838
Symmetric Polynomials

Let D be an integral domain and &x x,, ... X ) € D[x X, ... X ]. For

_ 12, .. :
any permutationm = (i i i ) inS_, the value off at X )
1 m

1l
is a polynomlatf(xil,xi2, ’Xim) in D[xl,xz, A ,xm], which we can shortly
denote byf® (Definition 35.19). For example, fixy,2) = x° + y? - Xz in
Z[xy,Z], thenf(zxy) = 22 + X% - zy, and ifg(xy) = X% - xy + V> in Z[xy],
theng(y,xX) = y? - yx+x3 € Z[xyl. In general,f(x %, ...,x ) will be a

1 2 m
polynomial distinct fronf(x;,x,, ...,X ).

38.1 Definition: LetD be an integral domain and fgx x,, ... X ) be a
polynomial inD[Xx %, ... X ]. If fOq %, ... %) =X, ... x ) for all
1 2 m

12, ..
permutationss = (i i Im) in S_, thenf =f(x; %, ... x ) is calleda

1o Iy
symmetric polynomiah D[x; X, ... X ]. We also say thd(x x,, ..., X ) is

symmetridn the indeterminates x,, ... X .

The polynomialsc +y, Xy, X2 + y?, X© + y°> are symmetric polynomials in
D[x,y]. Also, thepolynomialsx? + y? + ZZ andxy + yz + zx are symmetric
polynomials inD[X,y,Z].

The sum, difference and product of symmetric polynomials are
symmetric polynomials. Indeed, fifx; %, ..., X ) andg(x; %, ... X ) are
symmetric polynomials iB[x;,x,, ..., x |, and if
O X, X ) = F(X%, X ) +90% %, ... %)
12, ..

is their sum, then, for any permutatiéni Im) inS_, we have
L™

h(xil,xiz, ""Xim) =f(xil,xiz, ""Xim) +g(xi1,xiz, ""Xim)
=0, X ) T O0%, X )
=h(x, %, ..., X ),

450



and soh(x;%,, ..., X ) is a symmetric polynomial. Theame argument

works also whem =f - g andh =fg. This proves

38.2 Lemma:Let D bean integral domainThe symmetric polynomials

in D[Xx;,%,, ..., x ] form a subring of IXx;,x,, ..., X ] O

We introduce a new indetermindtand consider the polynomial
f(t) = (t - x)(t-x)...(t-x ) in Dx %, ....x I[t].

We see thax X, ... x € D[x X, ... x ] are the roots of(t). We have

(1) =t - 0, (X X0 - X I+ 0,00 X0 XETE 4o+ (D)Mo (XXX )

for someo 0, ...,0 in D[x; X, ..., x ]. Since

f(0) = €% )= ). (t-%)

=M= 0,06 X X 0,06 % X TR+ ()T, (6 XX )

12 . .
for any permutatlo(i i Im) inS_, we have
P

oj(>gl,xi2,...,xim) = oj(xl,xz,...,xm) for allj =1,2,....m

ThU861,6 ..,0 are symmetric polynomials [Dixl,xz, xm]

2"

38.3 Definition: LetD be an integral domain and let
(t-x)(t-x)...(t-%x)
=t = 0, (X% X+ 0, (X X, X TP 4+ (D)Mo (XX ).

The symmetric polynomials, o, ..., are called theelementary

symmetric polynomiali& D[x;,X,, ..., X ]

By routine computationye find the elementary symmetric polynomials
in explicitly. For example,

o, =X+Y, o, = Xy iNnD[X,y]
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o, =X+y+2z o, =XY+YyzZ+2zX o3 =Xyz inD[xYy.,Z
o, =X+y+zZ+U, o, =Xy +XZ+XU+yz+yu+zuy
03 = XYZ+Xyu+Xzu+yzy o, =Xyzu inD[X,y,zU]

are the elementary symmetric polynomials.

Noticethat ¢ - x)(t - x)... (t - x ), when multiplied out, is a sum of
certain termslaz. - Where_ each, is eithert or one of-x, -X,, ... ,~X_.
The term (1)“’;()(1’)‘2 X Jt™ s the sum of 'Fhosaelaz. ..a_'s for which
exactlym - j of thea's are equal tb Hence (1)‘cj(xl,x2, %X,y Is thesum

of all productsb,b,. .. bJ whereb,,b,, bJ run independently over the

. m
set {-x, -X,, ...,~X_}. In other words,cj(xl,xz, ... ) is the sum of al(j )
products of x,, ....x , taken at a time. Thus

0122 %

=2 X%
93 =2 X%
Gm:Xlxzxm .....
Note that '6]." stands for many polynomialsj.in DX, %, .. ..x ] is distinct

from g in D[X;,%,, ...,X ] whenm z n. This ambiguity in notation will not
causeanyconfusionif we pay attention tthe number oindeterminates.
When confusion is likely, we writej(xl,xz, ..., %) instead Offj.

