837
Irreducibility Criteria

In this paragraph, wedevelop some sufficient conditions for a
polynomial to be irreducible. In general, given a specific polynoried,
extremely difficult todetermine whether it is irreducible. This is not
surprising when we remember that it is also exceedidghcult to
determine whether a given specific integer is prime.

We start with Eisenstein's criterion, whidh very simple to usgG.
Eisenstein, a German mathematician (1823-1852)

37.1 Lemma (Eisenstein's criterion)let D be aunique factorization
domain and let

— n n-1
f() =a x"+a_ ;X

+ +a X +ag

be a nonzero polynomial in[K) with f) ~ 1. If there is aprime
(irreducible) element p in D such that

then fis irreducible over D

Proof. Suppose, by way of contradiction, tH&x) is reducible oveD.
Then its proper factors must have degred® becausé(f) » 1. Assume
f(xX) = g(X)h(x), where

_ 1
g() =b x"+b_ X"+ +bx+b, (b #0,m=> 1)

S

h(x) = Cka +C, X + +C X+ Gy (c,#0, k= 1)

are polynomials im[X].

Thena, = b.c,. Sincepla, and sqlbc, by hypothesis ang is prime, we
seeplb, or plc,. Here bothplb, andplc, cannotbe simultaneously true,

for then we would have?b.c against our hypothesi3hus

2
oCor SO PTay,
one and only one qf)lbo, plc0 is true. Let us assume, without loss of

generality, thaplb, andpfc,
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Also a  =b ¢ . Sincepta and soptb c by hypothesis, we hawvetb .
Thusplbo andpJ(bm. Letr be thesmallest index for which the coefficient
b, in g(x) is not divisible byp, so that

plb, pib,, ..., plb._;, ptb, (*)
(possiblyr = 1 orr =m).

Nowa_ = (b, +bc _, +... +b _,c)) +bcy, andr < m< m+k=n. Sopla,
by hypothesis and dividesthe expression in () by, so plbrco. Then,
sincep is prime, this forcep/b. or plc,, whereasptb, and ptc,. This

contradiction completes the proof. O

37.2 Examplesi(a) x° + 5x+5 ¢ Z[x] is irreducible ovelZ, because its
contentis 1 and 51,
50, 50, 50, 55, 585,
5%}5.

(b) LetD =Z[i] andf(x) = 33 + 2x° + (4- 2i))x + (1 +i) € D[X]. ThenD is a
unique factorization domain aragf) » 1. Moreover 1 4 € D is aprime
element irb and
1+it3
1+il2, 1+ 14-2, 1+i|1-+i,
@A +)2+1+i.
Hencef(x) is irreducible oveb.

(c) LetD be a unique factorization domain agfgy) =x" - y € (D[y])[X.
The content of is 1 € D[y], sinceg isin fact a monic polynomial. Alsoy
is irreducible inD[y] and
yil
yO, V0, ..., yiO, yl-y,
yet-y,

henceg(xy) = x" + OX"1 + X"+ ... + Ox -y € (D[y])[¥] is irreducible
overDly].

(d) Letp € N be a prime number angl(x) = XPLexP24+ ... +x+ 1€
Z[X]. The polynomialcbp(x) iIs knownas thep-th cyclotomic polynomial.
We show thatbp(x) is irreducible overZ. Eisenstein's criterion is not
directly applicable, but we observe that

(x-1)0,(x) = xP -1,
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and, when we substituket+ 1 forx in both sides of this equation, we get

xP (X + 1) = &+ 1)'0—1:;51 (ﬁ)x‘c*k

k=0
by the binomial theorem (Theorem 29.16), so

P (x+ 1) =xP+ (1p)xp”2+ (g)xp‘3+ e (p'?l)
and we will try toapply Eisenstein's criterion to this polynomial. We
note plp!, sopl (p - k)!KI(D. Sincep is relatively prime tog - K)! k!
when 1s k< p-1, Theorem 5.12 givem(ﬁ) fork=1,2,..., p-1.So
pt1,

pl (D). p(%). . pl(pF_)l),

2, P
P H(,op):
and the content @mp(x +1)=1. Henc@p(x + 1) is irreducible over.

