835
Substitution and Differentiation

In this paragraph, we studige divisibility of polynomials by those of
the first degree. We prove the familiar remainttexorem. Roots of
polynomials are introduced and multiple roots are examined.

Everything in this paragraplB based on the substitution homomerph
ism which we now define.

35.1 Definition: Let R be a ring and lef = i aixi be an arbitrary
i=0

polynomial in R[X]. Let S be a ring containind?. For any s € S, the

elementi aisi of Sis called thevralue of f at sThe value of ats is said
i=0

to be obtained bywubstituting s for »or by evaluating f at sThe value

i a.s of f atswill be denoted by(s).
i=0

In many casesis taken to b&R, and therf(s) € S. In fact, we may al
ways assum®8 =R by takingf asa polynomial inS[x]. However, ifR c S
ands € S\R, thenf(s) need not belong tR.

35.2 Examples:(a) Letg = 4¢° + 6x + 8 € E[x], whereE is the ring of
even integers; sBC Z. Now 1€ Z andg(l) = 41°+ 61 + 8 = 18¢ 7.

(b) Leth =3+ 4% +x- 1 € Z[x]. Here® is a ring that containZ and

2
s € 0. we haveh(é) = 3(%)3 + 4(%)2 + (%) -1 :% e 0.

411



(c) Let f = ((1) (])')xz + (é i)x + (_2:L 8) e (Mat(2))[X]. Now Mat,(Z) is a
ring containingMat,(Z) and(g g) € Mat,(2). Thenf((g (1)))

-GG+ GG+ (G )=o) € M.

(d) LetR be a ring with identity anti= S aixi € R[X]. ThenR € R[X] and
i=0

X € R[X]. The valueof f atx € R[X] is f(X) = i aixi =f, sof(x) =f € R[X].
i=0

From now on, the notationg and f(xX) for a polynomial inR[x] will be

used interchangably.

(e) Again letR be a ring withidentity andf = i aixi € R[X] be a
i=0

polynomial with coefficients inR. Let y be anindeterminate distinct
from x. ThenR is contained irR[y] andy € R[y]. The value off aty is
fy) = ay <RIyl

i=0
() Letp=x-x+1e OQ[x]. Now©® c O[], x + 1 € Q[x] and
px + 1)= &k + 1 - (x + 1) + 1 =x2 + 32 + 2x + 1 € Q[x]. Similarly x* ¢
O[x] andp(x®) = (x93 - (x°) + 1 =x8 - x® + 1 € Q[X].

(9) LetR be a ring.For anyf € R[X], the value off atg € R[x] can be
found as in the last example, and it is a polynoffifigk)) in R[X].

(h) Letf =3x? - Bx + 2 ¢ Z,JX]. The valuef(1l) of fat 1 € Z is not
defined, forZ does not contaid, .,

(i) Letg=x2+x+ 2 andr =x5 +x + 3 € Z[x]. We put

t=qgr=x>+x*+ 3  + 4x° + 5x + 6 € Z[x]. One checks easily thg(2) = 8,
r(2) = 13,t(2) = 104. Noticet(2) = 813 = g(2)-r(2). This is explained in
the next lemma.

35.3 Lemma:Let R be a ringS a ring that containR, and s an element
of S If S is commutativehen the mapping
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TS R[X]— S
f —f(9

is a ring homomorphism(called thesubstitutionor evaluationhomao

morphisn.

Proof: For anyf = i ax,g= i bjxj in R[x], we have
i=0 =0

F+g)T_ = (20 ax + i bx)T,

j=0

= (S (a, + bl)xi)TS (assumingn = mwithout loss of generality)
i=0
=3 (& +b)s
i=0

= i aisi + S blsi
i=0 i=0

f(s) +g(s)
fTS + gTS,

and further

(fo)T, :[z: ( Sab )¥]T.= rz: (San)s

i+j=k i+j=k
o) = (5 Y7 (54 (5,04) (5,2)
=Y aisibjsi
i
= aibJsi+j (using commutativity o8)

HenceT_ preserves sums and products, and is thereforieg home

morphism. O
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In the proof ofLemma 35.3,the commutativity ofS is used in a crucial
way. If S is not commutative, thed_ is not a homomorphism. For
example,

Ix? - (é (1)) =[x+ ((1) (1))][ Ix - (2 é)] in (Mat,(2))[]

but substituting(é (])') for x does not preserve sums and products:
11 1 11 01 11 01
606D =6+ G50 - G

The substitution homomorphisis closely related to the division algo
rithm in an integral domain.

