836
Fields of Rational Functions

The reader might have missed the famibjiotient rule (\f(f,g))’ =
ng_TfQ in Lemma 35.15. It was missing becaésés not a polynomial.

i . f
We now introduce these quotlelats

36.1 Definition: LetD be an integral domain amxdx, X, ... X indeter
minates overD. Then D[x] and D[x;,x,, ... x] are integraldomains
(Lemma 33.6, Lemma 33.10An element in the the field of fractions of
D[x] is called arational funcﬁon (in X) over D The field of fractions of
D[x] will be called thdield of rational function.s over [0n x) and will be
denoted by (X). An element in the the field of fractions Bff; %, ... x|

is called arational function(in x;,x,, ... ,x ) over D The field of fractions
of D[xl,xz, ...,xn] will be called thefield of rational functions over Xin

X%, ...,xn) and will be denoted bly(xl,xz, ...,xn).

. . . . f :
Thus a rational function ovéris a fractlorE of two polynomials oveb,

f f
with g Z 0. Two rational functiong&1 andg—2 are equal if and only if the
1 2
fy f
polynomialsf,g, andg,f, are equal. Two rational functions and - are
1 2

added and multiplied according to the rules
L, B _Toe ol Ll _hh
9, 9, 9,9, 9,9, 9,9,

Hereg, andg, are distinct from the zero polynomial o\zer

This terminology is unfortunate and misleading, because a rational
function is not a function in the sense of Definition 3.1. rational
function is not a function of the ‘rational' kind, whatever thatght
mean. The technical term we definesl rational function a term
consisting of two wordsrational” and "function”. The meaning of the
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words "rational” and "function™ do not play arole in Definition 36.1. A
rational function is a fraction of polynomials o&r The reader should
exercise caution about this point. One should not conclude that
N and x + 1
X - 1 1
are different rational functions, on grounds ttiett their domains are
different, since the domain of the first one does not coitawhereas 1
is in thedomain of the second one. Neither of them has a domain, for
neither ofthem is a function. And these rational functions are equal

because the polynomials®(- 1)1 and X - 1)(x + 1) inC[x] are equal.

in C(X)

36.2 Lemma:Let D be an integral domain and F the fiatfractions of
D. Let x be an indeterminate over Then OX) = F(X).

Proof: F consists of the fractionag, wherea,b € D andb =z 0; andD(x)

consists of the fractions

n n-1
aXx' +a X+ +a, X + a,
m m-1 L !
b x" +b_ X"+ + b, x + by
wherea_ a_ .. ....a,8,b. b, ,, ... bbb, € D andthe denominator is

distinct fromthe zero polynomial irD[x]. Finally, F(X) consists of the

fractions
n n-1 L.
c X' +cC X+ +C X + ¢

)
m m-1 !
dx"+d X"+ - +dx+d
wherec c_ ,,....c;.¢,dd ;. ....d,d, € F and thedenominator is distinct

from the zero polynomial iR[X].

An element ofD is identified with the fractior?i in F (Theorem 31.5),

f
whenceD ¢ F. ThusD[X] € F[X] as sets. Note that two elemela%)g and

X)
zgg of D(X) are equal i(x) if and only iff(X)q(x) = g(X)p(x) in D[x], and
this holds if and only iff(xX)q(x) = g(x)p(X) in F[X], so if and only if :;(())(())
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andzgg are equal irFf(x). Thus every element d¥(x) is in F(xX) and
equality inD(X) coincides with equality iR(X). SoD(x) < F(X).

P(X)

Next we showF(x) € D(x). Let ax) € F(X), with p(x), q(X) € F[x], g(x) = O.
Thenp(x):i ixi q(x):i ﬁxj wherea b.c,d ¢ D,b #0,d =0 for
i=0 bi ki j=0 q 3 i! Il J! J ) I 7 J
alli,j and not all of‘,] are equal to @ D. We putb=bb,...b_ b andd =
dyd;...d_,d . Thendbp(x) anddbq(x) are polynomials id[X], and hence
p(x) dbp(x) i
= € D(X). SOoF(X) € D(X). This proved(x) = F(X). O
00 = dbgpg € PCY- SOFG9 < DKY P () = F(9
2 , 1 1
3 " 7X74
As an illustratiorof Lemma 36.2, observe tha‘?t e QX
5 3 2
2 _
is equal to the rational functior?(56< 12x+ 21) in Z[x].