This impliesthat @p(x) is also irreducible over, sincecpp(x) is clearly
not a unit inZ[x] and any factorizationbp(x) = f(x)g(x) of cpp(x) into
nonunit polynomial$(x), g(x) € Z[xX] would give a factorizatio@p(x + 1)
=f(x + 1g(x + 1) =f,(X)g9,(x) of CDp(x + 1) into nonunit polynomial$ (x),
g,(x) in Z[X], contrary to the irreducibility obp(x + 1) over/Z.

The argument in the last example can be generalized.

37.3 Lemma:Let D be an integral domajx a unit in D and letf be an
arbitrary element of D
(1) The mapping TD[X] — D[X] is a ring isomorphism such thgt =y

f(x) — f(ox + B)
for all y € D.
(2) deg tax + B) = deg {x) for any {x) € D[X]\{0} (that is T preserves
degrees of polynomigls
(3) f(x) is irreducible over D if and only if{dx + B) is irreducible over D
(4) If, in addition D is a unique factorization domaihen C(f(x)) =
C(f(ax + B)) for any X) € D[x]{0} (that is T preserves contents of pely
nomialsg.
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Proof: (1) The mappingT: f(x) — f(ax + B) is just the substitution
homomorphisnT (Lemma 35.3 witlb, D[X], ax + B in place ofR, S, s,

oxX+p

respectively). We are to show thHais one-to-one and onto. To this end,
we need only find an inverse f(Theorem 3.17(9) This is quite easy.
We are tempted to substitute-()/« for x. This idea is correct, but we
must formulate it properly. Sineeis a unit inD, there is an inverse?

of « in D, and we pu§: D[X] — D[X]. Then we have

f(x) — f(a(x - B))

f)TS=fox + B)S = F(a(ol(x - B)) + B) =F(X)
f)ST=f(oaXx - B))T =F(oX((ax + B) - B)) =F(x)

for all f(x) € D[x]. HenceTS= 7, , = STandT is therefore amrsomorphism.

[
Finally, polynomials of degree @nd the polynomial O D[X] are not

effected by the substitution— ax + f and soT =y for ally € D.

(2) For anyf(x) € D[x]\{0}, if deg f=n and
f) =a x"+a_ X"+ tax+a
with a_ = O, we have
flax+B) =a (ox+PB)"+a_ (ax+B)"+ - +a (ox+P) +a,
=a_o"X" + terms of lower degree,

with ano<n # 0 as the leading coefficient. 8eg fox + 8) = n, as claimed.

(3) If f(X) € D[X]\{0} is not irreducible oveD, then eithef(x) is a unit in
D[x], hencef(x) € D is a unit inD andf(ax + B) = f(X) (by part (1) is also
a unit inD and inD[x]; or f(xX) = g(X)h(x) for some polynomialg(x), h(x)

in D[X] with 1 << deg dX) << deg {x), and therf(ax + B) = g(ax + B)h(ax +

B) with g(ax + B), h(ax + B) € D[X] and1l < deg dX) = deg dux + B) = deg
g(X) < deg tx) = deg fox + B) (by part (2), and thusf(ax + ) has a
proper divisor. In either casiEgx + B) is not irreducible oveb.

Repeatingthe same argument for the substitution- o X(x - B), we
conclude: iff(ax + B) is not irreducible oveb, thenf(x) is not irreducible
overD.

(4) Suppose now thatis a unique factorization domain, tHét) =
ax"+a_ X"+ +ax+a, and that(f(x)) ~ y. Then

fox+8) = (Na o™+ ((Ma o« + (Pa_ o™ )xm
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N ((';)ano(n—zﬁz +(Ma_oamp+ (D) an_zo(n—Z)Xn-2+ e
A contentd of f(ax + B) divides (Q)ana”, hencefla, (« anda” is a unit);

and$ divides the coefficient ok™, hence|(;y)a_ o™, hencefla_;and

n-1’

§ dividesthe coefficient ofx™2, henceSI(Q)an_Za”'z, hencedla etc.

n—2;
Proceeding in this way, we see tliadivides all the coefficients d{x).
Sincey » C(f(X)), we obtainly. The same argument wiftux + B), f(x), T3
in place off(x), f(ax + B), T shows that|8. Thusd ~ y, as was to bproved.