35.4 Theorem (Remainder theorem)lLet D be an integral domajn
f € D[X] and a€ D. There is a unique polynomial q irf¥Psuch that

f(X) =a(x)(x - a) +f(a).

Proof: We dividef by (x - a). This is possible by Theorem 34.4, because
the leading coefficient of - a is a unit inD (in fact = 1). Thus there are
unique polynomials; andr such that
() =g(x)(x-a) +r(x) r=0 ordegr<<deg(x-a)=1.

Sor is an element ob (zero or not). To find, we substitutea for x;
since substitution is a homomorphism by Lemma 35.3, we get

f@) =a(a)(a-a) +r(a)

f(a) =r.
This completes the proof. O

35.5 Definition: Let R be a ring,S a commutative ring that contaiRs
and letf be a polynomial irR[X]. An elementa of S is called aroot or
zero of fif f(a) = 0.

35.6 Theorem (Factor theorem)iet D be an integral domajiandlet
f be an arbitrary polynomial in . Let E be an integral domaikontain
ing D and let ac E. Then a is a root of f if and only (i - a)lf in E[X].
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Proof: By the remainder theorem (with in place of D), there is a
polynomialq in E[X] such thatf(x) = q(xX)(x - a) + f(a). If a is a root off,
thenf(a) = 0, sof(x) = q(X)(x - a) and & - a)If(x) in E[X]. Conversely, if

(x - a)If(x) in E[X], then & - a)l[f(X) - q(X)(x - a)] in E[X], so & - a)lf(a) in
E[X]. Thusf(X) = u(x)(x - a) for someu(x) € E[x]. Substitutinga for x, we
getf(a) =u(a)(a - a) = 0. Soa is a root off. O

The factor theorem puts an upper bound to the nuoflreots of poly
nomials over integral domains, in particular of those over fields.

35.7 Theorem:Let D be an integral domaih a nonzero polynomial in
D[x] and let E be an integral domain containing Thenthere are at most
deg f distinct roots of f in.E

Proof: We make induction on the degrefef. Polynomials of degree O
are just the nonzero elements fand they have no roots ik (zero
roots). So the theorem is true whaeg f= 0. Assume nowdeg= 1, so
thatf = cx+d, wherec,d € D andc z O. If f had mordghen one roots i,
say ifa,, a, were roots of in E anda, # a,, we would get

ca, +d="f(a)) =0=f(a,) =ca, +d
ca, =ca,
c@,-a) =0 ¢c=z0
a,-a, =0,
contraryto a, # a,. Thuscx + d has either no roots i or one and only
one root irE, and the theorem is proved whaeg f= 1.

Suppose nom = 2,deg f=n and that, for all integral domaims, any
polynomial of degreae - 1 inD’[x] has at mosih - 1 distinct roots in any
integral domairt” that contain®’. If f has no roots ik, the theorem is
true. Iff has a roog, in E, we have

() =a)(x - ay) for someq(x) € EX]
by the factor theorem. Hegéx) is of degreen - 1 by Lemma 33.3(3By
our inductionhypothesisg(x) has at mosh - 1 distinct roots irE. Now
let A be the set of all distinct roots gfx) in E (possiblyA = &) so that
Al << n-1.
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If b € Eis any root off, thenf(b) = 0, soq(b)(b - a)) = 0, soq(b) = O or
b=a, sob e Aorb=a, HenceB & AU {a}, whereB is the set of all
distinct roots off(X) inE. Thus/B| < |Al + 1< (n-1) +1 = n andf has at
mostn = deg fdistinct roots irkE. This completes the proof. O

Theorem 35.7 may be falsetlfe underlying ring is not commutative or
if it has zero divisors. For exampb&+ 1 € H[X] of degree twoover the
noncommutative ringd of Ex. 9 in 829 has infinitely many roots Hh
Also, the polynomiak® - 1 = Ix* - 1 over Z,;, which has zero divisors,
possesses four distinct rodis3, 5, 7 in Z,.

We give two applications of Theorem 35.7. In these applications, the
underlying integral domain is a field.

