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Factor Spaces

In the preceding paragraph, we discussed subspaces, whictheare
analogues of subgroups and subrings. We now teisthscuss the arna
logues of factor groups and factor rings.

Let V be a vector space over a fidddand letW be a subspace of.
Then W is a subgroup of the additive grodMp and we can build the
factor groupV/W. The elements o¥//W are cosets + W, wherev ¢ V;
the sum of two cosetg + W andv, + W is the coset(v; + ) + W. The

operation orwv/W is denoted by "+", but "+" desighatesWiW an opera
tion distinct from theaddition inV. The question arises: is it possible to
define onV/W a kind of multiplication by scalars so thadfW becomes

a vector space ové&R The most natural multiplications to put

oo (v+W) =ar+ W for all & € K, ¥+ W € V/W.

We prove that is well defined. To this end, we must show that the
implication

e+ W = v+W = o+ W=qgvr+W (for all « € K, z € V)
is valid. This implication is equivalent to
u-vewWwW = au+W=qaqvr+W
hence to
u-veW = xw - av e W

SinceW is a subspace &f, it is closed under multiplication by scalars,
henceo(z - v) € W wheneverz - v € W. This proves that the above
multiplicationo by scalars is well defined.

It is now quite straightforward to show tlfa¥\W,+K,0) is a vectospace.
For anyx,p € K, v € V, we have

(1) o« ((@+W) + (r+W)) =xo ((z+ 1) +W)
=o(z+7v)+W
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= (xz+ av) +W

= (xz+W) + (av+ W)

=go(z+W) + qo (¥r+W),
(2) (x+B)o(z+W) = (x+P)a+W

= (qxw+pa) +W

= (xz+W) + Ba+W)

=ac(@+W) + Bo(z+W),
(3) @B) o (z+W) = (xB)a+W

=a(pa) +W

=ac° (Ba+W)

= a0 (Bo (z+W),
(4) lo(z+W) =1a+W

=+ W.

Thus WV/W,+K)) is a vector space.

We employed the symbot' chiefly to emphasize thahultiplication of
the elements ivV/W by scalars islistinct from the multiplication of the
elements inV by scalars. For ease of notation, we shall drdpahd
write simply a(z+ W) instead ofx o (z+ W). Also,we will write V/W for
(V/W,+K,0). The following theorem summarizes this discussion.

41.1 Theorem:Let V be a vector space over a fielddand let W be a
subspace of VThen the abelian group V/W asvector space over K if
multiplication by scalars is defined by

oa(z+W) =au+W forall x € K, z € V. O

41.2 Definition: LetV be a vector space over a fiedddand letW be a
subspace oW. The K-vector space//W of Theorem 41.1 is callethe
factor space of V by Wor thefactor space V mddlo) W.

We know that factogroups (rings) are closely related to homomerph
isms of groups (rings). The same is true for factor spaces.
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41.3 Definition: LetVV andU be vectoispaces over the same fieddA
mappinge: V — U is called avector space homomorphisior aK-linear
transformation or aK-linear mappingf

(m+w)e=ve+re and (aW)o =a(m)

for all v;,v,,v € V, « € K. When there is noeed to emphasize the field of

scalars, we speak simply of linear transformations or linear mappings.

More exactly, when\(,+K,")) and(U,®,K,c) are vector spaces, the mapping
¢: V — U is a vector space homomorphism provided

(m+n)e=7e® e and (ane=ao ()

for all v VoV € V, o« € K. Notice that the field of scalars of both vector

spaces arthe same. A linear transformation frovhinto U cannot be
defined ifVV andU are vector spaces over different fields.

A mappinge: V — U such thati + v)e = ¢ + e for all v,v, € V is said

to be additive So an additive mapping is just a group homomorphism
from thegroup ,+) into U,+). A mappinge: V — U such that v =
a(wp) for all v e V, « € K is said tobe homogeneousA homogeneous
mapping is one that preserves the multiplication by scalamapping
may beadditive without being homogeneous, and it may be homegene
ous withoutbeing additive. In order to be a linear transformation, a
mapping shoud be both additive and homogeneous.