O

WhenC(f(x)) » 1 but thedivisibility conditions in Eisenstein's criterion
are not satisfied, we mighttempt to find a unitxt and an elemerft so
that f(ax + B) will satisfy the divisibility conditions. If we succeed in
finding such «,, then f(ax + B) will be irreducible by Eisenstein's
criterion (as C(f(ex + B)) » 1 by Lemma37.3(4) and f(x) will be
irreducible, too(by Lemma 37.3(3) This is what we did in Example
37.2(d).

Eisenstein's criterion is a sufficient condition foeducibility. It is not
necesaryeven if we extend it using Lemma 37.3(3). That is to #xy,
may be irreducible and yet, fal units« in D and for all element§ in

D, the polynomialf(ax + ) may fail to satisfy the divisibilityconditions
in Eisenstein's criterion. In fact,doser study of its proof reveals that
we are essentially reading the polynomials mpdi.e., we are taking
the images opolynomials inD[x] under the mapping: D[X] — (D/Dp)[X]
(see Lemma 33.7).

37.4 Lemma:Let D be an integral domain and let K be a fieldt

¢: D— K be a ring homomorphism and feth — K be thehomomorphism
of LemmaB3.7.

(1) If f € D[X] and f=gh with gh € D[x], then § =gphe.

(2) If f € D[X]\D, deg f=deg $ and % is irreduciblein K[x], then f has no
divisors g in Px] such thaD < deg g<< deg f

Proof: (1) This follows from the fact thatis a homomorphism.
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(2) Suppose, on the contrary, tlhatghin D[X], with O << deg g<< deg f
Thenfp = gphe by (1). Sincefg is irreducible inK[x], fp = 0, soge # O =
he and eithedeg @ = O ordeg Ip = 0. We get then
deg$ =deg @hy =deg @ +deg Ip

< deg g+ deg Ip < deg g+deg h

< deg g+ deg h=deg gh= deg f=deg §,
which forcesdeg @ = deg ganddeg Ip = degh. Thus eithedeg g= 0 or
deg h= 0, and so either O deg gordeg g=deg f againsbur hypothesis
O<degg<degf O

In Lemma 37.4, we relaxed the hypothesisCh thatwas imposed in
Eisenstein's criterion. Wpgay for it, of course. Notice we didot claim
thatf isirreducible oveD. We claimed only that has no proper factor
of positivedegree less thatheg f Heref may have proper divisors, but
any factorization of in D[X] has the fornf = «f |, wherea € D and degf;
=deg f

37.5Examples: (@) Letg(X) =xC +x+ 1 =D +Ix+ 1 € Z[X]. If a(x)
were reducible inZZ[x], it would have a factor of degre€ 3/2, so a
factorof degree 1. Sqgi(xX) would have a root ili2 = {0,1} by the factor
theorem (Theorem 35.6). Bg(O) =1 # O andq(1l) =1 # O, soq(X) is
irreducible inZ[X]. .

Let f(x) = x®> + 2x* + X + 7 € Z[x]. Under the mapping: Z[X] — Z]x],
wherev: Z — Z, is the natural homomorphism, we have

=D +2x° +Ix+7=x>+x+L=q(x) € Z]x],
and sdv is irreducible ovelZ,. By Lemma 37.4(2)f has no polynomial
divisors of degree hhor of degree 2. Sindedoes not have any divisors
of degree 0O eithec(f) ~ 1), f is irreducible over.

(b) Lemma 37.4 can be useful everfifis not irreducible. The factori
zation offp in K[X] gives us information about possible factof$ in D[]
and restricts their number drastically.
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As an illustration,considerf(x) = x> + 5x* + 4 + 16¢° + 8x + 1 € Z[X].
Underv: Z[x] — Zs.[x], wherev: 7 — ZS is the natural homomorphism, we
have(we drop the bars for ease of notation)
=X+ 2 +x3+x% + 2+ 1€ Z[X
= (X + 2+ 1)< + 1)
= (x+ 12X + 1)(x® - x + 1)
= (X + 1P(x + 1)(X° + 2x + 1)
= (x + 1),
so any monic factag of f in Z[x] with 1 << deg g<t 2 satisfies
gv=x+1€ ZJx] or gv=(x+1F € Z[¥
(Zs[x] is a unique factorization domain).

