833
Polynomial Rings

The readers familiar with polynomials. In high school, it is taught that
expressions like

X2+ 2X+5 X4+ 22 - Tx+ 1

are polynomials. One learns how to add, subtract, mulapky divide
two polynomials. Althoughone acquires a working knowledge about
polynomials, a satisfactory definition of polynomialsherdly given. In
this paragraph, we give a rigorous definition of polynomials.

Polynomials are treated in the calculus as functions. For example,

x? + 2x + 5 is considered to be the function (defined¥rsay) thamaps
any x € R to x°> + 2x + 5. With this interpretation, a polynomial is a
function andx is a generic element in its domain. The equality of two
polynomials means then the equality of their domainsthadequality

of the function values at any element in their domain.

This isa perfectly sound approach, but it will prove convenient to treat
polynomials differently iralgebra. We propose to define the equality of
two polynomials ashe equality of their corresponding coefficients. This
definition is motivated by the so-called comparison of coefficiévhbse

that this definition of equality does not involxat all. Whatevex may

be, it is not relevant to the definition of equality. Nor is it relevarthe
additionand multiplication of two polynomials. So we may forget about
x completely. We then deprive of a polynondata x+--- + anx” of the

symbolsx'. What remains is a finite number of coefficieamsl "+" signs.

The "+" signs can be thought of as connectives. Then a polynomial is
essentially a finite numbeaf coefficients. This leads to the following
definition.

33.1 Definitions:LetR be a ring. A sequence

f=@ya,a,...)
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of elementsa,, a,, a,, ... in R, where only finitely manyof them are
distinct from the zero element Rf is called golynomial over R

The terms,, a,, &, ... are called theoefficientsof the polynomiaf =
(@y 2y, &, ...). The terme, will be referred to as theonstant term of f

Two polynomialsf = (a,a,,a,, ...) andg = (b,b;,b,, ...) overR are
declaredequalwhenthey are equal as sequences of coutbat is to
say, whena, =b, for alli =0,1,2,... . In this case, we writé=g. Other

wise we puf Z g.

If f=(, a,, a,...) isa polynomial oveR, there is an inderl such that
a, = 0 € R whenevem > d. If the coefficients, a;, a,, ... are not all
equal to zero, there is an inddxuniquely determine8y f, such that
ay# 0 anda = O for alln > d. This indexd is called thedegree of.fWe
write thend = deg f If d is the degree of, thena, is said to bethe
leading coefficient of ft is the last nonzero coefficient bflIf R happens
to be a ring with identitg and iff is a polynomial oveR with leading

coefficient equal to 1, thefnis called amonicpolynomial.

A polynomial of degree one is calledimaear polynomial, oneof degree
two is called aguadraticpolynomial, one of degree three is callexubic
polynomial, oneof degree four is called &iquadratic or quartic
polynomial and one of degree five is calleguantic polynomial.

The polynomial 0* = (0,0,Q, .) overR, whose terms are all equal to the
zero element @ Rof R, is called theero polynomiabverR. The leading
coefficient andhe degree of the zero polynomial aret defined. The
leading coefficient of any other polynomialdefined.The constant term
of the zero polynomiak defined, and is @ R.

Notice that indexing begins with O, not with 1. For example,
(1,0,2,5,0,0,0,..) is a polynomial ove¥ of degree3, not of degree 4. Its
constant term is & 7, leading coefficientis § 7.

33.2 Definition: LetR be a ring and let
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f=@ya,.a,...) and g=(,b, b, ...)

be two polynomials oveR. Then thesumof f and g denoted byf + g, is
the sequence

f+g=(@,+by,a +b,a,+b, ...)

obtained by termwise addition thfe coefficients. The@roduct of f by g
denoted byf-g or byfg, is the sequence

fg = (cycC - 0)

where the terms € R are given by

Co = 2%

¢, =agh, +a,by,

C, =agh, +a,b, +a,b,

C3 =agby +a,b, +ab, +ajb,

To find thek-th termc,_in fg, we multiply alla's with all b's in such a
way thatthe sum of the indices Is and add the results. We write=

i a;b, ;. The summation variable runs through different values for
i=0

differentk's (through 0,1,2,3 fd&k = 3, through 0,1,2,3,4,5 fé&r=5, etc.).
It will be convenient to write, = z aibj, it being understoothati and
i+=k

] run through nonnegative integers in such a way that their skkm is

33.3 Lemma:Let R be aring and letf (a,,a;.,a,....) and g= (b,,b,,b,....)

be arbitrary polynomials over.Ret O* = (0,0,0,...) be the zero poly
nomial overR.

