By what we proved above, we know thathas an irreducible
divisor, m, say. We pu =, f,. Herep, =z O. If B, iS not a unitthen B,
has an irreducible diviso::2 say. We puf, =n,B,,. Thusp = T 70,B,.
B, # 0. If B, is not a unit, therﬁ>2 has an irreducible divisorr3 say. We
put B, = ;. Thus B = m B, Continuing in this way, we get a
sequence

Here

ﬁ = Bol ﬁl! 62! Bgy
of elements i inducing a chain
Dp :Dﬁoc DBlc DBZC D63c

of ideals ofD. By Theorem 32.14, this chain is finite, for example

Dp ZDBOC DBlc DBZC DB3C v C Dﬁk
We claim B is a unit. Otherwis@k would have anrreducible divisor
Ty and, when we pug, = 7, B, there would be, in the chaian
additional ideaD§g, , , containingDp, properly, a contradictiort.husg, is
a unit. Then

p=mmng .7 B, =m0, T (T, B
is a product of the irreducible elemenjsn,, n, ..., 7, _;, T,B,.

Having established themmalog of Theorem 5.13, we proceed to work out
the counterpart oEuclid's lemma (Lemma 5.15). For this we need the
notion of greatest common divisor.
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32.16 Definition: LetD be an arbitrary integral domain anddg € D,
not both zero. An elemefiof D is called agreatest common divisor of
andp if

(i) Sl andd|B,

(ii) for all 81 inD, if 81|o< and81|[5, then81|8.

Notice that any associate 6fabove satisfieshe same conditions and
hence any associate of a greatest common divisaor arfd B is alsoa
greatest common divisor afandg. It is seen easily that any two great
est common divisor of andg, if « andpf have a greatest common divi
sorat all, are associates. So a greatest common divispraotf is not
uniquely determined and we have to sayeatest common divisor, not
the greatest common divisor.

We let ¢,B) stand for any greatest common divisoo@&ndp. Thus ,B)
is determined uniquely to within ambiguity among associate elements.

Although we defined a greatesbmmon divisor of two elements in an
integral domain, this does not mean, of course, that anyeterments
(not both zero) in that domain do have a greatest common divisor.
Introducing a definition does not create tdefiniendum Given two ele
ments (noboth zero) in an integral domain, we cannot assert that they
have a greatestommon divisor. As a matter of fact, in an arbitrary
integral domain, not everyair of elements (not both zero) has a
greatest common divisor. For the special clagwiotipal ideal domains,
however, the following theorem holds.

32.17 Theorem:Let D be a principal idealomain and let,p be arbit
rary elements in Pnot both of them beingera Then there is a greatest
commonrdivisor of« and g in D. Furthermore if § is a greatest common
divisor ofx andp, then there aré&,n € D such that = «& + Bn.

Proof: (cf. Theorem 5.4) As in the proof of Theorem 5.4,cmasider the

setA ={u«& +Bn: &,n € D}. Ais a nonempty subset bf We claim tha# is
an ideal oD. To prove this, Ieytl, 1 be arbitrary elements &{ Thenyl =

aEl + Bnl, v, = o<22 + an for som@l, g, N, N, € D. Hence
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Y+, = (o€ +Bny) + (o€, + Bny) = (€ +E) +B(n, +1n,) €D
_Yl = _(O(El + Bnl) = O((_Zl) + B(_ﬂl) €D

and thereford is a subgroup dd under addition. Also, for any € D,
ky; = k(o€ +Bny) = a(kEy) + B(kn,) € D
and thusA has the "absorbing"” property as well. &S an ideal oD.

Sinceg, p are not both equal to zerd,= {0}. Now D is a principal ideal
domain, soA = D6 for somed € D, andA = {0} implies 6 = 0. Also, since
8§ =18 € D6 = A, there aré,n, € D with S = o&y + Bn,. We prove now that
d is a greatest common divisor otindp.

() a=ol +B0 € A =D}, soa = k8 = 6k for somex € D. Since

we haved # 0, we can writé|«. Likewise§|p.
(i) If 6, € D andd la, §IB, thend | «&, + Bn,, henced, 6.

Thus$ is a greatest common divisorofindp, andd = aky + Bng for some
€ o € D. The proof is complete. O

In a principal ideal domaib, we see thada + DB = D(«,8) whenever

o,p € D are not both zero. Either from this remark better from Defirt
tion 32.16, it follows that o(,B) = B,0). When &p) » 1, we say o is
relatively prime td, ora andp are relatively prime. In this case, there
aret, nin D with «& + pn = 1.