Doesf € Z[x] have a divisor of degree one? If it had, it would have a
rational root, andhat root would be 1 ofl by Theorem 35.10. Since
f(1) = 35z 0 andf(-1) = 9z O, f has no rational root, arichas no divisor

of degree one.

Doesf € Z[x] have a divisor of degree two?flhas a monic divisog =
g(x) =ax® + bx + ¢ € Z[x] of degreewo, theng?y = x* + 2x + 1 € Z[x], and
soa=1,b=2,c=1 (mod 3)Besidesa divides the leading coefficient of
f, andc divides the constant term fnthusall andc|1l. Soa = #1 andc =
¥1l. Without restricting generality, we may assuane 1. The possible
monic factors of of second degree are therefore to be found among

9,00 =x*+@Bm+2x+1, h()=x"+@Bm+2x-1 (me 7).
We check if any_ or h_ dividesf. Supposing_(X)I|f(X) in Z[X], we get

g (1IF(1) in Z
3m+ 4| 35
am+ 4¢ {1,5,7,35-1,-5-7,-35}
an+4= 1,755-35
an+2=-1,5-7,-37
g () =x*-x+1 or x¥>+5<+1 or xX*+-7x+1 or x*+-37x+ 1.

Testing these four polynomials in turn, we fixtd- x + 1does not divide
f(x), andx? + 5x + 1 dividesf(x); in factf(x) = (x* + 5x + 1) + 3x + 1). [If
none of the four polynomials divideidx), we wouldrepeat the argu
ment withh_. In this way, we would find a divisor dfx) or wewould
show thaff(x) is irreducible.]
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(c) Lemma37.4 gives a very elegant proof of Eisenstein's criterion. in
case the underlying ring is a principal ideal dom&npposeD is a
principal ideal domain and

— n n1, ..
f(x) =a x"+a X"+

+ alx + ao

iIs a nonzero polynomial iD[x] with C(f) » 1 andp is a prime elemer®
such that

pta,
pla, e , plag, plag,
p*ta,.
Sincep is irreducible, the factor ring/Dp is a field (Theorem 32.25Ve
can use Lemma 37.4 with the natural homomorphisbn— D/Dp. The
divisibility conditions on the coefficients éimply
v = (@ v)x", a v € D/Dp, avz0.
If f had a proper factorizatidn= gh in D[X], where O0<<deg g<< n, we
would get
gvhv =fv = (@ v)x"
hencegv = bvx", hv =cv®with 0<r < n, 0 < s < n andbvcy = a_v.
Then the constant terntd g and h would be divisible byp, and p?
would bedivide their product,, contrary to the hypothesisiencef is
irreducible oveD.

The idea(that g_(X)If(x) = g _(1)If(1) ) in Example 37.5(b) has been-ex
ploited by L. Kronecke(1823-1891). LetD be an integral domain and
let f(X) be an arbitrary nonzero polynomiallfx]. To find out whetheif

is irreducible oveD, one must check whethgif or gf holds for all
polynomialsg with deg g<< deg f If D happens to be finite (and thus a
field; Theorem 31.1), there are finitely magiy withdegg < deg f and
the question whethéiris irreducible oveD can be decided by checking
glf for these the finitely mang's. If D is not finite,this argument does
not work, and we must, so it seems, checklfiffor infinitely many
polynamials g € D[x]. Kronecker showed that, ifD is a unique
factorization do-main which possesses a finite number of andgaf we
have a method for finding the irreducibdbectors of any given nonzero
elementof D, then, to find out whether a given nonzero polynomial is
irreducible or not,we need checkglf for only a finite number of
polynomialsg in D[X].
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His idea is that, if(X)|f(x) in D[X], theng(a)/f(a) in D for anya € D, and
that apolynomial g is determined uniquely if its values are known at
more thardeg gelements ob (Lagrange's interpolation formula).

