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Subspaces

Just as we defined subgroups and subringswiNedefine sub(vector
space)s. We contract this awkward expression into "subspace".

40.1 Definition: Let V be a vector space over a fiddld A nonempty
subsetW of V is calleda subspace of \Wf W itself is aK-vector space
(under the addition and multiplication by scalars inherited fvfpm

A subspaca/N of V is anabelian group, thus a subgroup &f+). Also,
products by scalarsf the element oW belong toWw, so thataw € W
whenevem € K andw € W. Conversely, any subgroyy of VV such that
aw € Wfor alla € Kandw € Wis easily seen to be a subspacé&/pfor
the conditions in Definition 39.1 are automatically satisfied all
elementsof W if they are satisfied for all elements ¥f ThusW is a
subspace o¥ if and only if

(1) Wis a subgroup o¥ under addition,

(i) if « €e Kandw € W, thenaw € W (i.e.W is closed under
multiplication by scalars).

Here (1) embraces two conditiorig: W is closed under additionijY for
any w € W, the opposite w of malso belongs toV. ThusWis a subspace
if and only if (i),G{i") and () hold. One checks easily th@} implies (i’): if
(i) holds andw € W, then €1)w € W, hence-w € W by Lemma 39.4(7),
so (i) holds. Thusi() is superfluous. We proved the following lemma.

40.2 Lemma (Subspace criterion):Let V be a vector space over a
field Kand let W be a nonempty subsk¥. Then W is a subspace of V

if and only if
(i) wy +w, e W forall w,w, € W,

(i) aom e W for all « € K, w € W. O
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So a nonempty subset of a veatpaceV is a subspace &f if and only

if it is closed underaddition and multiplication by scalars. The two
closure properties of Lemma 40.2 can be combined to a singlgvbea.

(i) and (i) of Lemma 40.2 hold, then

amwy +pw, € W for all a,p € K, w,w, € W ™

sinceaw,, B, € W by (i) andamw, +Bm, € W by (i).. Conversely, if (*)

holds, then, choosing= 1,8 = 1, we see that (i) holds and, choosfing
O, we see thati) holds. Thus (i) andii) are together equivalent to (*).
Then we obtain another version of Lemma 40.2.

40.3 Lemma (Subspace criterion):Let V be a vector space over a
field Kand let W be a nonempty subsk¥. Then W is a subspace of V

if and only if
amy +Bmw, € W foraIIaBEKWWEW |

The expressionw, + B, € W is said to be a linear combinatioh the

vectorsw,,w,. More generally, we have the

40.4 Definition: Let v,v, ..., be finitely many (not necessarily
distinct) vectors of a vector spaveover a fieldK. A vector of the form
oyt o,

whereg,,a,, ... ,a, € K, is called aK-linear combinationof the vectors
v,V - -V (If the underlying fielK is clear from the context, we use
the term "linear combination”, without mentionikg

40.5 Lemma: Let V be a vector space over a field K and let Wa be
subspace of Mf w,,w,, ... ,w _ are vectors in Wthen every K-linear
combination of these vectors belongs to W

Proof: This follows from Lemma 40.3 by induction am O
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40.6 Examples:(a) Let V be any vector space. Then {0} and are
subspaces of.

(b) Consider the vector spake over a fieldk and put

W={(»pv) € K3 v=0}c K3 |
If (2.1;,0) and E,,1,,0) arearbitrary vectors irWw and if «,p are arbi
trary scalars, thea(»,n,,0) +(2,,1,,0) = (@2, + BA, o, + Bp,,0) belongs to
W. By Lemma 40.3W is a subspace &f.

(c) Consider the vector spak@over a fieldk and put

U={(nv) e K3v=1}c K3
Then (0,0,1k U, (1,0,1)¢ U, but (0,0,1) + (1,0,1) = (1,0,1+1¥ U
(why?) andU is not closed under addition. 8ds not a subspace K¥.