14(12¢ + 10 - 15)

36.3 Remark: Let D be an integral domain ardthe field of fractions

of D. Then
D(xl,x2, ...,xn) = field of fractions oD[xl,xz, xn]

= field of fractions oD[x X, ..., X ][X]
= D[X %, ..., X _1(X)
=D(X. %, - %) (%)
by Lemma 36.2, witld[x ,x,, ...,.X ], D(x;, %, ... . X ), X in place ofD,Fx,

respectively.

Also, we haved(x %, ..., X ) = F(X,%,, ..., x), for this is true whem = 1
(Lemma 36.2) and, when it is true for= k, so thatD(x; X, ... ,x)
FO %, - %), it is also true fon =k + 1:
DO -+ 40%ern) = DOGX -4 (6, 1)

= FO4% -+ 24 O4er)

= PO - X %ier)s
the last equation by the remakove, withF in place ofD andk + 1 in
place ofmn.
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In the remainder of this paragraph, wdscuss partial fraction
expansions of ratinonal functions.

36.4 Lemma:Let K be a field and le(x) be a nonzergolynomial in
K[X]. Let dX), r(X) be two nonzeraelatively prime polynomials of pesi
tive degree in K]. Suppose defx) < degq(X)r(xX) and suppose that
f(x) is relatively prime to &)r(x). Then there are uniquelyetermined
nonzero polynomials(®), b(x) in K[x] such that

a(X)r(x) + b(x)g(x) =f(x), deg dxX) < degq(x), deg lx) << degr(x).

Proof: We firstprove the existence afx) andb(x). Sinceq(x), r(x) are
relatively prime, there are polynomidilé&x), k(x) in K[X] with

h()r(x) + k(x)a(x) = 1.

Multiplying both sides of this equatioby f(xX) and putting A(X) =
f()h(X), B(X) = f(X)k(x), we obtain

AM)r(x) +BYa(x) = f(x).
We now divideA(X) by q(x) andB(x) by r(x):

AX) =s(X)q(x) +a(x), a(x) =0 or deg &x) < degq(x),
B(X) = u(X)r(x) + b(x), b(x) =0 or deg l{x) << degr(X).

Thus  a()r(x) + bYa() = (A - sEIACY)r () + (B(X) - u()r(x))a(x)
= (AGYr(x) +B()ax)) - (s(x) +u))a)r(x)
=109 - (S(x) + u())a)r(x).

We claims(x) + u(x) is the zero polynomial iK[X]. Otherwise, we would
have deg(s(x) +u(x)) = 0O,

deg(s(¥) + u(x))a()r(x) = deg dx)r(x),
and since by hypothegiegf(x) << degq(X)r(x),

degf(x) - (s(¥) + u(x))a(r(x) = degq(xr(x),

so thata(X)r(x) + b(xX)q(x) = O; in particular, botha(x) andb(x) cannot be
zero. Assume, without loss of generality, th@a) z Oin case one o(X),
b(Xx) is zero and thatega(X)r(x) = degb(xX)q(x) in case neither of them
is zero. Then we get the contradiction

deg [f(X) - (s(}) + u(¥))a)r (9] =deg(ayr(x) +b)ax))
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<< dega(X)r(x)

=dega(x) + degr(x)

< degq(x) + degr(x)

= degq(r(x).
Thuss(x) + u(x), and consequentlfs(x) + u(x))q(x)r(x) is the zero poly
nomial inK[X]. This givesa(X)r(x) + b(x)q(x) = f(x). It remains to show
thata(x) andb(x) are distincfrom the the zero polynomial iK[x]. Both
of them cannot be O, for thé¢{x) would be also O, which is not by hy
pothesis. If one of them is 0, sayaifx) = 0, thenb(xX) # O andf(x) =
b(x)g(x) would not be relativelyprime to g(X)r(x) (becauseq(x) is of
positive degree, so not a unitkfx]), against the hypotlses. This proves
the existence df(x), b(x).

It remains to show the uniquenessEf) andb(x). If we have also
a,(x)r(x) + b, (Xq(x) =f(x), dega, (X) < degq(x), degb,(x) < degr(x),
we obtain 0 =f(x) - f(x) = (a,()r(x) + b, (x)q(x)) - (@()r(x) + b(x)q(x))
= (a0 - a,(9)r(x) - (b,(x) - b(x))ax),

so (@) - 2,09)r( = (b, () - bey)ax). *)
Hence

r() | (b () - b())ax) in K[x]

r() | by (x) - b(x) inK[X] asr(xX) and areg(x) relatively prime.
Now b(X) # b,(X) impliesb(x) - b,(x) # O and this gives

deg 1(xX) < deg(b,(x) - b(x)) < maxdegb,(x), deg Kx)} < deg K(x),

a contradiction. Thub(x) = b (X) and we get thea(x) = a,(x) from (¥).