32.18 Lemma:Let D be a principal ideal domain and,y,m € D.
(D) If ylop and (y,0) » 1, thenylp.
(2) If mis irreducible andtt«, then(m,x) ~ 1.

Proof: (1) If (y,&) ~ 1, we havef + an = 1 for some;, n € D. Henceypg +
apn = B. NowylyBE andylaB, soylyBE andyl«pn, soyl yBE + aBn, soylp.

(2) Letn be irreducible. Then z 0. So {,&) exists by Theorem 32.1et
8 be a greatest common divisof 1 and «. Then §|x. Sincer is irre-
ducible, eitheb is associate to, or§ is aunit. In the first casé ~ m, we
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getnl|x (sinced|«) against our hypothesig«. Thusb is a unit and ~ 1,
as claimed.

32.19 Lemma:Let D be a principal ideal domain andp,x € D. If =« is
irreducible andr|ap, thenn|a or 7| p.

Proof: If nla, the lemma is true. Ifttx, then o) » 1 by Lemma
32.18(2) and so/p by Lemma 32.18(1), with in place ofy.
m|

32.20 Definition: LetD be an arbitrary integral domaifi.m € D is not
zero or a unit, and if has the property that

for all «,p € D, tTlap = wla ormxlp,
thenn is called gorime element irD.

In an arbitrary integral domain, all prime elementsiaeducible. Ir
deed, letr be prime. Them is nhot zero or a unit by definition. We show

that m has no proper divisors. Suppase «f. Then and therefore
or . Without restricting generality, let us assume. But as
well, so and is a unit. Thus admits ngoroper factorization and

is irreducible.

The converse of this remark is nate. That is to say, in an arbitrary
integral domain, there may be irreducible elemuaiitich are not prime
(see Ex. 13). Lemma 32.19 assdlhtat irreducible and prime elements
coincide in a principal ideal domain. This is the bas@son why there
turns out to be a unique factorization theorem in principal ideal do
mains.

32.21 Lemma:Let D be an arbitrary ideal domain and, ., ...

D.If is prime and - then , Or ,O0r...or n

b n’

1 2

Proof: Omitted.
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32.22 Theorem:Let D be a principaldeal domain Every element of D
which is not zer@r a unit can be expressed as a product of irreducible
elements of D in a unique wagpart from the order ofthe factors and
the ambiguity among associate elements

Proof: (cf. Theorem 5.17.) Let D, 0, unit. By Theorem 32.15,
can be expressed as a productrcdducible elements ob. We must
show uniqueness. Given two decompositions

12" r 12" s

of into irreducible elements, we must showsand ,, ., ..., A are, in
some order, associate tg ..., . This will be proved by induction an

First assume = 1. Then 1= T 45 o SO is irreducible. This forces

s=1and ;= = . This proves the theorem wher 1.

Now assume 2 and that the theorem is provedr 1. This means,
whenever we have an equation

12 ri 12 t
with irreducible “, 7, there holdsg 1 =t and 1’, 2’, r’1 are, in
some order, associates 9’1", 2’, t’.

We have , ,... .= = ,,.. .S0o _ .So  ,,.. o Now _is prime
by Lemma 32.19, and so j for someg] {1,2,...,s}. (Here weuse the

fact that irreducible elements are prime in a principal ideadain. The
conclusion | j is not valid in an arbitrary integradlomain.) Reordering
the 's if necessary, we may assume_ Since _ is irreducible, _ has
no proper divisors. Hence the divisor of _is either a unit or an
associate of_. But _is irreducible, so notanit. Therefore and _ are
associate. So = _for some unit D. Then we obtain

120710 9T T 12 s
1201 )= 120 51
and by induction, we get

r 1=s 1,
v » - (, 4, )are,in some order, associates of ,, ..., _ ..
Hence r=s
and 1 e g @re, in some order, associateslofz, s
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and _is associate to, This completes the proof.

32.23 Definition: Let D be an integral domain. #very element oD,
which is not zero or a unit, can lexpressed as a product of finitely
many irreducible elements Dfin a unique way, apart frothe order of
the factors and the ambiguity among asso@&bkments, theD is called
aunique factorization domain

With this definition, Theorem 32.22 reads as follows.

32.22 Theorem:Everyprincipal ideal domain is a unique factorization
domain In particular, every Euclidean domaiis a unique factorization
domain

We generalize Lemma 32.19 to unique factorization domains.