(Of+0*=f and 0* +g =g. Alsof0* = 0* and 0*g = 0*.
(2) The sum # g is a polynomial over .Rf deg f= m and deg g n, then
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dedf +g) = maxmn} in case n¥ n,

dedf+g) <<m in case n¥ n and f+g =z 0*.
(3) The product fg is a polynomial ovBr If deg f= m and deg g- n,
then

deg fgs<c m+n in case fgz 0%,

deg fg=m+n in case R has no zero divisors

Proof: (1) The assertion§+ 0* =f and O* +g =g are immediate from
the definitionsf + 0* = (a,a,.a,,...) + (0,0,0,...) = (@, + 0a, + 0@, +0,..) =
(aga,,a,,...) =f and similarly 0* +g =g. Also, thek-th coefficient offO* is
a,0 +a,0+a0+--+30=0+0+0+-- + 0 = 0 by Lemma 29.6, for any
k. This proved0* = 0*. Likewise 0y = 0*.

(2) We must showhatf + g has only finitely many termslistinct from
0. We proved it in part (1) whefr= 0* or g = 0*. Now we assumé = 0*
# g. Thenf andg have degrees. Suppadef f= m anddeg g=n, so that
a,#0,a =0forallr > mandb #0,b =0 forallr > n.

If m<n, thenf+g=(@,+by,a, +b,...,.a +b b ., ....b,0,0,0,..).
So then-th term inf +g isb_z O, and the later terms aaetb =0+ 0 =
O forr > n > m. This shows thatt+g is a nonzero polynomial and
deg f+ g = n = max{mn}.

If n<m, thenf+g=(@,+by,a, +b,,...,.a +b,a ,, ...,a,0,0,0,...).

So them-th term inf +g isa = O, and the lateterms area_ +b =0 + 0

= 0 forr > m> n. This shows thdt+g is a nonzero polynomial and

deg f+g = m = max{mn}. [Question: why cannot we combine the two
casesm < n andn < m into a single oneby assumingn < n without
loss of generality?]

If m=n, thenf+g=_(,+b, a +b,....,.a,+b_,0,0,0,..). Ther-th term
inf+gisa +b =0 for allr > m. This shows that + g is a polynomial.
Either it is the zero polynomial, or it is not the zeaynomial. In the
latter case, the nonzero termsfing have indicess m. In particular,
the degree off + g is < m. (More exactlydeg f+g=mifa +b = O, and
deg f+g <mifa +b =0,

(3) To prove that the produfg is a polynomial oveR, we must show

thatfg hasonly finitely many terms distinct from zero. We proved it in
part (1) wherf = 0* org = 0*. Now we assumé z 0* # g. Thenf andg
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have degrees. Suppodef f=manddeg g=n, so thata = 0,a = O for
allr > mandb_ = 0,b = 0 for allr > n.

Thek-th termin fg = (c,c,.C,...) is given byc, = z aib]. Suppose now
i+]=k

k> m+n. Ifi +j =k, then eithef > morj > n (fori < mandj <n
implies the contradictiok =i +j < m+n < K), soeithera, = 0 onbJ =0

for each one of the summanaﬂlbJ inc, = Z aibj. So each summand is
i+]=k

either Q)J =0orag0=0bylLemma29.6amj=0+0+--- +0=0. This

shows that, = O for allk > m + n. Hencefg has at mosm + n terms

distinct from O andg is a polynomial oveR and deg fg<< m+ n in case

fg = 0*.