35.8 Theorem (Lagrange's interpolation formula)_: Let K be &ield
andaga,, ...,a, be distinct elementsf K Let byb,, ... ,b be arbitrary
elements of Knot necessarily distin):tThen there is a unique pely
nomial in Kx] such that(a,) = b, f(a,) =b,, ..., f(a) = b, and such that
deg f< n (one less than the number 0§ ar b's) or f = 0. This poly
nomial is given explicitly by the formula |

xX-a) ..xX-a )X-a,.)..xX-a) b
S @ -8 @ - )@ -, G - ay ]

Proof: Thei-th summandi :

(X -a) ..(x-a)Xx-a.,). . X-a) 5
@ -3 G YL G ) A G

in the formula is & K[x] (whenb, = 0)or a polynomial irK[x] of degree

n (whenb, = 0). Heref.(8,) = b, andfi(aj) =O0forizj. Sof :=f +f,+... +1

is either the zero polynomial or a polynomafl degreeat mostn such
thatf(a) =f,(a) +f,(&) +--- +f (3) =0+ +f(3)+0+--- + 0= Db for all

i =12, ...,n This proves the existence of a polynomial with the
properties stated in the theoremamely the one given explicitly above.

The uniqueness dffollows from Theorem 35.7. f is a polynomial in
K[X] with deg g< n, and ifg(a;) = b, g(&,) =b,, ..., 9g(a) =b, then the
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polynomialh =f - g has at least + 1 rootsa, a,, ...,3, in K, and, ifh =z O,
then h has degree at most equal no(Lemma 33.3(2). This is not
compatible with Theorem 35.7, 0= 0 andg = f. Thereforef is the
unique polynomial satisfying the conditions above. O

The formulafor f is easy to remember. We have f1 + f2 + -+ fn,
wheref.(a,) = b andf. (aj) = 0 fori #]. The second condition leadsfto
= X-ay)...(X-a_)D)X-a_,))...(x-2ayc for somec; € K, andc, must asn
the formula iff;(a,) is to be equal tb..

35.9 Theorem (Wilson's theorem)if p € Nisa prime numberthen
(p- 1!+ 1=0 (modp).

Proof (Lagrange): Fermat's theorem (Theorem 12.6) states that
aP1= 1 (modp) for any integer with (a,p) = 1. We can write this as

aPl-1=0 ian if a = O.

Thus the polynomiadl=xP1-T=IxP1-T ¢ ZJx] hasp - 1 distinct roots
in Zp, namelyl, 2, ..., p - 1. The polynomial

g=X-DX-2)...(x-p - D
has the same roots. Hence the polynomial

h=f-g=(IXP - -x-DX-2)...(x-p - D =K1-T) - xPL+-.)

over Zp has at leagpb - 1 roots1, 2, ..., p - 1 in Zp. If h werenot the
zero polynomialin Zp[x], its degree would be less thgn- 1. This
contradicts Theorem 35.7. Sois the zero polynomial ian[x]: each
coefficient ofh is equal td ¢ Zp. In particular,

0 = coefficient ofx° in h
= (coefficient ofx? in f) - (coefficient ofx° in g)
=D - ((-D(-2)...(-(p - 1))
=-1- (1P p - D!
=-((p -DI+1)inZ,
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providedp is odd. Henced - 1)! + 1= O (modp) whenp is an odd prime
number. But this congruence holds also wpen?2. This completes the
proof. O

The next theorem will bEamiliar to the reader in the case®E 7, F =
) under the name of "rational root theorem".

35.10 Theorem:Let D be a unique factorization domain and let F be
the field of fractions db. Let f= anxn + an_lx”‘1 +.. +a X +ay € DX be

an arbitrary polynomial in [x]. If a :S € Fis a root of fwhere kx € D
and(b,c) ~ 1, then
cla, and bla, in D.

In particular, if the leading coefficient of f is a unit in then any root of
fin F is actually in D

. b .
Proof: By hypothesisa = o is a root off so that
p" p"t b
gt T Y3 =0

Multiplying both sides by", we obtain
ab"+ (@ ,b"c+--- +abcd™+ac") =0,
[a b"+a_ . b"c+--- +abcd™+ac" = 0.
c divides the expression (n), soclanb”. As (b,c) » 1, we havelf'c) ~ 1.