Let D be an infinite unique factorization domain. Asume there are
finitely many units inD, and assume that there is a metfardfinding
the irreducible factors of any givamonzero element ob. Let f be a
nonzero polynomial im[x] of degreen. If n = 0, thenf € D andwe can
find the irreducible factors dfin D by assumptionif n=1, thenf = cf_,
wherec ~ C(f) andf, is an irreducible polynomiah D[x]. The irreducible

factors ofc € D can be found by assumption, and thus the irreducible
factorsof f, too, can be found effectively. H = 2 andf is reducible,

there is a factog € D[X] of f with deg g<< n/2 (Lemma 33.3(3) We put
m = [n/2]. We takem + 1 distinct elements a, a,, ...,a B from D and

evaluatef(a,).f(a,).f(a), ... ,f(a,) € D. If any f(a) happens to be @ D,
thenx - a is a factor of (Theorem 35.6). Therefore we may assuinagt
f(ay).f(a)).f(a,), ... .f (a,) are all distinct from zero. Each one of them has

finitely many divsors inD, becauseD is a unique factorization domain

andD has finitely many units. There is asumed to be a methbadifig
thesedivisors. LetN. be the number of factors &f). A factorg of f ¢

D[X] with deg g << m satisfies one of theN N, N,,. . . N systems of
equations

g(ay) =¢5 9(a)) =c;, 9(a)=c, ..., d(@,)=c, (t)
wherec,c, C,, ...,C,, run independently ovehe divisors of the elements
f(ay).f(a)) f(a,), ....f (a,), respectively. For each one of thég® N,...N_
choices of,c,C,, ...,c,, we build the unique polynomiglsatisfying ().

This is done by Lagrange's interpolation formula; but threnula re
quires that the underlyimghg be in fact a field. Thus Lagrange's iAater
polation formula gives us a list &f;N;N,.. . N_ polynomialsg in F[x],

.c_of

whereF is the field of fractions db, one for each choiceo,c o

the divisors off(ay).f(a)).f(a,), ... .f (a)-

1’02’ e

From this list ofpolynomials, we delete those which are noDjR]. If
any polynomiah remains, we dividéby g in F[x]. Thenf =qg + r, with
qr € F[x]. If r 0 orr =0 butqg ¢ D[x], we deleteg from our list. We
deleteg from our list also theéhe polynomials which are units i If
any polynomialg survives, it is a factor dif Otherwise,f is irreducible
overD.
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When a proper divisag of f is found in this way, the same procedure
can be applied tp andf/g. Repeating this process, we can find all-irre
ducible factors of.

Z satisfies theonditions imposed obh in Kronecker's method. Thus the
irreducibility of a polynomial ir/[x] can be determined effectively. This
in turn implies that the irreducibilitgf a polynomial inZ[X][y] can be
determined effctively. Byepeated application of Kronecker's method,
we can always decidevhethera given polynomial inZ[x;X,, ... ,X] is
irreducible or reducibleThe sameholds for polynomials in the rings

Z[[X X, X ] and Z[@][X X, ..., X ].

Kronecker's method igery long and very cumbersome in any specific
case. However, it is important philosophically, because it assuragbdé¢hat
irreducibility or reducibility of a polynomialcan be determined
effectively in a finite number of steps.

Exercises

1. UsingEisenstein's criterion, show that the following polynomials are
irreducible over the rings indicated:

x* - 62 + 24x% - 30x + 14 overZ,
x*+ 6 - 42 + 57 + 78 overZ,
3x° + (21-i)X* + (14-51)x + (<10 + 11) overZ]i],
X2 - X+ (B + 20 + (2- )X + (1- 4w) overZ[w].

2. Letf=x%- 23+ 3x* - 2x3 + 3 - 2x + 2 € Z[X]. Either prove thaf is
irreducible over or find all irreducible factors dfin Z[X].

3. Do Ex. 2 for the polynomialk€' - 2x3 - 2x2 + 15« + 30 and
X2 + 8 + 25¢ + 39 + 30k + 7 inZ[X].
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