834
Divisibility in Polynomial Domains

We learned in Lemma 33.6 that some propexifea ringR are trans
ferred tothe polynomial ringR[X]. In particular, if R is an integral
domain, so iR[X]. In any integral domain, we have a theory of divisi
bility (832). In this paragraph, wevant to investigate the divisibility
propeties of polynomials. Lemma 33.6 suggests the questiom$x]is
Euclidean domain iR is a Euclidean domain? R{x] a principal ideal
domain if R is a principal ideal domain? R{X] a unique factorization
domain if R is a unique factorization domain? The answeerthe first
two questions is 'no'. Fa@axample,Z[X] is not a principal ideal domain,
let alone a Euclidean domain, althougls EuclideanOn the other hand,
the third question recieves an affirmative answerR ifs a unique
factorization domain, so R{x]. This will be proved as Theorem 34.13.

Let us recollect the basic definitions. Assubhés an integral domain.
ThenD[X] is an integral domain (Lemma 33.6). A polynonfiad D[X] is
said to bedivisible by a nonzero polynomial € D[x] if there isa poly
nomial h in D[X] such thatf = gh. We write theng|f. Notice that the
coefficients ofh are required to be i The notatiory|f does not merely
mean thaf = gh for some arbitrary polynomidh. It meansf = gh for
some polynomialh in D[X].

Whenf # O andf = gh, we havedeg f= deg gl deg g+ deg h= deg g

34.1 Lemma:Let D be an integral domaiif g,f € D[X], g # O # f and df,
then degg < deg f O

A nonzero polynomiag¢ € D[X] is aunit of OX] if eh= 1 for someh € D[],
or, equivalently, ifgf for all f € D[X]. In this case, Lemma 33.3 yields

0 =degl =deg ehdeg etdeg h=0+ 0 =0,
deg e= 0,deg h=0,
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e € D, h € D,

eh= 1 holds irmD,

eis a unit inD.
(e 0 z h, becauseeh= 1z O andD is an integral domain.) So a unit in
D[x] is a unit inD: if a polynomiale = i aixi is a unit inD[x], thena, € D

i=0

isaunitinD anda, =a,=--- =a_ = 0. Conversely, ik is a unit inD so
thateh = 1 for someh € D, then of courseh € D[X] and e is a unit in
D[x]. We proved the following lemma.

34.2 Lemma:Let D be an integral domaiimhen ec D[X] is a unit inD[X]
if and only if ee D and e is a unit in DIn symbolsD[x]* =D". O

Thus any unit iD[x] has degree 0 and the associates of a polynomial in
D[X] havethe same degrees as the polynomial itself. Any proper divisor
of f € D[X] is therefore of degree distinct from O asheg f

A polynomialf in D[X]\{0} is irreducible if f is not aunit in D[x] and if, in
any factorization off asf = gh in D[x], eitherg or h is aunit. This is
Definition 32.7. We paraphrase tlas follows:f € D[X]\{O} is irreducible

if deg f=> 0 and if there are no polynomias in D[X] such thatf = gh
and O0<< deg gdeg h<< deg f The phraseith D[X]" is important. Suppose
D < D,, whereD, is another integral domain. Thér D [X], too: Now it is
possible that

there exist n@,h € D[x] such thaf =gh, O < deg g< deg f

and yet possibly

there exist somgh € D,[X] such thaf =gh, O < deg g< deg f

Thenf is irreducible irD[X], but notin D,[X]. This shows that irreducibil

ity of f is not an intrinsic property df It is a propertyof f relative to
the polynomial domaim[x]. For this reason, we have to mention the
domainD whenever we speak about irreducible polynomials sed is
irreducible over Dwhen f is irreducible inD[x]. For examplex? + 1 ¢

398



@[] is irreducible ovefd sincex® + 1 has no propetivisors inQ[x], but
x? + 1 is reducible ifC[x] sincex? + 1 = - i)(x +i), withx - i, x+i € C[X]
and 0< 1 =dedx - i) < 2 =deg(x® + 1).

We now compare the irreducibility of aement oD in D with its irre-
ducibility in D[X].