a R
ncn

From @"c) ~ 1 andcla b", we concludecla . Likewise, b divides the

expression in [], sblac". As b,c) ~ 1, we havelfc") ~ 1. From bc") ~ 1

and blaoc”, we concludedla,. In particular, ifa  isa unit inD, thenc is

also a unitn D sincecla , so there is atl ¢ D such thactc! = 1 and the
b bct bct

roota=- = =— =pcleD. m|
C CC_l 1

35.11 Example:As an illustration of Theorem 35.10, \weove that the
real number/2 is irrational. Letf(X) = x° - 2 € Z[X]. SinceZ is a unique
factorization domain and the leading coefficienf ifa unit inZ (f is in
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fact a monic polynomial), any root dfin ) must be actually irZ by
Theorem 35.10. But

f(0)= 22 0; f(31) = -1#0;
fGm) =m? - 2> 2, sof(+m) = 0 form = 2;

sof has no integer roots, and consequently no rational roots, as claimed.

Next wediscuss the multiplicity of rootsLet D be an integral domain
andf a nonzergolynomial inD[X]. If a €D iIs a root off, then we have
() = (x - a)q,(¥) for someq,(X) € D[X] by the factor theorem (Theorem
35.6). Eithera is not a root ofy,(x), or we havey,(X) = (x - a)gq,(X) and
thereforef(x) = (X - a)2q2(x) for someq,(x) € D[X]. In the latter case,
either a is not a root ofg,(x), or we haveq,(X) = (x - a)gy(X) and
thereforef(x) = (x - a)3q3(x) for some q,(x) € D[X]. We repeat this
argument. Since the degreesqg(x), a,(X), a;(3), ... get smaller and
smaller, we will reach a polynomig| (X) with

f(x) = (x-a)™Mq (¥), q_(a) # 0.

35.12 Definition: Let D be an integral domain arfda nonzero poly
nomial in D[x]. Supposea ¢ D and f(a) = 0. The uniquely determined
integerm = 1 such that

f(x) = x-a)"g (¥, q (X € D[X], q,(a) =0,
that is, the uniquely determined integee 1 such that
(x - a)Mf(x), (x-a)™Lf(x) in D[X

is called themultiplicity of the roota of f. The roota of f is called a
simpleroot whenm = 1 and anultipleroot whenm > 1.

This definition makes sense also wheis a root off in E, whereE is an
integral domain containin: we needonly regardf as a polynomial
over E and use the definition with in place ofD. WhenE, andE, are
two integral domains containing and a root of f is both inE, andE,,
we have, say,
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f) = (x-a)™g, (%), 9, (X) € E[X], q,(a) = O,
f(x) = x-a)™q,(x), q,(X) € EJ[X], a,(a) # 0,
09 = (- )™, G0 € BN EJX,  Gy@) = O,

as the equations definirige multiplicity ofa as a root irg, E,, E N E,.

Then
(x- )My () = x-a)™g(x)  inE (X

and the assumptiam, > m, orm; < m, leads to the contradiction

(x-a)™ ™, () =g,() or g,(x) = (x - a)™Mg(X),
0=qya) or qga)=0.

Hencem, =m,. Likewisem, = m, and thereforen, = m,: the multiplicity
of a root off € D[X] is independent of the integral domao which the
root belongs.

In order to findout whether a polynomial has multiple roots, we take
derivatives.

In analysisthe derivative of a real-valued functionof a real variable
X is defined by
ux + h) - ux

h :

w09 = i

This definition cannot bextended to polynomials over a ring. For one

thing, polynomials are not functions. Second, what should

ux + h) - ux
h

ring. In fact, in many rings, a reasonable limit process carn®ot

introduced at all. But we know from analysis that degivative of the

mean in a ring? Third, we did not defihmits in a

function x — E akxk is the function x — i kakxk'l. This suggests the
k=0 k=1

following definition.
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35.13 Definition: Let R be an arbitrary ring and |lét= i akxk be an
k=0

arbitrary polynomial irR[xX]. The derivative of fis definedas the poly
nomial

F=Fp)=9 kax<i='S (krlax<? ¢ Rix.
k=1 k=0

kaa, means of coursg_+a,_+... +3a_in R (k times). This definitiorhas

nothing to do with limits. Taking theéerivative of a polynomial is called
differentiation.

35.14 Examples(a) Letf (X) =x* - 3x? +x + 10€ Z[x]. Then
f(xX) = 4C - 6x+ 1€ Z[X].

(b) Letg(x) =;x5+;x4+§x3+gx— 3 ¢ U[x]. Then

T =ox+ 53+ € Ol

12 01 12 0]
(c) Leth(x) = (3 4)x3 + (_1 1)x2 + (O 3)x + (1 8) € (Mat,(2))[x]. Then
; 12 O1 12
W) =3(5 )%+ 2(] Px+153)
3 6 02 12
= (9 12 X2 + (_2 2)X + (0 3) € (Mat,(2))[x].