The (m+n)-th termc_, _infgis

Cren = 3Pmin ¥ 41 Bmin1 T 3P o e b
+ ambn
AP TPt AP T by
Here the summands in the first line are O simceb . ..b . ...b
are O and the summaniasthe third line are O sincg_ .8 ,...a ., 1

3., are 0. This gives_ . _=a b . If R has no zerdlivisors, thenc_, =
a b, sincea = 0 andb_ =z 0. Som + n is the greatest indek for which
the k-th term infg is distinct from O.Thisproves thatdeg fg=m+n in
caseR has no zero divisors. . O

33.4 Remark: The last argument shows in fact that the leadmeffi-
cient offg is the leading coefficient dftimes the leadingoefficient ofg,
providedR has no zero divisors.

33.5 Theorem:Let R be a ringThe sebf all polynomials over R is a
ring with respect to the operationsand- given in Definition33.2(called
the addition andmultiplication of polynomials, respectively).

Proof: First of all, we must provihat + makes the set of all polynomial
overRinto an abelian group. The closure property slasvn in Lemma
33.3(2). The associativity and commutativity of additadnpolynomials
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follow from the associativity andommutativity of addition inR. The
zero polynomial O* ighe zero elemer(iLemma 33.3(1) and each poly
nomial @,a,,a,, ...) overR has an opposite-g,-a,,-a,, ...). The details
are left to the reader.

Now the properties of multiplication in DefinitioR9.1. The closure of
the set of allpolynomial overR under multiplication was shown in
Lemma 33.3(3). The associativity omultiplication is proved by
observing that therth term in {g)h, where

f= (ao,al,az, o), g= (bo,bl,bz, ce)s h= CC1:Cor cl)
are arbitrary polynomials ov&r is given by

> (k-th term infg)c, = ) ( Zab) (a,b)c,
k+1=m k+l=m i+j=k I+J+| m :
and that then-th term inf(gh) is given by
Ya(sth term ingh) = ( Zbc ) = z a.(bc).
i+ssm |+$m ]+|—S :
Here we used thdistributivity in R. Since élibj)cI = ai(t)Jcl), the m-th

term in(fg)h andf(gh) are equal, and this for ath. So fg)h = f(gh) for
all polynomialsf,g,h overR and the muiltiplication is associative.

It remains to prove the distributivity laws. Fany polynomialsf =
(@ya;a, --.), 9 = (,b b, ...), h=(c,c,.C, ...) overR, we have

flg +h) = (aa,.a, ... )(by+cyb, +¢c b, +cC,, ...)

= polynomial whosé-th coefficient is z a,(b + c)
i+j=k

= polynomial whosd-th coefficient is Z a b ch)
i+j=k

= polynomial whosé-th coefficient is ) ab + > a

i
i+j=k i+j=k

= (polynomial whosdx-th coefficient is Z a; b )
i+j=k

+ (polynomial whos&-th coefficient is Z aicj)
i+j=k
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=fg +fh

and a similar argument provdst@)h = fh + gh for all polynomialsf,g,h
overR. This completes the proof. O

The ring of all polynomials ovdt will be denoted bWR[x]. Whenf € R[X],
we sayf is apolynomial with coefficients in.R

We now want to simplify our notation. A polynomi&l= (@,a,.a, ...)
overR, for whicha = 0 whenever, say, > d, can be written as

(3,,0,0,0,...) + (02,,0,0,...) + (0,0,,0,...) + -+ +(0,0,..,a,,0,...).