32.24 Lemma: Let D be a unique factorization domaifhen every
irre-ducible element of D is prime

Proof: Let be irreducible ib and , where D. Thus there is a
D with = . Then
= 12 T 1 2 s 1 2 "t
where , 7, 77 areunits and i “~ are irreducible elements i

i’k
From the uniqueness of the decomposition
1 2t 12 r 1 2 s 12" r1 2" s

we see that must be associate to one of the irreducible eIemJe'ntbs

k - Thus divides or .So is prime.
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There is the following generalizatioof Theorem 32.22. IfD is an
integral domain in which every nonzero, nonunit elencant be written
as a product of finitely many irreducible elements, and if every
irreducible element irD is prime, thenD is a unique factorization
domain. The proof of Theorem 32.22 is valid in this more general case.

In a unique factorization domaln any two elements, (not both zero)

have a greatest common divisor. Clearly( , ) if =0 and (,)Iif
—N- ; — m m m — - N n n,
=0; and if 0] , then = ™ ... "rand = Lo T

with suitable units, °, irreducibleelements , ,, ..., _and nonnega

tive integersm, n, and it is easily seen that | k. .

min{m, n}, is a greatest common divisor ofand . Thus (, ) exists in

rkf, wherek =

any unique factorization domain, provided only are not both equal
to zero. However, ian arbitrary unique factorization domain, § canr
not, in general, be expressed in the form

There are unique factorization domains which are not princgssl
domains and there are principal ideal domains whrehnot Euclidean
domains.

32.25 Theorem:Let D be a principal ideal domain andt D be a
nonzer@ nonunitelement of DThen is irreducible if and only if the
factor ring /D is a field

Proof: D/D is a commutativering with identity 1 + D (Example
30.9(c). Suppose is irreducible. We are to shothat every nonzero
element +D of D/D has an inverse ib/D . Let + D be distinct
from the zero element OB =D of D/D . This means D, so
Since is irreducible, we obtairg , ) 1 from Lemma 32.18(2), and
there are therefore inD suchthat + =1.So 1 D and

( +Db)( +D)=1+D .
Thus +D is an inverse of +D . This proves thad/D is a field.

We now prove that, if is not irreducible, the/D is not a field.

Indeed, if is not irreducible, then = for some , D, where
neither nor is a unit. Here and, in view of this, would imply
that ; then would be a unit, a contradiction. Hence and
likewise . So D and D,so +D O0O+D +D , but
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( +D)( +D )= +D = +D =0+D = zero element d/D .
Thus +D and + D are zero divisors iD/D andD/D cannot be a
field.

Exercises

1. LetD be an integral domain and D. Prove that is a primeslement
of D if and only ifD is a prime ideal oD (see 830, Ex. 11).

2. LetD be a principal ideal domain and D. Provethat is an irre
ducible element ob if and only ifD is a maximaideal of D (see 830,
Ex. 12).

3. Show that [\/6] ={a+ b\/a ca,b } is a Euclidean domain when
d=2,3,6.
4. Show that [\/Ei] ={a+ b\/Ei ra,b } is a Euclidean domain.

1+ 7i . .
5. Let = > - Show that [ ].={a+Db ra,b } is a Euclidean
domain.

6. Let D be a Euclidean domain, with the functionas in Definition
32.10. Prove that D is a unitif and only itd( ) =d(1).

7. Find thedecomposition into irreducible elements of 2 [ and of 3

in [ ].

8. Letp be an odd prime number. Prove thatp(p p + O [i] is
prime in [i]in casex’ 1 (modp) has no solution and)(p [i] is not
prime in [i], andin factp = with a suitable prime elementof [i],

in casex’ 1 (modp) has a solution.
9. Let [i]. Show that [i]/ [i] has exactlWN( ) elements.

10. Using the Euclidean algorithm, find a greatest common divisor of
3+5 and 2 + 8 and of 14 + 2Band 11 + 44in [i].
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11. Prove: an integral domain is a princimldal domain if and only if
there is a functionl: D\{0} {0} satisfying

(i) d( ) d() forany , D\{0} with ,andd( ) =d() if
and only if

(i) for all D\{O} with and , there are, D
such that = + andd() min{d( ),d( )}.
12. Let = 1+ 219 . Showthat[ |:={a+Db ra,b } is a principal

ideal domain, but not a Euclidean domain.

13.Prove that 2, 3, 1 */gi, 1 \/gi are irreducible in [\/Ei]. Show that
2,3 are noassociate to 1 ¥5i, 1 5i. Hence there are two essentially
distinct decompositions

23=6=(1+#5)1L V5i)

of 6 [\/gi] and therefore [\/gi] iIs not a unique factorization domain.
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