Soa(x) andb(x) are uniquely determined. O
. f(X) . .
36.5 Lemma:Let K be a field and I% be a nonzeroational function

in K(X),with deg ) < deg dx). Suppose that(f) and dx) are both
monic and thaf(x) is relatively prime to €&). Assume &) = q(X)r(x),
where @x)r(x) are two relatively primgolynomials of positive degree
in K[X]. Then there are uniquely determined nonzero polynomixls a
b(x) in K[X] such that

fo) _ ) _a |, b

g arx a9  r(x

and deg dxX) < degq(x), deg kx) << degr(x).
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Proof: If ;(():()) IS a nonzero rational function Kfx), thenf(x) is anonzero
polynomial inK[x], and f(x) is relatively prime ta(x) = q()r(x). As f(x)
andg(x) are monic, these conditions determifi®® andg(x) uniquely.
The polynomialgg(x), r(x) are relatively prime andeg {x) is smaller
than deg dX)r(x). So the hypotheses of Lemma 36w satisfied and
therefore there areniquely determined nonzero polynomialx),b(x)
in K[X] such that

f() =a(gr(x) + b(x)a(x),
and deg dxX) < degq(x), deg kx) << degr(x).
Dividing both sides of the equati@aove byg(x) = q(X)r(x), we see that
there areuniquely determined nonzero polynomiaéx),b(x) in K[X]
such that

f) _ ) _ak) |, b

g aIr(x) ax)  r(x

and deg dxX) < degq(x), deg kx) < degr(x). O

By induction onm, we obtain the following lemma.

36.6 Lemma: Let K be a field and Iet:% be a nonzerorational
function inK(xX),with deg €x) < deg dX). Suppose that(X) and dx) are

both monic and thaf(x) is relatively prime to ). Assume ) =

a,(X0a,(3). . .43, whereq,(X), q,(X), . ...q, (X are pairwise relatively
prime monic polynomials obpositive degree in [K]. Then there are
uniquely determined nonzero polynomial¢x), a,(x), . ..,a (X)) in K[X]
such that .

f(x) _ f(x) _a() a9 3,(X)

g9~ 0B - 4.0 G T R T q X

and dega(x) < degq(x) foralli=1,2,..m

36.7Lemma: Let K be a field and x an indeterminate over et g(x)
be a polynomial in ] of degree= 1. Then for any {x) ¢ K[X], there
are uniquely determined polynomiaj$x), r,(X), r,(x), ...,r (x) such that
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) = r (9 + ;09909 +r,(9g()% + -+ +r_(9g()"
and
(=0 or degr;(X) <deg dx) foralli=1,2,..n

Proof: Fromdeg g= 1, we know thag = 0. So we may dividef by g
and obtairf = q,g +r,, whereq, ry € K[x], with rj = O ordegr, < deg g
Hereq, andr, are uniquely determined Hyandg (Theorem 34.4) and
we havef =rj +q9. If ;= 0,we are done (witlm = 0). Otherwise, since
f=qy +r, deg g= 1 andr, = O ordegr, < deg g we havedegq, <
deg f(Lemma 33.3). We now dividg, by g and obtaing, = q,g + r,
whereql, r, € K[x], with r,=0or deg r, < deg g Here a, and r, are
uniquely determined by, andg (hence byf andg) andf =rj +r,g +
qlgz. If g, = O, weare done. Otherwiselegq, < degq,. We then divide
g, by g and obtairg, = q,g +r,, whereq,, r, € K[x], with r, = O odegr,

< deg g Hereq, andr, are uniquely determined loy andg (hence by
andg) andf =rj+r,g + r2g2 + ngs. If g, =0, we are done. Otherwise, we
havedegq, < degq,. We continue this process. #igee degrees odj, q,,

d, ... get smaller and smaller, this process cannot go on indefinitely.

Sooner or later, we will meetcp equal to Oc K[x]. Then, with uniquely
: — 2 n
determinedr,r, ...r, we havef =ry+r,g+r,g°+--- +rg, where

r;(X) = 0 ordegr; < deg gfor alli =1,2,...,n.