(d) Letk(x) = 2x* +4x® +3x +5 € Z[X]. Then
K() =42 +24+13=3 € ZJX.

(e) Letl(x) =x'2°+x*°+2x° +3 € Z[x]. Then
I(x) = 125Ix1?4 + 25TIx** + 52x* = 0 € Z[].

The familiar rules of differentiation hold in any polynomial ring.
35.15 Lemma:Let R be aringc € R, and let fg € R[X]. Then

(f+g)y =f +qg’, (cf)y =cf, (fg)y =fg+fg.
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Proof: Letf = i a
k=0

t+oy=( zo a XK + ,Zo <)~

X< andg = io b]xj. We have
]:

= (E a X< + S bkxk),(assuming n = m without loss of
=0 =0

generality)

= (2,600
= ) K@y + X

k=1

= § (ke + Kbt

K=1

= i ka, X1 + i Ko, <t
K=1 k=1

=f +q,

0 =(c 8 80 = (B eat) = 8 kengi=c$ kapecizer
Next we find (@ andfq +1g’. We have
@ =[(2,34) (2 %)]
=[2,(230)<1

s=0 \k+j=s

"2 5(2a)

kt+j=s

(1)

fg+fg = (zo akxk) - (ZO bJXJ) + (lzo akxk) (]Zo be‘) p
= (kzl kakxk-l) (]ZO b]xl) + (zo akxk) (le j b]xj‘l)
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) s=1 (ngls(a 5 )XSl s=1 (kgjsa )
:rzl ( ZKab +jab)>§'l

k+j=s

;1 (k+J s )

(2)

From(1) and (2), we concluddg)” = fg + fg". This completes the proof.
O

35.16 Lemma:Let R be aring and Iéf.f,, ... f fg € R[X].

O ++ v =F+E+ -+

2 @ ... )y =f. . f+ff  f+--- +ff, "

(3 @) =nd"g".

(4) [f(g09)] =F(g0(9)g (9.

Proof: (1) and (2) follow from Lemma 35.16 by induction an(3) is a
special case of (2), with =f,=--- =f_ =g. We now prove (4). Let

f = i a x*. Thenf(g(x) = i a 9" € RX and, by (1) and (3), the
=0

derivative off(g(x)) is

(i akgk), = i a9 = i 8, (9" = E ka, gy’
=0 =0 k=1 K=1

= (21 ka, g")g = (9)g". O

We are now in a position to determine which roots are multiple roots.

35.17 Theorem:Let D be an integral domajiand E an integral domain
that contains DLet c€ E and letf be a nonzero polynomial in[K). Then
c is a multiple root of f if and only if c is a root of both f and f
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Proof: Suppose is a multiple root of. Then it is aoot of f. We wish to
show thatc is a root off as well. Wehave f(x) = (x - ¢)?g(x) for some
g(X) € E[X]. Differentiating and substitutingfor x, we obtain

() = 2 - c)g(¥) + (x - ¢)°g"(x)

f(c) =2€-c)g(c) + c-¢)’g’(c) =0
andc is indeed a root df.

Conversely, supposeis a root off andf. We write f(X) = (X - c)h(X),
whereh(x) € E[X]. We want to show thatis a root oth. Since
f(X) =h(X) + (x-c)h'(X)
f(c) =h(c) + (c-c)h'(c)
O =h(c) + 0,
h(c) = O andc is a multiple root of. O

35.18 Theorem:.Let K be a field and E an integral domadirat contains
K. Let f(X), g(x) be arbitrary nonzero polynomials inX

(D If f and gare relatively primethen f and g have no common root in
E.

(2) If f and f are relatively primethen f has no multiple roots in E

(3) If f is irreducible in K], then either f and g are relatively prime or
flg in K[X].

(4) If f is irreduciblein K[x] and deg f> deg g then f and g have no
common root irk.

(5) If f is irreduciblein K[x] and f* # O, then there is no root of f in E
which is a multiple root

(6) If f is irreducible in KX] and if f has a root in E which is not a
multiple root of fthen f= O.