Each one of the polynomials above has at most one nonzero coefficient.
polynomial overR which has at most one nonzero coefficient will be
called amonomialover R. We can write monomials ové& more com
pactly as follows. If, for examplegy is a monomial overR whoser-th
coefficient isa (the possibilitya = 0 is not excluded) and whose other
coefficients are zero, then we camite g = (0,0,..,3,0,...) shortly as
(a,r). Herer denotes the index withhe only the possibly nonzero
element, anch € R is that possibly nonzero element in thé&h place.
Then ourf would be written asa(,0) + @;,1) + @,2) +--- + (ad,d).' The
essential point is thath polynomial can be written as a sum of
monomials, and a monomial is determined as soon as theriaghekthe
possibly nonzero elemeanatis given. Wecan choose other notations for
monomials, of course, as long as they displag indexr and the
possibly nonzero element We prefer to writeax instead of €r) for
the monomial (0,0,.,8,0,...). In this notation, both the indexand the
elementa are diplayed. It should be noted thatdoes not have a
meaning by itself. It is like the comma imr]. In particularx” is not the
r-th power of anghing.r in ax is an index, a superscrighhowing where
the elemena sits in. With this notation, odris written as

f=ap®+axt+ax®+ - +axd
The product of two monomialaxX’ and bx® is easily evaluated tbe
abX ™S, The multiplication of twgoolynomials can be carried out in the
familiar way by using thisule and the distributivity. The symbmwlis a

convenient device thasimplifies computationsx will be called an
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indeterminatgover R. This does not mean thafails to be determined
in some way. "Indeterminate” is just an odd namhea computational
device. Finally, we agree to write, for aoxO and a x for alxl. In

particular, we write O for the zero polynom@l This convention brings
f to the form

24 ... d
ay ta Xx+ax" + +a X"

With the convention of writing, for aoxo, we regardR? as a subring of

R[X]. In particular, we can multiply polynomials by elementdkah the
natural way:
b(a, +a,x+ax?+ - +ax%) =ba, +bax+bax®+--- +bax?
(ag+tax+ax’+ - +axHb=ab+abx+abx+- - +abx’

If Ris a ring with identity 1, them can be interpreted in another way.
The rule ax-bx’ = abxX*® yields X'1x° = IX'*S. Let p denote the
polynomial X = 1x! = (0,1,0,0,...). We calculate thgp® = 1x%, p° = 1<,

p? = 1x*, etc. Ourf can now be written as

f=ap+ap+ap’+ - +a,pd
where thigime the superscripts indicate the appropriate poweps=of
(0,1,0,0,...), taken according to the definition of multiplication given in
Definition 33.2. So any polynomial ov&® can be writteras a sum of
powersof p, and calculations are performed by using the distributivity.
Sincex obeys the same rules a computational device psdoes as a
polynomial, we write the polynomigd = 1x asx. Thenx is the polyne
mial (0,1,0,0,..) in R[X]. We emphasize again that this interpretation of
X as a polynomial ipossible only whermR has an identity. IR has no
identity, therx is nota polynomial inR[X].

The ringR[X] is said to be constructed hgjoining x to RWhen wewant

to examineseveral copies oR[x] at the same time, we use different
letters to denote the indeterminates of the copiggxhfThus we may
haveR[X], R[y], R[Z], etc.

Whenever convenient, we shall wriieaixi for the polynomial
i=0

G d
ay ta;x+ax”+ +a X"
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33.6 Lemma:Let R be a ring
(1) If R is commutativehen RX] is commutative
(2) If R has an identitythen RX] has an identity
(3) If R has no zero divisorthen Rx] has no zero divisors
(4) If R is an integral domairthen RX] is an integral domain
Proof: Letf = S ax' andg = i bjxj be arbitrary polynomials iR[X].

i=0 j=0
(1) If Ris commutative, thealle = bjai foralli=0,1,... mandj =0,1,...
n. We have then

n +
fa="y (Jah )*="3 (b )<=
k=0 \i+]=k k=0 \j+i=K

andR[X] is commutative.

(2) If R has an identityt, then 1 = £° = (1,0,0,0....) is a polynomial in

R[x] and
f1= (i aixi)l = E ailxi = i aixi =f
<o =0

i=o
1f = 1(20 aixi) = 20 lax' = 20 ax =f

for arbitraryf € R[X]. Thus 1 is an identity element fix].