34.3 Lemma:Let D be an integral domain and lat be any nonzero
element oD < D[x]. Then a is irreducible in ] if and only if a is irre
ducible in D

Proof: Suppose thatis irreducible inD. We prove that is irreducible
in D[x]. First we must showhat a is not a unit inD[x]. Sincea is irre-
ducible inD, so not a unit i, we hava ¢ D' = D[X]* (Lemma 34.2), sa
is not a unit iM[X]. Secondly we must show that bc, whereb,c € D[X],
implies eithelb or c is a unit inD[X]. Indeed, ifa = bc, then O =deg a=
deg bc= deg b+ deg c= 0O, sodeg b= 0 =deg ¢ Thena = bc is an
equation irD. Sincea is irreducible irD, eitherb orc is a unitin D, so, In
view of Lemma 34.2eitherb or c is a unit inD[X]. This proves thaa is
irreducible inD[X].

Now the converse. We suppose tha irreducible irD[x] andshow that
a is irreducible irD. First we must show thatis not a unit inD. Sincea
is irreducible inD[x], so not a unit iM[X], we havea ¢ D[xX]" = D' (Lemma
34.2), s is not a unit inD. Secondly we must show that bc, where
b,c € D, implies eitheib orc is a unit inD. We readh = bc as an equation
in D[X]. Sincea is irreducible inD[X], eitherb or c is a unit iND[X], so, In
view of Lemma 34.2, eithds or c is a unit inD. This proves thaa is
irreducible inD. O

We want tofind the integral domain® such thatD[x] is a unique
factorization domain. What conditions must be imposed®? If D[X] is
to be a unique factorization domain, then each elemdixlgP} that is
not a unit iNnD[x], must be written as a produet irreducible elements
of D[X] in a unique way. In particular, each elemendD\d} that is not a
unit in D[x], must be writteras a product of irreducible elementsDif]
in a unique way. As any divisor jx] of an element irD belongsto D
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by degreeconsiderations, the last statement means (Lemma 34.2,
Lemma 34.3): each element BDY{0} that is not a unit inD, must be
written as gproduct of irreducible elements bfin a unique way. Thus

D must be a unique factorization domain. We ghiadive conversely that
D[X] is a unique factorization domain whenebas. The proof will make

use of the polynomial rin§[x], whereF is the field of fractions oD
(831).F[x] will turn out to be a Euclidean domain.

We show generally th&{x] is a Euclidean domain K is a field. Inorder

to do that, let us remember, we must find a funati&px]\{0} — N U {0}
such thad(f) < d(fg) for all f,g € K[X]\{0} and such that, for anyponzero
polynomialsf,g in K[X], there are polynomialq,r ¢ K[xX] with f = qgg +r
andr = 0 ordeg r < deg g The degree of polynomials will work as the
functiond. First we prove a slightly more general theorem.

34.4 Theorem (Division algorithm):Let D be an integral domaiand
let f,g be polynomials in ). If the leading coefficierdf g is a unit in D
then there are unique polynomials i D[X] such that

f=qg+r, r=0ordegr<degg

Proof: First we prove the existence gfandr. This is nothing but the
long division of polynomials. Suppose we dividex® - 2x* +3x5 + x% - x +
2 byg =x?+x + 1. What do we do? We subtraéttimesg from f:

XC-2XP+3C+xP-x+2 X¥P+x+1
X2+ xt+ 3 3
B+ 23+ X% - x+ 2

and get the polynomidl, = -3x* + 2x® + x* - x + 2, whose degree is
smaller than the degreé&f. Then we subtract3x® timesg from f, and

get a polynomiaf, = 5 +4x? - x + 2, whose degree is smaller than the
degree of,. We continue this process untie get a polynomiat whose

degree is smaller than the degreg of + x + 1:
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X -2A+3C+HXP-Xx+2 XP+x+1

X+ xt+ 3 x3- 32 +5x- 1
B+ 23+ X - x+ 2
-3 - 3¢ -3%°

5C+4C2-x +2
5¢ + 5x2 + 5x

X2 -6x + 2
x2- x -1

-5x + 3.

Hencef = (3 - 3x? + 5x - 1)g + (-5x + 3). In general, we have

f g
axX"g ax"
f, =f-ax"g

wherea andm € N U {0} are chosen appropriately, ankgf, < deg f
Then, by induction on theegree off, we can dividef, (and hencd) by
g and get a remainder This is essentially the proof.