Now o,,0,, ... 0 are symmetric polynomials iB[x;x, ... x ], and, by
reapeated application of Lemr&.2, we conclude thal(o,,0,, ...,0 ) is
also a symmetric polynomialkvhereg is anypolynomial in m indeter
minates. Hence the seg(§,.0,, ...,0, ) : 9 € D[u,u,, ... ,u ]} consist only of
symmetric polynomial_sWe will prove conversely th&very symmetric
polynomial is in this set(the subring of symmetripolynomials in

DX, . %, ..., % ] is the subring ob[Xx,,x,, ... X | generated by, 0, ...,0_).

38.4Theorem (Fundamendaltheorem on symmetric polynomi-
als): Let D be an integral domain anéxfx,, ... X ) a symmetric poly
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nomial in O0Xx,,x,, ...,x |. Then there is a unique polynomgl, ,u,,. .. ,u )
in D[u ,u, ...,u ] such that f is the value of g@t,o,, ...,0.):

O, - %) =9(0,,0,, ...,0,) € D[X,%,, ... x |

Loosely speaking,every symmetric polynomial is polynomial in the

elementary symmetric polynomiadgo,, ...,0, . Weintroduced new in
determinatesi ,u,, ...,u_in order to distinguish clearlgetweeng and
g(ol,cz, ...,cm).

For examplef(xy) = x% + y? € Z[x)y] is a symmetric polynomial, and we

havex® + y* = (x + y)® - 2xy = 0,° - 20,. Hencef(xy) = g(s,,0,), where

g(u,v) = u? - 2v € Z[uV]. Likewise, iff(x,y,2) is the symmetric polynomial
2 2 ;

X2y + XYP + X2z + XZ + Y2z +yZ in Z[xy,Z], we have

f(xy2) = X +y + 2)(Xy + yz + zX - 3Xyz = 0,0, - g Thus f(xy,2) =

9(0,,0,,05), whereg(u,v,w) =uv- 3w € Z[u,v,w].

Theproof of the fundemental theorem requires some prepardticst.
we need an ordering aofr+tuples. Given any twon-tuples (,.r,, ....r ),
(51,52, sm) of nonnegative integers, we will sa;i,l(z, rm) is higher
than (sl,sz, sm) or (51,52, sm) is lower than(rl,rz, rm) whenrl > 5.

If r,=s, we will say (1,r2, rm) is higherthan (51,52, sm) or

(51,52, sm) is lower than(rl,rz, rm) whenr2 > s, If r,=s and r, =s,
we will comparer, and s;, etc. This is very much like the ordering of
words alphabetically, andvill be referred to as thalphabetical or

lexigographicalordering ofm-tuples. Stated differently(r .r,, ....r_ ) is
higher than s, ...,s) if and onlyif the first nonzero difference
among

=S, M-S, .., I, - S,

is positive. Clearly, ifiQ,r,, ....,r ) is higher thangs,, ...,s ) and
(.S, ---»8) is higherthan ¢.t,, ...t ), then ( r,, ....,r ) is higher than
(L, ..o0).

Now letf be a polynomial i[Xx %, ... X ]. Sof is asum of monomials
ax "t x kn wherea € D and k k,, ...,k ) is anm-tuple of nonnega
tive integers. Here there may be several monorraai&ll§1x2k2. - xmkm,

bx,Kix ke x kmoex kix ke o x Knoetc. with the same exponent system
(kll-% km) In this case, we collect these monomials into a siogé
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(@+b+c+--)xfx e  x K We assume this has been done for each of
the exponent systems, so that eaeluple (k k,, ... k) occurs as an

exponent system ai monomial at most once. If, after this collection
process, a monomiak Xix,*2...x Kn occuring inf has a nonzero coeffi

cienta € D, we will say that appears in.f

Let us now assuntez 0. We order the monomials appearingfiby the
alphabetical ordering of their exponent systems. Rwst write the
monomial appearing ih whose exponent systeis highest (i.e., higher
than the exponent systems of allher monomials appearing if.
Among theremaining monomials appearing fnwe find the one with
the highest exponent system and write it in the second plawsng the
remainingmonomials appearing i) the one with the highest exponent
system will be written it in the third place, and so orthia ordering of
monomials, the one that is written in thest place, that is to say, the
one with the highest exponent system willdaded theleading mone
mial of the nonzero polynomidl € D[x ,x,, ..., X ] Notethat the coeff

cientsof monomials play no role in this ordering. Only the exponent
systems are relevant.