(d) ConsiderR3 overR and let
A={(»nv) € R3v=0}cR3

If (2 .pv,) @and @,,p,,v,) are inA, thenv, = 0,v, = 0, sov, +v, = 0 and

(Apbpvg) + Cobnvy) = G + 2500 + Hyvy +v5)
belongsto A. ThusA is closed under addition. Howevéx,is not a sub
space ofR3, since, for instance, (0,0, A but (1)(0,0,1) ¢ U. This
exanple shows that a subset of a vecgpace can be closed under
addition without being closed under multiplication by scalars.

(e) Consider the vector spakéover a fieldk and let

M= {(»pn) € K% 2 =0orp=0}c K2
If « € Kand ¢,n) € M, thenx =0 ory =0, sooxr =0 or au = 0, soa(r,u) =
(or,an) belongsto M. Thus A is closed under multiplication by scalars.
However,M is not a suspace oK?, since, for instance, (1,0), (0,&)M,
but (1,0) + (0,1 M. This example shows that aubset of a vector space
can be closed under multiplication by scalars without belosed under
addition.

(f) Consider the vector spad€ over a fieldK and lety,d be two
arbitrary but fixed elements &f Put
R={(»u) € KZyr+8u1=0}c K% ThenRis a subspace &f:

() If (A k), (pui,) € R, thenya, +8u, = 0 =y, + 0y, SO
(A, +6p)) + (2, +0p,) = 0, sop(r, +2,) +8(u; +1,) = 0,50 Q.1 ) + (1)) =
(A +25 1, 1) €R

(i) If « € Kand ¢,u) € R, thenyx + 6y = 0, soyor + 6ap = 0, so
o(2,1) = (or,ap) € R
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(9) LetV be a vector spaaever a fieldK and let f\:i € I} be a collee
tion of subspaces &f. Thentheir intersectionV = ifgl W is a subspace

of V. First of all, this intersection is not empty, since @/ for alli € I.
Also, if a,p € K and wy,w, € W, theng,p € K and wy,w, € W, for alli € 1,
SOaW1+ﬁW2 € V\/i for alli €1, 300<Wl+6W2 € W.

(h) LetV be theR-vector space of all real-valued functions defined on
[0,1] (See Example 39.2(xand letx be a fixed number in [0,1]. We put

T ={f € V:fis continuous adj}.
It is known from analysis that, if andg are functions, continuous at
thenf + g is also continuouat «. If f is continuous atct andp € R, then
Bf is continuous ak. HenceT is a subspace &f. -

(i) LetV be theR-vector space of all real-valuddnctions defined on
[0,1]. We put

C([0,1]) ={f € V: fis continuous on [0,1]}.
We know from analysis that, ifandg arefunctions, continuous on [0,1],
thenf + g is also continuous on [0,1]. ffis continuous at;, andf € R,

then gf is continuous on [0,1]JHence C([0,1]) is a subspace o¥. This

conclusion can be drawn also by observingt C([0,1]) = e@ 1 T, and
o8 ’

appealing to Example 40.6(g) and Example 40.6(h).

(J) Let cY([0,1]) = {f € C([0,1]): f* exists and is continuous on [0,1]}.
c([0,1]) is a nonempty subset 6¢[0,1]). If o,.p € R andfg ¢ C([0,1]),
then, as is well known from analysisf ¢ Bg)” exists, is equal tof” + Bg”
and is continuous on [0,1]. Henadgf + pg € CY(0,1]) and therefore
c([0,1]) is a subspace 6f{[0,1]).

Similarly, fork € N, we put
cX([0,1]) = {f € ¢([0,1]): f® exists and is continuous on [0,1]}.
Sincethe existence of thk-th derivative off implies the existence and

continuity of the firsk - 1 derivatived' ", ..., f&P we seecX([0,1)]) is
a subset o€“([0,1]). From the formula

(of + Bg) 0 = of ) + pg ) (6 € R, fg ¢
cK([0,1D)

it is easily seen th&<([0,1]) is a subspace 6{[0,1]) and ofck([0,1]).