Now letf,g be nonzero polynomials iD[xX] and suppose that the leading
coefficient ofg is aunit in D. We prove the existence af andr by
induction ondeg f

I. Induction begins at 0. Suppodegf = 0. Thenf € D\{0}. Since
the leading coefficient af is aunit in D by hypothesis, ifj € D, there is
ag™ e D such thag™y = 1, hencdg™ € D and we can write

f=(FgYHg + 0O
If g € D[IX]\D, thendeg g= 1 and we can write
f=0g +f1.
This proves the existence @fandr with
q=fgy, r=0 in casey € D,
q-=0, r=f in casgy € D[X]\D.

Il. Now the inductive stepWe use the principle of induction the
form 4.5. We assume thatleg f=n = 1 and that, for any nonzero
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polynomial h with deg h < n, there are polynomialg, andr, in D[X]
such that
h=qg9+r,, r, =0 ordegr, <degg

In casedeg g> n, we have

f=0g+f degf=n < degg
and this proves the existencego@indr with
q=0, r="m.

Having disposed of the cadeg g> n, we assume noweg g< n. We
subtract a suitable multiple of from f to get a polynomiabf degree
smaller tham. If, say

n-1 1
+ + bo,

f=ax"+a X"+ +a;, g=b x"+b X
b, is a unitinD,
b b =1 for some € D,
m << n,

then we put = f - anbm'lx”mg. Here eithef, = O and the the existence

of g andr is proved withg = anbm'jx””m, r=0; or

f,=f-ab X"y
=@x"+a_,X"+---+a)-ab X"b xM+b X"+ +b)
is a polynomial iD[X] of degree<< n. By theinduction hypothesis, there
are polynomialsy, r, in D[X] such th.at

f, =q9+r,, r, = 0 ordegr, < degg
Hence f=f +ab X"y
= (q,0 +r) + (b xX")
=(q, + anbm'lx”“)g +r,, r, =0 ordegr, <degg

and this proves the existencegptindr with g = q, + anbm'jx””m, r=r,
and completes the proof of the inductive st&pe hypothesis that the
leading coefficient ofy be a unit has been used to constructftheith
degf, <degf

The uniqueness @f andr. Suppose
f=qg+r=qgqg+r’; r=0o0ordegr <degg r =0ordegr <degg
Then @g+r-(@g+r) =f-f=0,
@-9g)g =r -r
and the assumptiann- q # O leads to the contradiction
deg g< deg(q-q’) +deg g=deg(q-q)g
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=deg(r - r) << max{deg r,degr} < deg g
by Lemma 33.3. This forcep-q =0,sog=q’,sor=f-qg=f-qgg=r.
Thusq andr are uniquely determined. O

34.5 Theorem:Let K be a field
(1) For any nonzero polynomialgfin K[x], there are uniqu@olynomials
g and r in KX] such that
f=qg+r, r =0or degr < deg g
(2) K[x] is a Euclidean domain
(3) K[X] is a unique factorization domain

Proof: (1) Sinceg # O, it has a leading coefficient, which is distinct from
O € K. Then the leading coefficient gfis a unit inK (Example 32.6(D)
The assertion follows now from Theorem 34.4.

(2) We provethat deg K[x]\{0} — N u {0} satisfies the conditions in

Definition 32.10. Certainlydeg fis a nonnegative integer by definition
anddeg f< deg fgfor all f,g € K[x]\{0} by Lemma 33.3. This proves the
condition (i) in Definition 32.13. The condition)(is proved in part (1).

(3) This follows from Theorem 32.22. O

We record some consequences of Theorem 34.5.

34.6 Theorem: Let K be a field Any two polynomials,g in K[x], not
both zerphave a greatest common divisor d ifX[KIf d is a greatest
common divisoof f and g then there are polynomials h and | inxK
such that d= hf + Ilg. Any two greatest commativisors of f and g are
associate In particular, there is one andonly one monic greatest
common divisor of and g (This unique monic greatest common divisor
of f andg is sometimes callethe greatest commodivisor of f and g).
Any irreducible polynomial in K] is prime in KX] (Definition 32.20). O
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Theorem 34.5 igery satisfactory. If the underlying ring is a field, then
the polynomial domain is a unigdactorization domain. We turn our
attention to polynomials with coefficients in anique factorization
domain. LetD be a unique factorization domain andHdbe the field of
fractions of D. We recall that the elements Bfare fractionsa/b of
elementi,b € D, bz 0. We identifya € D with a/1 € F and thus regar

as a subring ofF. In this way,D[X] € F[x]. (If you find this and the
following discussion too abstract, you may just assDmé& andF ={).)