For instancef(xy,2) = xZ + 2’ + 2C + 5%y + 1004y? - x2y?z € 7Z[xy.Z
will be written as 82 - x2y?z + 100y? + 5x%y + xZ° + z’when we order
the monomials in the described manner. The leading mononfixi k)
is 2.

38.5 Lemma:Let D be an integral domain ang fe D[x X, ...,x J\{0}.
If ax "ix }2...x Knis the leadingnonomial of f and}™x,™...x ™ is the
leading monomialof g then abx*™Mx et . x k™ s the leading

monomial of fg

Proof: By hypothesisa z 0, b # 0, soab z 0. Now fg # O andfg is thesum
of all products €x "1x,2... x_m)(dx x,2...x_S"), wherecx, "'x,"2...x 'mand
dx %, . . x S run through all monomials appearirig f and g,

respectively. We contend that, among thlése products, the highest
exponent system iskf+ nl,k2 tn, ... ,kIm + nm), and that this exponent
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system arises only from the prodiax "> 2. . . x Km)(bx "x ™. .. x M),
This will imply

fg= abx1k1+ ”1x2k2+ . .xmI<m+n
+ [a sum of monomials, each with an exponent
system lower thark( +n Kk, +n, ... kK_+ nm)]

and, sinceab = 0, the leading monomial éd§ will be equal to
kitnsy, kotn Kt n
abx TR X m,

To prove our contention, lex "1x,2...x 'm bea monomial appearing if
and letdx ®x,%...x S be one appearing ig but assume that either
ox, "1, 2. . x fm s distinct fromax K ke L x Kmoor dx S x S s
distinctfrom bx "x,™...x " We are to show that the exponent system
(rl +S I, +s, ... r sm) is lower than lél + nl,lﬁ +n, ... ,krn + nm). Now
(rpr ....r) is lower thank k,, ...,k ) or equal tat, and §s,, ....s) is
lower than Q,n,, ...,n) or equal toit, but the case of simultaneous

equality is excluded. Hence the first nonzero integer in

kl—rl, I<2—r2,..., km—rrn

is positive, ork K, ... . k) = (r,r, ....r ), and the first nonzero integer
in n-s,n-s,....,N -s_
is positive, orig,n,, ....n ) = (s, s, ....s,). Since simultaneous equality is
excluded, there are nonzero integers in

k-rp+n-s) K-r)+(n,-s),....k -r)+Nn -s)
and the first of them, being a sumteb positive integers or a sum of a
positive integer and zero, is certainly positive. This means that

(kl +n k2 +n, ...,km + nm) is higher thanrg +tSr,+s, .. rt sm).

Since the exponent systeily ¢ n K, +n, ... k_ +n) does arise from
the product éx 2. .. x K (ox Mx 2. .. x ™), it is indeed the highest
exponent system of all theroducts €x "1x,"2. . . x _"M(dx X% . . x ")

where cx, "1x,"2. .. x_fm and dx #x,%. . . x _S" run through all monomials

appearing irf andg, respectively. This provesur contention, and also
the lemma. O

By induction, we obtain
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38.6 Lemma:Let D be an integral domain anf].f,, ... f. be nonzero
polynomials in x;,x, ..., X |. Then theleading monomial of f,. .. f is
the product of the leading monomialsfgf,, ... f. O
38.7 Lemma:Let D be an integral domajra € D{0}, and leto 0, ...,0
be the elementary symmetric polynomials jr R, ..., x .

If k, =k, =Kk, = ... = k_ = Oare integersthen the leading monomial
ke gk o Knikin ok s ax Kixc ke, xKmix Kn

m

ofao

Proof: The leading monomials af, o ¢, arerespectivelyx,

2030, « -+ -

m .
X)X XXXy Xy XXX, oy Xy XK X, DECAUSE, IS @ sum of(j ) monomials,
each of which is a produof j indeterminates fror ,x,, ... X . In view
of Lemma 38.6, the leading monomialao\fﬁ*‘%g*‘?’. ..cr'r‘fgi*m cr';m is

a(x )“1"(2(><1><2> Koo 2 xg) R L (6% X )T 0 X ke
= ax ke e ki O

We need one more lemma for the proof of the fundamental theorem.