We write C*([0,1]) = ] Ck([O,l]). From Example 40.6(gye infer that

keN
C*®([0,1]) is also a subspace ©ff0,1]) and of eaclﬁ:k([o,l]).
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(k) Let p(X) andq(x) be continuous functions, defined on [0,1]. We write
L = {f € C3([0,1]): f"(X) + p()Ff (X) + g(x)f(x) = O for allx € [0,1]}.
L is a nonempty subset 6%([0,1]). If &,p € R andfg < L, then
(af +B9)"(X) + PO (af + Bg) (x) + a()(af + BG)(X)
= af () + By () + pCYaf (X) + p(x)BY"(X) + AC)af(X) + a(x)Bg(x)
= a(f7 (9 + pEIF (X) +aC)F()) +B(g” (X) + PG (X +aA()g(x))
=0 +p0 =0
for all x € [0,1], soaf + Bg € L. ThusL is a subspace &f([0,1]).

() So far, we spoke of subspaces withoefierring to the underlying
field. Sometimes it might be necessary to menti@m underlying field.
LetV = C? be theC-vector space of ordered pairs of complex numbers.
ThenV is anR-vector space, toExample 39.2(f). We put
W={22):2 € Cy={(rp): 2 e C, u=2}
where denotes complex conjugation. K, (v.,p) € W and «,p € R,
thenu =2 andp = v, sox(®,n) + B(v,p) = (x + Bv, ap + Bp) with
oA + By = oo +Bv

—aAr+PBv

=aAr+Bv (©)

= o + Bp,
and a(»,u) + B(v,p) € W. ThusW is a subspacef the R-vector spacev.
However,W is not a subspace of thE€-vector spaceV/, for the critical
equation (c) need not be true whejfp are complex numbers (with
nonzero imaginary parts). We may s&fis anR-subspacef V, but not
aC-subspace o¥.

40.7 Theorem:Let V be a vector space over a field K and let

A={v,%, ...,v} be a finite nonempty subset offien the set
W={oyn +orn+ o +a v}

of all linear combinations of the vectorsv,, ..., is a subspace of.V

Proof: SinceA is not emptyW = J. If «,p € K andz,w € W, then
u=ogvy oyt tor, wER Y Rt AR
with swtableal,az, o0y ByBsy B, €K and

ocutpw = oc(alvl to, v, O(nVn) + ﬁ(ﬁlvl P, ﬁnvn)

= (aoy + BBV, + (ao, + BB,) ¥, + -+ + (oo, + BB,
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belongs toW. HenceW is a subspace o¥(Lemma 40.3). [Notice that
v,V .., ¥, @are not assumed to be distinct.] O

We extend this theorem to infinite subset&/of

40.8 Theorem:Let V be a vector space over a field K and let
A={wv i € 1} be a(finite or infinite) nonempty subset of Yhen the set

Wz{alvfl top¥ +e tay € Vo0, 0 € K, VG oh € A ne N}

of all finite linear combinations of the vectors insfa subspace of.V

Proof: SinceA is not emptyW = . If «,f € Kandz,w € W, then
=R TRt R, WS ﬁlrﬂ + 52sz oot ﬁmﬁm

with SUltabIeal,az, o ﬁl,ﬁz, e ,Bn € K, Vil,Viz, ce ,Vin,ﬁl,rfz, . ,Vj'm

€ A
n,m € N and

ocut B = o<(o<1Vil + WY +oe 4 O‘nVin) + B(ﬁﬁl + 62172 +oe 4 ﬁmyfm)
ocalrﬁl + o<o<2v;2 + .0+ o<o<nv;n + Bﬁlvj'l + ﬁﬁzvj-z + o+ ﬁﬁmpj—m

is a K-linear combination of the vectors,% , ..., % VoV, in A. So
1 2 n 1 2 m

o+ Bwbelongs toN andW is a subspace &f. O

40.9 Definition: The subspac®V of Theorem 40.7 or Theored0.8 is
called theK-span of Aor theK-span of the vectors in, Ar thesubspace
spanned by th¢vectors in A. It will be denoted byg (A). In caseA =

{V,Vz, ...,Vn} is a finite set, we write§<(v,rf2, ...,Vn) instead of-

s 7% ..., 7). By convention, we pug (&) = {0}. When there isno
need to refer tohe field K of scalars, we speak of tlspanof A, and
denote it bys(A).