Letf € D[X] € F[x]. Now, apriori, f may be irreducible oved and not i¥
reducible ovelF. See the comments preceding Lemma 34.3héncase
whereD is a unique factorization domain ahd the field offractions of

D, it is in fact true that an irreducible polynomial Dfx] is also irre
ducible inF[x]. After some preparation, this will be proved Lemma
34.11.The hypothesis thd be a unique factorization domain is essen
tial, for otherwise the following definition, which plays an importaxhe

in the proof of Lemma 34.11, does not make sense.

34.7 Definition: Let D be a unique factorization domain and fidhe
any nonzero polynomialin D[x]. A greatest common divisor of the
coefficients off is called acontent of .f

Since greatest common divisors are uniquely determin&dtihhin am-
biguity among associate elements, any two contenfsapé associate.
We writeC(f) for any content of. Ignoring thedistinction among associ
ate elementsyye sometimes call(f) the content off by abuse of lan
guage.

The contents of = 2x* - 8x° + 2x+6 € Z[x] andg = 6x° - 9x + 18 € Z[X]
are easily seen to I8€f) = 2 andC(g) = 3. The content dfj =

1238 - 18x° - 12¢* + 84¢> - 126¢% - 18x + 108 isC(fg) = 6 = 23 = C(F)C(g).
This is an example of a general phenomenon.

34.8 Lemma (Gauss' lemma)kL.etD be a unique factorization domain
and let fg be arbitrary nonzero polynomials ixp Then fg) ~ C(f)C(g).
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Proof: First we remark that we cannot writgfg) = C(f)C(g), for
contents are unique only up to associate elements.

f andg can be written ag= C(f)f, andg = C(g9)g,, wheref, andg, are
polynomials inD[x] with C(f,) ~ 1 andC(g,) ~ 1. Similarly fg = C(fg)h,
whereh € D[x] andC(h) ~ 1. We have
anf,C)g, =fg=C(fg)h
afnC(o)f,g, = C(fg)h.
Taking contents of boteides and observing(al) ~ aC(l) fora ¢ D\{0}
andl| € D[x]\{0}, we obtain
C(f)C(9)C(f,9,) ~ C(fg)C(h)
C(f)C(9)C(f,9,) ~ C(fg)
and the theorem will be provedvie can show(f,g,) » 1. Dropping the
subscripts, we must prove:

if C(f) ~ 1 andC(g) ~ 1, thenC(fg) ~ 1.

Suppose nove(f) ~ 1, C(g) » 1 andC(fg) is not a unit. Then there is an
irreducible elementr in D with 7|C(fg). SinceC(f) ~ 1 andC(g) ~ 1 by
assumptiong cannot divide all the coefficients of

f=ax"+a_ X"+ tax+a
nor of

g=b xM+b__x"™+... +bx+b,
say. Leta, be the coefficient of with the largest index that is not
divisible byr and leth,_have a similar meaning fgr Then
rla, wla__,, ..., 7la,,, ©Tta,
(1) b, wlb ., ..., «dlb ,, ©th.
(2)
But n divides the coefficient
(' o ah+2bk—2 + ah+1bk—1) + ahbk + |:ah—1bk+1 + ah—2bk+2 to ]

of X in fg. Because of (1) and (2¥, divides the expressions in () and
[]. Sor dividesa b, aswell. Thuswta,, mtb _and=la b, which tells us
that 7 is not a prime element ib. On the othehand,D is a unique
factorization domain and every irreducible element ib is prime
(Lemma 32.24),hencer is prime. This is a contradiction. We conclude
C(fg) ~ 1. . O

h+k

34.9 Lemma:Let D be a unique factorization domaand let F be the
field of fractions of D Let fg be any nonzero polynomials ifxPwith
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C(f) ~ C(g). Then f and g are associaite F[x] if and only iff and g are
associate in [X].

Proof: By Lemma 34.2,
eisaunitinD[x] < eis aunitinb,
uisaunitinF[x] < uisaunitinF < ue¢ F\{0}.

If f andg are associate iD[X], thenf = egfor some unite in D[X]. Thene
is a unit inD, soeis a nonzero element Bf soe is a nonzero element of
F, soeis a unit inF, soeis a unit inF[x], sof andg are associate iFX].