O

In the situation of Lemma 36.7, the unique expression

_ 2
f=rg+rg+rg=+-- +rng”
of f(X), wherer,;(xX) = O ordegr, < deg dgfor alli = 1,2,...,n, is called the

g-adic expansion of f

_ : B(X) . .
36.8 Theorem:Let K be a field an a0 a nonzeraational function in

K(X), where [@x),q(x) € K[x] are relatively primein K[x]. Let u be the
leading coefficient of q(x) and le(> = ug,(x)™g,(x)™. .. g,(x)™ be the
decomposition of (¢ into polynomials irreducible over,Kvhere g,(x)

are monic Then there are uniquely determined polynomialéx),G

436



a, M%), a,M(x), ... ,aml(l)(x),al(z)(x), a, (%), ... ,amz(z)(x),. a0, 3,0,
...,amt(t)(x) in K[X] such that

(1) (1) a,, D)

@:G(x) +a11(X) +a22(X)+"'+lm
ax) 9,7  9,°(® 9,M™(x)

a1(2)(x) a2(2)(x) amZ(Z)(X)

0,50 | 9,20 g™

al(t) (X) az(t) (X) am[(t) (029

+ PR
g, 0 9> g, ()
and dega, W (x) < degg,(x) or a9 (x) = Ofor all i and k

Proof: We dividep(x) by q(x) and find unique polynomial&(x), H(X) in
K[x] with p(X) = g(x)G(x) + H(X), deg HX) < deg dx) or H(x) = O0.In the
latter case, everything goved 6(x) = 0 for alli andk). If H(x) = O,
let v be the leading coefficief H(X) and putc = v/u. ThenH(X) and
q(x) are relatively prime (singa(x) andq(x) are). WehaveH(xX) = vh(Xx),
whereh(x) is monic, relatively prime tgq(x) and

P(X) h(x)

oy =G(X)+c =

ac ~ 9" Cqm
with deg Hx) < deg dX). We may use Lemma 36.6 and get uniquely
determined nonzero polynomiddy(Xx), b,(x), ...,b,(x) in K[X] such that

heo _ D109 b9 B
a) g, (™ g, g,00™

anddeghb (x) < deg gk(x)mK for all k = 1,2,..,t. We putf, (X) = ch (x).
Then

p(x) 609+ f,.() . () e £,
a(x) g,00™  g,()™ g, Q™
and, since is uniquely determined bp(x) andq(x), the polynomials
f () are also uniquely determined. Since
degf, (x) =degb, (X) < degg, ()™,
in theg, (X)-adic expansion

£ (0 =109 + 1,99, () + (g, (9% + -+ +1,(3)g, ()"
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of f, (X), the polynomials_(x) = O fors = m_.. So let
£,09 = 2,999, (0™ + M99, (™ + -+ + &l (99, (x) +a, )

be theg, (x)-adic expansion of (x). The polynomials, a9, ... ,am((k)

in K[X] are uniquely determined anega " < degg,(x) ora® = 0 for
alli =1,2,.... m. Hence, for alk = 1,2,....t, there holds
K K ®
00 a, P  a,Mx (9

X)M g H(x " 2(x T Mk(x
9, (X o 69) 9,3 9 ()

and this completes the proof.

1)
e _ o P9 a0 fm, 09
Theequationgey =09 T 160 * 020 T gm0
@ @) a_ )
all(X)+a22(X)+___+mz
0,70 9,%( 9,09

+ ......
) ® a_O(x
a,909 a0 m )

o0 | 9200 T g™

X
in Theorem 36.8 is known as tBgpansion ofzgxg in partial fractions

Exercises

. . .
1. LetK be a field.For any nonzero rational functlogn in K(xX), we

define thedegree of; , denoted b)deg; , by deg; = deg f- degayg.

Prove that thedegree of a rational function is well defined. Can you
extend the degree assertions in Lemma 33.3 to rational functions?

2. Let K be a field. For any rational functioéﬂ in K(X), we define the

derivative of; , denoted b;(; )’, by declaring
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() =105

Prove thadifferentiation is well defined, i.e., prove thaat: % implies
f\- a\-

) =)

3. Extend Lemma 35.15 and Lemma 35tbd6 derivatives of rational

functions in one indeterminate over a field.

23 + 3 + & + 6
S+ X+ 3K+ 2x + 3)

4. Expand e Q) and

43 + B +x+ 2
XC+ A+ S+ 22X+ 2

€ Z.(X)

in partial fractions.

5. LetK be a field and led, &, ... ,a  be pairwise distinct elements Kn
Putg(X) = x-a)(Xx-2a,)...(x-a ) and letf(X) be a nonzero polynomial
in K[X] with deg {xX) << m. Show that

f) _ S f(@)/9 (&)

9 & x4
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