The next lemma justifies the conventigiw) = {0}.
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40.10 Lemma:Let V be avector space over a field K and letcAV.
Thens (A) is the smallest subspace of V whiomtains A More exactly

if U is a subspace of V and®U, thens (A) < U.

Proof: If A =0, thens (A) = {0} < U for any subspacé of VV and the

theorem igoroved in this case. Suppose ndw J. If A U andU is a
subspace d¥, then every linear combination of the vector#\ belongs
toU by Lemma 40.5. Henc&#A) € U. O

40.11 Lemma:Let Vbe a vector space over a field K and leB Ae
subspaces of V such thatAs(B) and BS s(A). Then ¢A) = s(B).

Proof: SinceA € s(B) ands(B) is a subspace &f, we haves(A) € s(B) by
Lemma 40.10. In like manner, sinBe& s(A) ands(A) is a subspace &f,
we gets(B) € s(A). Thuss(A) = s(B). O

40.12 Examplesi(a) Let V be a vector space over a fidddand letA
be a subset of having only one element, s&y= {}. Thenthe spars(v)
of A is the set

{ave V. o € K}

of all scalar multiples of: In casek = R andV =R? orV = R3, this span
is usually identified with the line through the origin determined. by

(b) LetV be a vector space over a fi&kléhnd letz,be two vectors iV,
The spars(z,v) of these vectors is
{aw+PBve V: ab € K}

In caser is a scalar multipler of z, we have

S(ap) ={au+Pre V:ogpB e KI={(a+pBy)z o.p € K}={d8w 6 € K} = ().
We see it is possible thatc B ands(A) = s(B). In caseK =R andV = R3
and v is not a scalar multiple af, this span is usually identified with
the plane through the origin determineddognd v

(c) In the vector spaci? overR, consider the set

A = {(1,0),(2,0),...,(10000,0)}.
Thespans(A) is easily seen to bed0) € R% a € R}, which is also the
span of {(1,0)}c R?. Thus thenumber of vectors i\ may be large, but
this does not imply tha{A) is a "big" subspace.
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(d) LetV be a vector space overfiald K and letAB be subsets oY
with A € B. ThenA € B € s(B) and,sinces(B) is a subspace &f, Lemma
40.10 yieldss(A) € s(B). SOA € B impliess(A) € s(B). We haveseen in
Example 40.12(band Example 40.12(c) th&t c B does not necessarily
imply s(A) c s(B).

Exercises

1. LetV be a vector space over a fi&dIf W is a subspace &f andU is
a subspace aA, prove thatl is a subspace &f.

2. Prove that the set afl sequences of real numbers converging to O is
a subspace of thE-vector space& (see § 39, Ex. 5). What do you say
about theset of all convergent sequences, all bounded sequences, all
monotonic sequences, and all sequences with at most fimtalyy
nonzero terms?

3. Consider th&k-vector spac&/ of Example39.2(c). Determine whether
the following are subspaces¥f the set of boundefdinctions, the set of
even functions, the saif integrable functions, the set of monotonic
functions, theset of functions with at most finitely many points of
discontinuity (all with domains [0,1]).

4. Determine whether  {(«,By) € R3: 5a - 4p + 2y = 0}
{(«,By) € R3 5q - 48 + 2y = 0}
{(oBy) € Z,,% 5o - 4B + 2y = 0}
{(o,By) € C3: 50 - 48 + 2y = 0}
are subspaces of the vector spaces indicated.

5. 1s (1,0,1)c R3in theR-span of {(5,4,1), (3,2,2)k R3?
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