38.8 Lemma:Let D be an integral domaiand let {x X, ... X ) be a

nonzero symmetric polynomial in>@x,, ... X ]. Let a><1"1x2k2. . )gnkm be
the leading monomial of(herea € D, a # O andk Kk, ...,k _are nonne
gative integerp

(1) We havk, =2 K, = - =2k = K.

m-1
(2) If bx, "1x,"2.. x_"mis a monomial appearing inthen
k1> r kl> oo k1> ro

Proof: Lets be any permutation i§) and letr be the inverse aof.

(1) As axlklxz"Z. : )gnkm appears if(x;,%,, ....X ),
Kix, Y2 x Km appears ifi(x X, ... X ) = =f =%, ... ),
x2k2<f x Km appears inf(x X, ....X ),

and, smc&ax1 ><2 .>gﬂkm is the leading monomial &f we obtain:

foralloc € S, (k K, ...,k ) is higher than or equal té& (K, , ...,k ).
Using this witho = (12) € S_, we see K Kk, ... k) is higherthan or

equal to kK, k;, ...,k ), sok = Kk,. And ¢ = (23) yieldsthat KKK
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K, is higher than or equal tK (KK, ... k), sok, = k. In like
manner, when we choose= (34), ..., (m-1,m) € S_, we getk, = K, ...

K., = k., This proves (1).

(2) Asbx "1x,2.. x 'm appears if(x X, ..., X ),
bx, "1x, 2. x ™ appears if(x X, ..., X )= =f=f(x %, ... X ),
b, "ox, 20, x T appears inf(x; X, ...,X ),

and so:

forallo € S, (k.k, ...,k ) is higher than or equal to,(r,_, ....r

Thuskl = Mg for all ¢ ¢ Sm. Here + assumes all values 1,2, m aso
runs througlg_, and hencé& =>r, k =r, ...,k =>r_. O

Proof of the fundamental theorem:Throughouthe proof, the num
ber m of the indeterminates will be fixed. Waake induction on the
exponensystem of the leading monomial of the symmetric polynomial.
This will be explained shortly.

Letf be a nonzero symmetric polynomialdjx;,x,, ...,x | and let
axlk1><2k2..xmkm be its leading monomial.

First we claim: if kK Kk, ...,k ) = (0,0,...,0), then there is a polynomigl
in mindeterminates.,,u,, ... ,u_ overD such thaff(x %, ... X ) is equal
to g(o,,0,, ...,0,)- This is very easy to prove. Indedfd(k K, ... k) =
(0,0,...,0), thenby Lemma 38.2(2),the exponent system of any meno
mial appearing irf is (0,0, ...,0), sof is the constant polynomial in
D[xl,xz, oo ,xm]. Then of coursef(xl,xz, e ,xm) = g(ol,oz, cen ,om), whereg is
the constant polynomialin Dlu,,u,, ...,u_].

Now suppose thalkﬁ,kz, km) is higher than (0,Q,..,0) and that, for
any nonzero symmetric polynomi§l € D[x X, ... X ] whose leading
monomial has a lower exponent system thigrk( ... k), there isa
polynomialg, in Dlu,,u,, ...,u_] such thaf (X ,x,, ..., x ) =9,(0,,0, ...,0)-
Under this assumptiorwe will prove the existence of a polynomgln
Dlu,,u,, ..., u_] with f(><1;><2, X)) =9(0,,0,, ...,0,). This will establish the
fundamental theorerbecause (0,0, .,0) is the lowest possibkExponent
system andhe theorem has been proved in this case abdwveeover,

457



asthere are only a finite number oftuples lower thank( k,, ... k),
the method of proof can be usetfectively to findthe polynomialg ex
plicitly in concrete cases. [Basicly, we write thretuplesL L, L, ... in
alphabetical order and prove th@) the theorem is true fatl nonzero
symmetric polynomialswhose leadingnonomials have the exponent
systemL, = (0,0,...,0) and that (2j)or anys > 1, if the theorem is true
for all nonzero symmetric polynomialwhose leading monomials have
exponent systems equalone ofL L, ...L_,, then the theorem is also
true for all nonzero symmetrigolynomials whose leading monomials
have the exponent systdm Once the leadingnonomial of a symmetric

polynomial is given, there cabe only a finite number of exponent
system=f monomials appearing in that symmetric polynomial (Lemma
38.8(2).]