Proof: (1) Supposd and g are relatively prime irK[x]. By Theorem
34.6, there are polynomiahd in K[X] such that
1 =h()f(x) +1(99(x),
where 1 is the identity element &f If f andg had a rootc € E in
common, we would have
1 =h(c)f(c) +1(c)g(c) =h(c)0 +1(c)0=0+0 =0,
a contradiction. Sbandg have no common root i

(2) Assumef and f° are relatively prime. Iff has no root inE, then
certainlyf has no multipleoot in E. Now we supposé& has a root in E

424



and provethat ¢ is not a multiple root of. Indeed, sincd andf are
relatively prime,f andf” have no common root by part (p f(c) 2 O
andc is not a multiple root of by Theorem 35.17.

(3) Supposd is irreducible irK[x] and letd € K[x] be a greatest common
divisor off andg. Sinced|f andf is irreducible,d is either a unit irkK[X]
or an associate &f In the first casef andg are relatively prime, in the
second casd,~ d andd|g yieldsflg.

(4) Supposd is irreducible inK[x] anddeg g < deg f thenf cannot
divide g, sof andg arerelatively prime by part (3). By part (1f),andg
have no common root B

(5) Suppos¢é is irreducible irK[x] andf” # 0. Thendeg f < degf. Sincef

is irreducible f andf” have no common root by part (4). Now iff has
no root inE, thenf has certainly no multiple root i If f has a root in

E, thenc is not a root of’, soc is not a multiple root off by Theorem
35.17. In any casé¢,has no multiple root iB.

(6) Supposd is irreducible irK[x] and suppose ¢ E is asimple root off
in E. If we hadf” = 0, we would hav§c) = 0 andf' (c) = O andc would be
a multiple root off by Theorem 35.14 contradiction. Thus, if there are
roots inE and if they are all simple, thdénz O. O

We finish this paragraph with a brief discussiorsofcessive substiu
tions.

35.19 Definition: LetR be a ring and let

N N
S 1IN 1D NPT,

]=0 k—O 1=0

be a polynomial inR[xl,xz, X g n] Let S be a ring that contairfs and
letc,.c,, ....c_,.c, be elements B. The element

iNZo jNZo Z

of Sis called theralue of f a’(cl, SYETR
f(c,,c

i~
ki€ % C1C

||MZ

c)- It will be denoted by

1G9+ ,cn_l,cn).
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With the foregoing notatiorf,= z (J 2, 2 z a; kI><lx2 >%1 >§1

k=0 I=
is a polynomial inR[X;,x,, ..., n_1][xn]. Substltutlngcn for x_in thesense
of Definition 35.1 (withS[x;, X, ... . x ], RIX;. %, ... X ], X, ¢ in place of
S R, X, c, respectively), we get an eIemenletl,xz, ...,xn_l], namely

N, N N, N o
izo J.ZO "'ZO (Zo Cnlaij...kl)xllxzj"'xr|:1 € S[X X - X HlIX ]

Substitutinge,_, for x_, in this polynomial oves[x, x,, ... X /], we get a
polynomial inS[x, %, ...,x ], namely

We continue in this way. B is commutative, we obtaiifc,,c

= IZ Cn-l n Ij jkl)xlxz

1Cor - - ,cn_l,cn)
aftern substitutions. Thus

f(c,,c c) = fTT ...TT

1% - L c, ¢’

where T.: R[xl,xz, ...,xn_l,xn] — S[xl,xz, ...,xn_l]
Tch: S[X % - X Xl — SIX X X ] (h=2,...n-1)
and Tcl: S[¥x]—S

are the substitution homomorphisnms the sense of Definition 35.1.
Since thecomposition of homomorphisms is a homomorphism (Theorem
30.12), we obtain the following lemma.

35.20 Lemma:Let R be a ringS a ring that contains,Rnd

€,.Co € 1.C, €lements of $f S is commutativeéhen the mapping
T(Cl’CZ’ SRS NET n) R[Xl XZ n 1’Xn] —S
f — f(c,c, ....c.1.C)

is a ring homomorphism(called theevaluation or substitutionhomao
morphism). O
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Exercises

1. Letf =x2+ax +bx + c € Z[x]. Prove thaff is reducible ovef) if and
only if f has an integer root.

2. Find a polynomiaf € Q[x] with deg f<< 4 satisfying
f(-2) = 9, f(-1) =-2, f(0) =1, f(1) = 4, f(2) = 25.

3. Letp bea prime number of the formk4+ 1. Using Wilson's theorem,

show that'o?1 lis aroot ofx® +1 ¢ Z JX.