If f andg are associate iHX], thenf = ug for some unitu in F[X]. Thus
u € F\{O} and sou =a/b, wherea,b € D{0}. So bf =ag. Thus

bC(f) ~ C(bf) ~ C(ag) ~ aC(g) ~ aC(f)
andb ~ a in D. Soa/b =uisa unit inD. Henceu is a unit inD[x] andf is
associate tg in D[X]. O

34.10 Lemma:Let D bea unique factorization domain and let F be the
field of fractions of DLet f be anonzero polynomial in B] with (f) ~ 1
and assume

f=909,..9,.
whereg,, g,, ... ,g, are polynomials in [X]. Then there are polynomials
h, h, ....,h in D[X] such thaty, is associate tdn in F[x] and Qh) ~ 1 (for

alli=1,2,...,r) and

f=hh,..h.

Proof: The coefficients of,,g.....,9, are fractions oélements fronD. We
multiply eachg, by an appropriate elemeatin D, for example by the
product of the "denominators” in the coefficientg,ab get gpolynomial
k € D[X]. Thusa,g, =k € D[x]. We writek = c.h, wherec, ~ C(k) € D and
h is a polynomial irD[X] with C(h)) ~ 1. We have
a,a,...af=ag,a9,...a9 =kk,..k =cc,..chh,..h
and, taking contents of both sides, and using Lemmar3418times, we
get

a,a,...a.C(f) =c,c,...c. C(h))C(h,)...C(h)

alaz. . ar s 01C2. . 'Cr'
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Thuse= C,Co - .cr/alaz. ..a, is a unit inD and
f= (ehl)hz...hr.

Observe thalh = (3,/c,)g; is associate tg in F[X], because,/c, € F\{0} is
a unit inF[x]. When we make a slight change of notation amnite h, for
eh,, the proof is completesly, is also associate tp in F[x]). O

34.11 Lemma:Let D bea unique factorization domain and let F be the
field of fractions of DLet f be a nonzero polynomial bfix] with (f) ~ 1.
Then fis irreducible in K] if and only if f is irreducible in [X].

Proof: Assume first that is irreducible inF[x]. Thenf is not a unit in
F[X], hencedeg f= 1, hencd is not a unit inD[X]. Also, if g,h € D[x] and

f = gh, we read this equatian F[xX] and conclude that either or h is
associate td in F[x]. We know 1= C(f) »~ C(gh) ~ C(g)C(h), soC(g) ~ 1 =
C(f) andC(h) ~ 1 ~ C(f). Using Lemma 34.9, we deduce that eitiper h
iIs associateo f in D[x]. Thusf is not a unit inD[X] and has no proper
divisors inD[X]. This meand is irreducible irD[X].

Conversely, assume thhts irreducible inD[x]. Thenf is not a unit in
D[X] and so not a unit iB. This givesdeg f= 1, for otherwisd ~ C(f) ~ 1

would be a unit irD. Sodeg f= 1 andf is not a unit inF[x]. We now
want to show thaf has no proper divisors if[X]. Assumef = g.g,

whereg, g, € F[X]. By Lemma 34.10f = h h,, whereh, h, € D[x], C(h)) ~ 1
~ C(f), C(h,)) ~ 1 ~ C(f) andg,,g, are respectively associatehph, in F[X].
Sincef is irreducible inD[x], eitherh, or h, is associate¢o f in D[X] and
thus, by Lemma 34.9, eithby or h, is associate tbin F[X], hence either
g, or g, is associate tbin F[x]. Thusf has no proper divisois F[x] and f

is irreducible inF[x]. O

We need one more lemma to prove thpd is a unique factorization
domain wheneveb is. It comprises the main argument.
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34.12 Lemma:Let D be a unique factorization domain and let f be a
nonzeropolynomial in x] such that ©f) ~ 1 and deg = 1. Then f can
be written as a product of irreducible polynomials in a unique. way

Proof: LetF be the field of fractions di. We will use the fact tha{x] is
a unique factorization domain and flaet that irreducibility inD[X] and
in F[X] coincide (Theorem 34.5, Lemma 34.11).

Considerf as a polynomial iR[X]. By Theorem 34.5,
f=90,..9, dy 9 -0, € F[X

whereg,, 9., ...,, are irreducible if[x]. According to Lemma 34.10,

f=hh,..h, h,h,..h €D

for some polynomial$, in D[X] with C(h) ~ 1 andh is associate tg, in
F[x] (i =1,2,...,r). Henceh is irreducible inF[X] and, by Lemma 34.11

is also irreducible irD[x]. We proved that can be written as a product
of irreducible polynomials iD[X].