By Lemma 38.8(1), the integeks- K, Kk, - k;, ...,k _-k_,, k are non
negative and, byemma 38.7, the polynomlalo'% k2o'§ ks, . ghmikm ghm

has the samleading monomial ag Letf = f - acki*eclets  gknikn gkm
Thusf, is a symmetric polynomiah D[x X, ... x ]. If f, = 0, thenf =
agkt k20'§ ko, gkmikm gkn andf = g(o,.0,, ...,0, ), Whereg =

auk14‘2uk2 ks, ur':fr“{km ur'f']“ € Dluy,u,, ...,u ], and the proof is completed in
thls case. If, # O, thenf, has a leading monomial. The exponent system
of this leading monomial cf& iIsthe exponent system of a monomiat ap
pearing inf or in ackiteskets, ..cnkg*{km sk (or in both).This exponent
system isdistinct from (<1I<2 .,k). Since it arises from a monomial

kiko cg Kg

appearing irf or inack cr‘:';*{km skm, it is lowerthan the common

expaent system I(_LkZ C ,km) of the leading monomials of and
aciiteglets  gknikm gkm By hypothesis, there is a polynomig) in

D[ul,uz, ...,u_] such thaf (x x,, .. xm) =9,(5,.0, ...,0.). Hence

= kido Skoks s knakn Gk
f= f +aoy o oy Mot

= kg, koK Kmni1Km sKm
gl(ol,oz, ...,om) tao "PoZ 8. o MM o
and there is a polynomialin D[u,,u,, ...,u_], namely
Kao | Koks Km17Km  {Km
g, +autu; U,

such thaf(x x,, ....X ) = g(cl,cz, cs0, )

This completes the proaff the existence of. It remains to show the
uniqueness of. Suppose now is a nonzero symmetric polynomial in

DX, . %, ..., ] and assume thagth € Du W, ...,u ] with g(o,,0,, ...,0.) =
O % .. x ) =h(o,,0,, ...,0 ). If g were distinct fromh, theng - h = O
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would have a leading monomiakhich we may write in the form
u U= ySaSn S, wheres =5, > - >s  =s. . Then0O=f- f

= g(ol,oz, ...,om) - h(ol,cz, ...,om) in D[Xl)(2 Xm] would have a leading
monomialbx, x,%. . xSt x St a contradiction. Hencg = h, as was to be

proved. |

The fundamental theorem came summarized by saying that the
substitution mapping

T: DX % oo X ] — S

g(ul,uz, ...,um) — g(cl,cz, ...,cm)

is a ring isomorphism, whefeis the subringf D[x X, ..., X ] consisting
of the symmetric polynomials {x ,x,, ..., X _|.

38.9 Examplesi(a) We express the polynomial
f(X,y,2) = Bxyz+ X2y + XY? + XZ +yZ +Vy°z + X°z € 7[x,V,Z]
in terms ofcl,cz,cs.
We first arrangehe monomials appearing min the alphabetical order
of their exponent systems:
f(X,y,2) = X2y + X°Z +Xy° + BXYyZ+ XZ + Y’z + yZ.

The leading monomial dfis 1x°y'z°. We therefore subtragt, *%o,%_°

from f and get
f-o0,0,= OCY +X%Z + XYP + BXYyZ+ XZ +Y°Z+yZ) - (X +Y + 2)(Xy + yZ+ ZX)
= 2Xyz
The leading monomial df- 5,0, is 2ylzt. So we subtracte?
fromf - 5,0, and get
(f - 0,0,) - 205, = 2Xyz- 2xyz= 0.
Hencef(xy,2) = 0,0, + 20,

11 111
3

(b) We express
foxy,zW) = xS +y2 + 22 +W° € Z[xy,Z]

in terms ofs,,0,,0,,0,. The monomials are in alphabetical ordmnd the
leading monomial off is 1°y°Z°w°. So we subtract o]%%,%%_ %% °

from f and get

=0y WD) - (chy + 2w

= -3x%y - 3xy? -3x%z - 3XZ -3x°W - 3xW? -3y?z - JyZ
-3yPW - 3ywW? -322W - 3zW - BXyz- BXYyW- 6XZW- ByZwW
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The leading monomial of - ¢,° is -3x%y = -3x*y'2°w°. We therefore
21 10, 00

57%.,%%,% fromf - 5,2 and get
(f-0,%) - (-80,0,) = (F - 0,°) + B+ Y +Z+W)(XY + XZ+XW+YZ+ YW+ ZW)

Su btract—361

= 3xyz+ 3Xyw+ 3Xzw+ 3yzw
= 3o,

_ 3
Hencef(xy,zw) = o,” - 30,0, + 30,

We now derive formulas connecting the sum ofltltb powers of
P ST with the elementary symmetnppolynomials. These formulas

are due to I. Newton (1642-1727).