(3) Assume novwR has no zero divisord.et us suppose also that O
andg # 0. Without loss of generality, we may assume thatis the
leading coefficient of and thatb_ is the leading coefficient af. Then
a,# 0,b = 0. By remark 33.4, the leading coefficientfgfis a b and
a b, # 0 sinceR has no zero divisors. Thiig hasa nonzero coefficient,
namely the i+ n)-th coefficient andg # 0. Thisshows thaR[x] has no
zero divisors.

(4) An integral domain is a commutative ring with identity havnog
zero divisors, distinct frorthe null ring. Now ifR is an integral domain,
thenR is not the null ring, and sinéec R[X], the polynomial ringR[X] is
not the null ring, eitherThe claim follows then immediately from
(1),(2), and (3).

O
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33.7 Lemma:Let R and S be two rings and letR — S be a ring
homomorphismirhen the mapping R[X] — S[X], defined by

(2,2%)7 =2, @ox

is also a ring homomorphisaurthermore Ker ¢ = (Ker ¢)[X] and Img =
(Im ¢)[X]. (Note:Ker ¢ andIm ¢ are rings by Theorem 30.13) Ker ¢)[X]
andim ¢ = (Im ¢)[X] are meaningful.)

Proof: Let f = i ax, g = i bjxj be arbitrary polynomials iR[x]. We
=0 =0

show thafp preserves addition. Here we may assamen, for we may
add &X™1+0x™?2+... + 0X" to f in casem < n and &X™1+ OxX" 2 +... + OX™
tog in casen < m. We have

F+0)p = (Z) ax +§o E
= (20 ax +§o S
= (20 (3, + b)x)3
= 20 [(a, + b)elX
=3 (@ + bo)x

=5 (@ox + > (Be)x
i=0 i=0
fio + 9%
andso ¢ preserves addition. As for multiplication (here we do not have
to assumen = n), we observe

(fa) = [:EO ( Sab )]s

=37 [( Zan)e]*

i+]=k
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=% (@)

i+j=k
= 2, (2aete)*
= (2, @) (Jﬁo CORY)
= fo-g%.

Thusg preserves multiplication as well. $ds a ring homomorphism.

A polynomiali ax' belongso the kernel of; if and only if(i aixi)cB
i =0

1=
= i (aicp)xi is the zero polynomial i§Xx], so if and only if thecoefficients
i=0
a,p are allequalto @ S (i =0,1,...,m), so if and only ifa, € Kerp for all
i =0,1,...,m, so if and only ifi ax € (Kerg)[x.
i=0
A polynomial i c¢.X € S[x] belongs to the image &fif andonly if ) ¢

i=0 i=0

= (i aixi)cB for somei aixi € R[X], so (assumingn = n without loss of
i=0 i=0

generality) if and only if, for each= 0,1,...,m, there is arg, € R such
thatci =ap, so if and only ifi:i € lmeo for alli =0,1,... m and so if and
only if i ¢ € (Im @)X O

i=0

As an llustration of Lemma 33.7,we consider the natural
homomorphismv: Z — Z,. Then the méppin@: Z[X] — Z4[X] is given by
reducing the coefficients modulo Bor example,
B - P+ 2x+ 1) =2 +2Xx°+2x+1
(6¢* - 3% +x + 5 =1Ix+2.
The reader will easily verify that
(553 - 4x% + 2¢x + 1)(6<* - 3x% + X + 5)
= 30" - 24x% - 3x® + 23* + 15¢ - 21x% + 11x + 5,
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whose image undéris
=30x’ - 24x° -3 +23* +15x3 - 2Ix° +11x + 5
=2x*+2x + 2.

We have also2C + 2x% + 2x + 1)(Ax + 2) = 2x* + 2x + 2.

If o: R— Sis an isomorphism, thdfer¢ = 0 andim ¢ = S. This gives the
following corollary to Lemma 33.7.