4. LetR be a ring and = ) a_ X'yZ< € R[xy,Z. The derivative off,

i,k

ijk

whenft is regarded as a polynomialRfy,Z|[X], is calledthe derivative of

. o of of i
f with respect to »and is written_ - Thus__ = ijzk i3y, X WZX The
i =1

derivatives with respect wandz are definedimilarly. f is said to be
homogeneous of degreeifm +j + k = m for all i ,j,k with Ak * 0. Prove
the following assertions.

(a) Lett be an indeterminate ove@fxy,z. If f(xy,2 € R[xy,Z] is a

homogeneous polynomial of degmethen
f(txty,t2) =t™(xy,2) € R[xy,zt]. *)

(b) Lett be anindeterminate oveR[xy,z] andf(x,y,2) € R[Xx,)y,Z]. If
(») holds in R[xy,zt], then f(x)y,2) is a homogeneous polynomial of
degreaem.

(o) If f(xy,2 € R[xY,Z] is a homogeneousolynomial of degream,
then

f(rx,ry,rz) = r"f(x,y,2)

for allr € R.

(d) If f(xy,2) € Q[x,y,z] andf(rx,ry,rz) = r™f(x,y,z) for allr € ), then
f(xy,2) is a homogeneous polynomial of degnee

(e) Find a polynomiall(x,y,2) € ZS[x,y,z] such that

f(rx,ry,rz) =r'"f(xy,2) for allr € Z5

and which is not homogeneous of degmee

(H) If f(xy,2 € R[xY,z] is homogeneous of degrag then
of of of

X& +y@ +Z@ =mf
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5. LetR be a ring and € R[x]. The derivative off’ is called thesecond
derivative of fand iswritten asf” or asf(®. More generally, theng1)-
st derivative of fis definedrecursively as the derivative of theth
derivativef("™ of f, and is written af&™). Thusf(™ = (M)” we write
D for f andf©® =f. Prove that, for anfig € R[X], anyc € R, anyn € N

(f + g)(n) — f(n) + g(n)’ (Cf)(n) — Cf(n),
n
(fo)™ = f(midg (o,
> W

6. LetK be a fieldf a nonzero polynomial of degrean K[x] and assume
that @)1, = O, wherel, is the identity oK. Show that

(K
f(x +y) = zo f kfx)
. £ (x) i
in K[xy], where, of courseT means [Ié!)lK] 1f(x).

7. Letp be a prime number arfdc: Zp[x]. Show thatf” = O if and only if
f(x) = g(xP) for someg € Zp[x].

8. LetK be a field. We putl = Mat,(K) for brevity. Let us recall that the

a
determinant O(c 3) € Misad- bcand thatA € M is a unit inM if and

only if det Ais a unit ink.

Let A(X), B(X) € M[X] be nonzero polynomials and assurieat the
leadingcoefficient of B(xX) has a nonzero determinant. Show that there
are uniquely determingablynomialsQ(x), R(X), Qf(x), RT(x) in M[X] such
that AX) = Q(X)B(X) + R(X), R(x) = O ordeg Rx) < deg RX).

and A(X) = B(X)Qf) + RtX), Rt(x) = O ordeg R(X) < deg RX).

Q(X) andR(x) are called theight quotientandright remaindeyQt(x) and
Rt(x) are called thé=ft quotientandleft remaindemwhenA(X) is divided

by B(X).

If F() =F x"+F__ x""+... +F,x+F, € M[x] andA € M, then
- n n-1
F(A) =FA +F A7+ +FA+F €M
is called theight value of Kx) at Aand
FI) = A"F +A™F__+-  +AF+F, € M
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is called theleft value of Ex) at A Prove that the righftresp. left)
remainder of(x) € M[X], whenF(X) is divided bylx - A, is equal toF(A)
(resp.Ft@®)).
9. LetR be a ring an®, : R[x] — R[X] be functionsi(= 1,2) such that

D(f+g) =D f+D g D(ch=cDf, D,(fg) = @ Ny +D,(g)
for all f,g € R[X]. DefineD: R[X] — R[X] by

Df =D, (D,f) - D,(D; ).

Prove that

D(f +g) =Df + Dg D(cf) =c Df, D(fg) = (Df)g +fD(g)

for all f,g € R[X].
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