Now uniqguenesqup to the order of factors and ambiguity among
associate polynomials). Lé& D[X] with C(f) ~ 1 anddeg f= 1, and let

f=pp,..p=00,. .0 pl,qu[x]
(1)

be two representations bés a product of irreducible polynomials
Py Py --.P. Oy O, - .- ,0g iNn D[X]. Taking contents and using Lemma 34.8,
we get

CP)C(P,)---C(P,) » C(F) = 1 ~ C(a)C(ay). - C(a)
so thatC(p) andC(q) are units irD. By Lemma 34.11the polynomials
P, q are irreducible irF[x]. SinceF[x] is a unique factorization domain,
we deduce from (Lthatr = s and, eventually after reindexing the
polynamials, p, is associate tg, in F[x]. SinceC(p,) ~ C(g), Lemma 34.9
tells us thap, is associate tq in D[X] (i = 1,2,...,r). This completes the

proof. O
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34.13 Theorem:If D is a unique factorization domaithen 0OXx] is a
unique factorization domain

Proof: Given any nonzero polynomitin D[x] which is not aunit in D[X],
we haveto show thaff can be written as a product of irreducible poly
nomials inD[x], and that this representatiamunique up to the order of
factors and ambiguity between associate polynomials.

Now letf € D[X], f # O, f # unit inD[X]. If deg f= 0, thenf € D and, sinced
is a unique factorization domairfi,can be written aa product of irre

ducible elementp,, p,, ...,p, of D. These elements are uniquely deter
mined, and they are irreducible alsoDy] (Lemma34.3). Sof can be
written as a product of irreducible elements in a unique welggf f= 0.

Suppose nexdeg f= 1. We writef =cf,, wherec ~ C(f) € D andf, € D[X]
with C(f,) ~ 1, degf, = 1. Herec andf; are uniquely determined up to a

unit inD. Nowc € D can be written as a product of irreducible elements
in D, which are also irreducible Djx]:

c=aa,..a a, are irreducible ib[x],

anda, are uniquely determined. By Lemr@a.12,f, can be written as a

product of irreducible polynomials DBjx]:
f,=q0,..9 q are irreducible im[X]
andg are uniquely determined. Hence

f=aa,..aqq,..q

is a product of the irreducible polynomiallg in D[X], which are unique

up to the order of factors and ambiguity between associate elenmnts.

By repeated application of Theorem 34.13, we get

34.14 Theorem:If D is a unique factorization domainhen Ox ,Xx,,. ..
X ] is a unique factorization domain

O
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In particular,

34.15 Theorem:lf K is a field then Kx x,... x ] is a unique factoriza

tion domain O

Exercises

1. Prove thatx*+ 1 € Z[x] is irreducible overZ by comparing the
coefficients of both sides in a hypothetical factorizatté 1 = fg and

deriving a contradiction from it. Investigate the cadeg f=1, deg g= 3

anddeg f= 2 =deg gseparately.

2. Do Ex. 1 fox* + 2 andx* + 3¢ Z[x].
3. Show thatx* + 4 is reducible over.

4. Show that* +T ¢ Z[X] is reducible over,,

5.Show that® + 1 € (Z[\2])[X] is reducible oveZ[\2] (see §32, Ex. 3).

6. Find a content of

(a) 65¢* + 26¢% - 9x + 143 € Z[X]

(b) (5 +iI )+ (1 +58)x+ (-4 +7) e (Z[IDIX

() (1 +0)x* + (-1 + )3 + (1- 20)x% + 3X + (2 + 30) €
(Z[«DIF

(d) 8x* + 24¢ - 32¢% - 48x + 56 € Q¥

(e)3x°+5x+7 € Zg M.

7. Let D be a unique factorizatiodomain and letF be the field of
fractionsof D. Let f € D[X] be a nonzero polynomial whose leading
coefficient is a unit irD. Suppose tha,h € F[x] and f = gh. Prove that
theng € D[x] andh € D[x].

8. LetD be a unique factorization domain datdf,g € D[X]\D. Prove that
a greatest common divisor badndg has degree> 1 if and only if there
arepolynomialsh,k in D[X] satisfyingdeg h<< deg ganddeg k< deg f
such thath =gk
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