33.8 Theorem:If R and S are isomorphic ringhhenR[X] and $x] are
isomorphic O

LetR be a ring. Adjoining an indeterminateto R, we get the rindr[X].
Now we can adjoin a newndeterminatey to R[X] and get the ring

(RIXDI[Y] =: RIX|[Y].- The elements oR[X][y] are of the formi fiyi, where
i=0

f. € R[X]. Similarly we can constru¢he ringR[y][X] := (RIYDI[X]. We show
that they are isomorphic.

33.9 Lemma:Let R be a ringand let xy be two indeterminates over R
Then RX[y] = R[yI[X].

Proof: We consider the mappinig R[X][Y] — R[Y][X], given by
5 (Qavd)y — 3 (2av)e

which seems to be the only reasonable mapping Ria@jfry] to R[y][X]. It
certainly preserves addition, for we have

[i (ia Xy + > (ibx’)y‘]T

[i (ia X+ b xJ)y']T (assuming = m without loss of

generality)

= [_ZO (jZO(aij + b,j)xj)yi] T (assuming = n without loss of generality)
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5 (S mwy

:]Zo (anijy +izobu.y‘)xj

-8 (Sav)t o5 (Sov)

“[2, G+ [2 @) T

for all Z) (jzoaij%)y‘, izo (j;b,jﬁ)y e RIX[Y].

SecondlyT preserves multiplication of polynomials of tfmm (ax)y'
(i.e., monomials oveR[X], whose eventuallyyjonzero coefficients imR[X]
are themselves monomials oWwerthey will bereferred to asnonomials
in RIX][y] over R. We indeed have

[(aijxj)yi- (b, O)YIT = [(aijxj)(brsx%yi”]T (def. of multiplication irR[X][y])
= [(a; b X"y T (def. of multiplication irR[x])
- (aij brsyi+r)xj+s
= [(a;y) (b oy1X"®
= (a; Y% (b,gy")x°
= [@p)Y'1T [(b, YT

for all monomials z(ijx‘)y', (b, XYY" in RIX[V].

Thirdly, T preserves multiplication of arbitrary polynomials. Apgly-
nomial can be written g5 +p, +--* + p,, wherep,,p,, ... ,p, are suitable
monomials. Now for all polynomials, +p,+--- +p, g, +q, + - +q,in
RIXI[y]. wherep's andq's are monomials, we have

(P tP, - +p)(a, +q, + - +q)IT
= (z plq)T (by distributivity)
i

= z (plq)T (sinceT preserves addition)
i
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= Z pIT-qT (sinceT preserves products of monomials)
]

=@E,T+p, T+ +pD(qT+q,T+---+q,T)

=P tp,t - +p)T(q +q, + - +q)T,

soT preserves arbitrary products. Heflads a ring homomorphism.

T is one-to-one, for ifi (iaijxj)yi € R[X[y] is in the kernel oF, then
=0 =0
its imagei (iaijyi)xj is the zero polynomial inR[y][X], so all the
j=0 i=

coefficients iaijyi are equal to the zero polynomial iR[y], so all
i=0

elementsaij of R are equal to theero element irkR, so all polynomials

iaijxj are the zero polynomidh R[X], so S (iaijxj)yi is the zero
S i=o \[=0

polynomial inR[X][y]. ThusKer T consists of the zenmolynomial andT is
one-to-one.

Moreover,T is onto, for any polynomiaﬁ (Saijyi)xj in R[Y][X] is the
j=0 \i=0
image of the polynomiai (iaijxj)yi in R[X][V].
i=0 \j=0

HenceT is an isomorphism from[x][y] onto R[y][X]. O

In view of this result, wadentify R[X][y] and R[y][X]. To simplify the
notation, we writeR[x,y] for R[X][y]. The elements ofR[x,y] are of the

form Z aijxiyj, whereaij € R andthere are finitely many terms in the
i

sum. Multiplication is carried out in the customary way, usiggribu-

tivity and collecting terms. We haw®gxy] = Ry, X].
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We can of course adjoin mew inteterminatez to R[X,y] and obtain
(RIxyDI[2 = (RIX[Y])[F =: RIXI[YI[Z]. We see

RXIVIZd = (RIXIy])[Z (definition)
> (RIXI[Z)[Y] (Lemma 33.9 witlR[X],z in place ofRX)
> (RIZ[XDIY] (Lemma 33.9 and Theorem 33.8)
> (RIZ[YDIX] (Lemma 33.9 witR[Z] in place ofR)
= (RIVI[A)[X
= (RIVI[X)D[2Z.