38.10 Theorem (Newton)iet D be anintegral domain andx X, ...

- - _ _ k k
X indeterminates over ror k=1,2,3,..., we putg =X~ +X"+... +
x K so thatg_e D[x X, ....X ]. Then
0=s -0

0=s,-0,8§ +2,
0=8;-0,8 +0,5 - 305

0=S8,1"9Sh2+%S3*t "+ (_1)m26m251 + D)™ m - 0
and
0= Sm T %9SmatSpot o t (_1)m_20m—252 + (_1)m_lom—13_|_ + (_1)mm0m

Proof: We make use of the polynomidt) = (t - x))(t-x)... (t - x ). We

know that

— +M m-1 m2 m-1 m
f)=t"-o " +o - +(-1)"0,  t+ (-1)"0
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and thatx;,x, ...,x _are the roots di(t) € D[x;,x,, ...,x ]. Hence

0= = oMo M2+ (1o g+ (1)

for alli = 1,2,...,m. Multiplying both sides of this equation by, where
j=0,1,2,3,.. , we get

— e MHj m+j-1 m+j2 _ . _q\ym1 j+1 1\mMm j
0 Xi o1Xi + o2Xi + ( 1) orn—lxi + ( 1) Gmxi

foralli =1,2,.... m. Adding thesam equations side by side, we obtain O

mej i m+j-1 S mj2 . L i j+1 -
% 912 % t o2 % + + (1) o, 1Xi + (
i=

0 =S .

T GlS
m
1) 0S-

mej-1 T 925

A T o D - N TP D N T

m-27]+ m-17+1

This establishes all the equations except therfirstL of them. Thdirst
m - 1 equations will be establishbgl a similar reasoning. This time we
make use of the derivative f{f). By Lemma 35.16(2), we have

()= (> ) (). .. (t-X ) + (=X )(t-X5). .. (t-X ) + -+ + (t=X ) (t-X)... (=% ,)

_f L f® o, O
Tt - X, t- X t - %

Fori =1,2,...,m, we put

f(0)

t -

= Ot gLt rapt+ o)

Hencemt™ - (m- 1)o t™2+ (M- 2)ot™3 -+ -+ + (-1)™ s = (1)

_ f()y _ (i) ¢l 4 o (i) M2 0] M)
_21 t - x _21 (anrlt TOnot Tt Ayt +dg

1
= (2 APIT (S A (3 AP (3 af).
i= 1= i= i=

so that
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m:_z Ay ~(mr1)o, = _Z a®, ..., (1" = 2 o,

1= i= =

D™, = _il qag- ()
i=

On the other handt™ - o, t™" + o t™? -+ - + (-1)™ o t+ (-1)"o
=f(t) = (t - %)@t + g™+ -+ gt +qf))
=g tM+ g™+ g2 4.+ g0 + g0t
— g @ xt™ - qOxt™ ... - q®xt? - qOxt - q®x.

Comparing the coefficients of powerstain both sides, we get

1 q(')
5, =q,-q®x
to, =945 -98%

o, =q®, - qMx

D™, , =a8) - a’x

1 a7
_1)m = —a®
-1) m - Ao
which may be written
ey = 1
0 = _ (i)
qm_—2 01+qr_n—1xi
Ums = o2 * O
Oma = =03+ OmaX

1 [

0= (1" +q¥x
So, for each = 1,2
Ayb = =01 *%
(1)
Omls = +0p+ (o3 + )% =0, = 0y% +° 2
Ais = “05+ (05— 04 + X)X =05+ 0, - 0, %%+ %3 (3)
Qg) = (_1)m_1cm—1 + ((_1)m—26m_2 + (_1)m_36m—3xi +o* (1)oy% S+ )(im2))<i
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— m-1 m2
=(1)"o, , + (1) o,

1)

X+ (1)™  xZ+ .+ (1o xMF+x™ (M-

2 m-3"1i

We now them equations (1), then equations (2), then equations (3),.
, them equationsrh - 1) (fori = 1,2,...,m). Using ¢&), we get

—(m-1)o, =-mo, +s,
+(m - 2)o, =+mo, - 0,§ +5,
(M- 3)og =-Mog+0,8 - 0,5+

S

D)™, = D™, D™ s, +(_1)m3cm352 oo (Do St Sha

which are equivalent to
§-9,=0
$-0,§+2,=0
$-0,5,+0,8 -303=0

S1- 918,508 gt + (D)™ s + ()" (m- 1), =0.
This completes the proof. O
Newton's formulas expresgrecursively in termsf s s, ..., 5, and of

.0, We can eliminats, ;s,, ...,5,_, and writeg_solely in terms of
0. For instance:

G105 -
G105 -+

S79

S, =0;S - 202 = 0,0, - 262 = 012 - 202

=0, 70,5 + 305 = 0,(0,% - 20,) - 00, + 305 = 0,% - 30,0, + 304

S, = 0,8y~ 0,8, + 058 - 49,= 9,(0;% - 30,0, + 30,) - 9,(9, - 20,) + 050, - 4o,
= 014 - 461262 + 4o 0, + 2022 - 4o,

(hereoj should be replaced by O whemr m).

Now letD,E be integral domains amdc E. Let
— m m-1
p(t) =c t" +c, T+ +C t+C
be a nonzero polynomiaf degreem in D[t], and assume that there are
exactlymrootsa, a,, ...,a  of p in E (counted with multiplicities). Then
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p(t) =cy(t-a)(t-a)...(t-a) in Et].

Hencep(t) € E[t] is obtained from

Cof (1) =cy(t - x)(t-x)...(t-x) € D[x,x, ....x I[t]
by substitutinga, for x (i = 1,2,...,m). Nowcf(t) =

co(t™ = o, (X%, ...,xm)t”*1+ 0, (X% ...,xm)t”r*2 —+ .+ CD) Mo (K% X))

and, since substitution is a homomorphism (Lemma 35.20), we have

p(t) =
co(t" - o,(a.8,, ... At o (aja,, .. A tTE -+ (D)™ (2, - ..
a).
Therefore ¢, =Co,(@a, ...a)

C, =+Cyo(aa,, -..a)
C; = Cyoz(@ay, ... )
C, =15 (a8, ...a)

C, = (—1)mcm(al,a2, coal);
in words: the valuesof the elementary symmetric polynomials the
roots of a polynomialare equal to the coefficients of thaslynomial,
except for a factorc,, wherec, is the leading coefficient of theoly-
nomial. The equations above tef that (i)s,(a;.a,, ....,a ) belong toD if
(oN is a unit inD; (ii) ci(al,az, ...,am) belong to the field of fractions @&f in
any casef{iii) in particular,c,(a;,a, ....,a ) belong toD if D is a field.
Moreover, ifh(xx,, ...,X ) € D[X; X, ..., x ] is a symmetric polynomial,
then h(xl,xz, C. ,xm) = g(cl,cz, .. ,cm) for some polynomial inm
indeterminates over, and substitution yields

h(a,a,, ....a) =g(o,(a,a, ....a), o(a,a, ....a ), ..., o (8,8, ....a_))

so that (i)h(a .a,, ....a ) belongs td if ¢ is a unitinD; (i) h(a,a, ....a)
belongs to the field of fractions Bfin any case(jii)h(a,.a,, ...,.a ) belongs
toDif D is a field. We summarize this discussion in the next theorem.

38.11 Theorem:Let D be an integral domaiand let
p(t) =ctm+ clt”*1+ - +c_ t+c apolynomial over DAssumehat p(t)
has exactly m roots a,, ...,a  in an integral domain containing.D

()¢ = (1o (a,a,....a) fori=1,2..m
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(2) If h is any symmetric polynomial in m indeterminates @vehen
h(a,.a, ....a ), which is an element diie integral domain containing the
roots of (§t), is in fact an element of the field of fractions of D

(3) If, in addition the leading coefficient of(f) is a unit in O then
h(a,.a,, ...,a ) belongs to D

(4) If, in particular, D is a field then Ka, a,, ...,a ) belongs to D O

It is truethat any nonzero polynomial of degneeover an integral do
main D has exactlyn roots in some integral domain containiBgThis

will be proved later (Theorem 53.6). In the following examples, we will
assume thathe polynomials have as many roots as their degrees in
some integral domain.