We regard theseasix rings as identical and writ8[x,y,z] for it. The
notations R[x,y,Z", "R[x,zyl", "R[zxY]", "Rlzy.X]", "R[Y,zX]", "R[y,x,Z]" will
mean the same ring.

More generally, ifx %, ... x are indeterminates over a rifig then

R[X;. %, ....x ] is defined to be the ringx X, ....x 1% ]. It is isomorphic
12... n

to each one of thal rings R[x|1,>g2, Ca ’X'n]’ where ('1 i, 'n) runs

through thepermutations inS . Thesen! isomorphic rings will be
considered identical. ElementsRjk ,x,, ... x ] are of the form

N N o |
iy |
Z IZJ & 15Ky a4 €R

The polynomials irR[x; X, ....x] of the formax 'x)...x ! will be called

G

monomialsover R. It is customary to omit the indeterminates with
0, 2,, Oy, 3

exponent zero in a monomial. Fexample,ax; “x,“x;"X,~ in R[X ,%,,X;,X]
iIs written ax22x3 An exponent is dropped when it is equal tdflR
does not have an identity, the indeterminaxgx, ..., X are not
elements ofR[x; %, ... x] and the expressiong 'x]). .. x! are not

polynomials.

The degreeof a nonzero monomiadx, 'x). .. x ' is defined tobe the

nonnegative integer+j +... +1. Thetotal degreeof a polynomiaF =

N

Z z leixzj. ..x! is defined to be the maximumf the
i=0 j=0 =0 )

degrees of the monomiedi_lxlixzj...xn' with a; | # 0. The total degree
of f will be denoted byleg f The degree of, considered as an element
of R[X, ... % 1%, - X ][%] will be called thedegree of f inc; this will
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be writtendegf (h = 1,2,...,n). The analog of Lemma 33.3 holésr
polynomialsin n indeterminates,both with the total degree and the
degree ink, in place ofdeg f

We record a lemma that can be provedrduction on the number of
indeterminates.

33.10 Lemmai:Let R be aring and, x,, ... x indeterminates over.R
(D) If R is commutativehen Rx; X, ... X ] is commutative

(2) If R has an identitythen Rx %, ..., x ] has an identity

(3) If R has no zero divisorthen Rx X, ..., X ] has no zero divisors
(4) If R is an integral domairthen Rx, X, ... X ]Jis an integral domain

Exercises
1. Evaluate: (5x% - 3x + 1)(AC + 6x - 1) in Zg[x],
(S + 4ax + 1)(3C + Tx + 2) in Z[x],

[+ Ce+CONEDe-CHx+(GH]  in
(Mat,(2))[X,
[G)e+Ge+GANEDE+Gx+Ga]  in
(Mat,(Z-))IX,

(we dropped the bars for ease of notation).

2. LetR, R, R, be rings. Prove that
(Matz(R))[x] = Mat,R[X] and R, ® R)[X = R[X] & R[]
(see 829, Ex. 10).

3. Generalize Lemma 33.7 to polynomial rings iimdeterminates.

- - - - - l
4. LetR be a commutative ring with identity and elpf" +an1x” +eeotay

be a zero divisom R[X]. Show that there exists a nonzdyan R such
thatba =ba ,=---=ba,=0.
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N, N N o
5. LetR be a ring andl = z X 2 a; %% x e RIx X, ... x].
i=0 j=0 =0

n
i=0 =
Prove thatlegf is the largest such tha’aij___I # 0, deg,f is the largest
such thaialij___I #0,...,degf is the largestsuch thatatij___I =z 0.

6. Extend Lemma3.3 to polynomial rings im indeterminates,both
with total degree and the degreexjnn place of the degree &f
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