Examples: (&) Let us evaluata®b? + a%c? + a’d? + b?c? + b?d? + c?d?,
wherea,b,c,d are the roots of* - t2 + 1 ¢ Z[t]. To this end, we express
the symmetric polynomiad®y? + x°Z% + x°u? + y?Z> + y?u? + Z2Zu? in terms
of 0,,0,,05,0,. Subtracting &2¢5°:3°) from this polynomial, we get

2% 2 %3
Y2+ - + 22u2) - 0,2 =-2x°yz- -+ - BxXyzy

and (2 o+ 22UP) - 0,7 - (-205 oS ol © 2)

so X2y2 + xzz2 +X2U% + Y2722 + yPU? + 22u =0,% - 0,0,
Then a®b? + a%c? + a?d? + b?c? + b?d? + c?d?

= (@ab+ac+ad+bc+bd+cd)? - 2@ +b +c +d)(abc+ abd+acd+ bcd).
Herea,b,c,d are the roots df* - t° + 1, so
a+t+b+c+d=-0, ab+ac+ad+bc+bd+cd=+(-1),
abc+abd+acd+bcd=-0, abcd=+1
and therefor@?b? + a%c? + a®d? + b%c? + b?d? + c?d? = (-1)? - 2(0)(0) = 1.

(b) We find a polynomial of degree three J4ffit] whoseroots are the
cubes of the roots df + 2t° + 3t + 4 € Z[t]. Let us denote the roots of
this polynomial bya,b,c, so thata +b +c¢c =-2,ab+ac+bc=3,abc=4

We put 2+ qt® +qt +q, = (t- a)(t - b)(t - cd).
From Theorem 38.11, we know that
q, =a+b>+c3, a, =a’b® + a3 + b3, q, = a’bc>.

Sinces, = 013 - 30,0, + 30,5, we conclude
q, =a®+b3+c3
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=@+b+c)®-3@+b+c)(ab+ac+bc) + 3@bo
= (-2)°>- 3(2)(3) + 3¢4)
=-2.
We find easily thax®y® + x32% +y37% = 6,3 - 30,00, + 30, hence
qQ, = a3b3 + a3c3 + b33
= (@b+ac+bc)3-3@+b+c)(@ab+ac+bc)(abc + 3@bo)?
= (3 - 3C2)(3)(4) + 3¢4)
= 3.
Finally, g, =a°b°c®
= (abo)3
= (-4)°
=-64.
Thus
- (2)t2+ Bt - (-64) =t3+ 242+ 3t + 64 € 7Z[X]
is a polynomial whose roots are the cubes of the rodts+a#t® + 3t + 4.

Exercises

1. Express the following symmetric polynomialger 7 in terms of the
elementary symmetric polynomials:

@) X3V +X3V° + 32 + X + Yy + Yy

(b)  XPy? + X272 + X2U? + Y2722 + YU + 22U

(€) X°+y°+x2+xY +yix+xPz+Ax+yiz+ Ay

2. Find a polynomial ovef whose roots are the
(a) squares of the roots ©f+ 5t + 7t + 1 € Z[t];
(b) squares of the roots bf+ 5t* - 6t3+t2 - 7t - 4 € Z[t];
(c) cubes of the roots ¢t - 3t + 2% + 2 ¢ Z[t].

f(X1,X2, . . . X

3. LetK be a field. A rational function( b2 m)

g(X1,%X2, - - - Xm) in KX, %, ..., %]
is said to be aymmetic rational function over iK
f(X10yX20, o ,ij) - f(Xl,X2, L. ’Xm)

g(X:LO"XZG’ LR 1XI’T'D') g(X1!X21 [T ,Xm)
for all 0 € S§. Prove that asymmetic rational function ovek can be

expresseds a fraction of two symmetic polynomials owerConclude
that any symmetic rational function owecan be written as
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p(c1,02, . . . ,0m)

q(c1,02, . . . ,0m)
with suitable polynomialp,q in K[u,u,, ... ,u ]. (Loosely speaking, any

symmetic rational function is a ration&élinction of the elmentary
symmetric polynomials.)

4. Express thefollowing rational functions overZ in terms of the
elementary symmetric polynomials:

@ —+=+—+—+=+—;
Y X zZ X zZ VY
2

b XY T
YZ XZ XYy
1 1 1

(©)

5. Prove: forany symmetric polynomidi(x x,, ..., X ) overZ, there is a
polynomialh(u ,u, ...,u) in @[ul,uz, ...,u ] such thatf(x x,, ..., X ) =

h(s;.s, ---.S), WheresJ are the power sums rf

6. Write the symmetric polynomials in Ex. 1 as polynomia§ aver@).
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