A vector space homomorphism is thereforeemmomorphism of additive
groups which preserves multiplication by scalars as wals observa
tion enables us to use the properties of group homomorphigras
ever we investigate vector space homomorphisms.

41.4 Lemma:Let V and U be vector spacer over a field. A function
¢: V — U is a K-linear mapping if and only if

(avy +B)e = a(v9) + B(v,9)
for all a,p € K, v, v, € V.
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Proof: If ¢ is aK-linear mapping and,p € K, v;,7, € V, then

(avy +Br)e = (a7)e + (B)e = a(v9) + B(7,9)
sinceyp is additive and homogeneo@onversely, if we havexf, + Bv,)e
= () + () for all o,p € K, 7,7, € V, then, choosing = = 1, we see
thate is additive and choosirfg= O, we see thagtis homogeneous. 0O

41.5 Lemma:Let VU be a vector spacer over a fieldakd lety: V — U
be a vector space homomorphism

(1) Op =0.

(2) Ve =- (w) forall ve V.

(3) (g + o7+ +a )0 = oy (79) + o (70) + -+ + o (v @) for all

ay,0 .0, € Kand for allv, v, ..., € V.

(4) (nYe =n(wp) forallne Z.

Proof: (1),(2),(4) follow respectively from (1),(2),(4f Lemma 20.3 and
(3) follows from Lemma 20.3(3) by the homogeneity @for from
Lemma 41.4 by induction am O

41.6 Examplesi(a) LetK be a field and leg: K3— K2. Then
() = (A1)
(a@o,v) + B0 v))e = ((an,om,av) + (BA,Bu ,Bv))e
= ((an + B2, aw + By, av + Bv'))e
= (0 + B2, op + Bp)
= (oom) + (B27,BH7)
= o(2,p) + B ,0)
= a((mv))e + BV .10 V)

for all a,p € K, (A,n,v), (0",u",v") € K3. Hencep is aK-linear transformation.

(b) LetK be a field and leg: K2 — K2. Then
(An) = (1,2)
(o) + B 1 ))e = ((o,am) + (BA,Bu))e = ((ar + B2, op + "))
= (op + Bp’, o + BA7) = (o o) + Br',BAY) = a(p,2) +B(u",27)
= (1)) + BV 1))

for all o,p € K, (»,1n),(»" 1) € K2. Hencep is a vector space homomorphism.
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(c) The mapping: C([0,1]) — R is R-linear, because

f - fQ)
(of +BO)e = (of + BY)(5) = (cN() + BIG) = a(F(5)) +B(a()) = «(Fe) + B(ge)
for all o,p € R, fg € CX([0,1]). Likewise, for any ¢ [0,1], the mapping

9, CH[0.1) - R
f - f»
is a vector space homomorphism.

(d) LetV,U be vector spaces over a fiéléhnd letW be asubspace oY.
If o: V— U is a vector space homomorphism, then its restriction
P/ W— U
to Wis also a vector space homomorphism, because
(amy + Bw,)e = a(wy9) + B(#,P)
for all o,p € K, wy,w, € W, as this holds in fact for all,p € K, wy,w, €V

2
(Lemma 41.4).

(e) LetV,U be vector spaces over a fidlchnd leK; be a fieldcontained
in K. ThenV,U are vector spaces ovgy, too (Example 39.2(f). If

¢: V — U is aK-linear mapping, therp is also aK;-linear mapping,
because (amy + Bw,)e = o(w,9) + B(7,9)

for all a,p € K, % €V, as this holds in fadbr all «,p € K, V.V €V
(Lemma 41.4).

(f) The mapping: C3([0,1]) — C([0,1]) is a vector space homomorphism
y— Y-S5y +6y

because

@y, +BY,)T = (ay; +BY,) - B(ay; +BY,) + 6y, +BY,)

= ay, *+BY, -5y, +BY,) + 6y, +BY,)
=a(y; -9y, +6y)) +B(Y, - BY, +6Y,)
=a(y,T) +B(Y,T)

for any «p € R, Y,Ys € C?([0,1]). In the theoryof ordinary differential

equations, thisnapping is called dinear differential operatorand is
usually denoted bp? - 5D + 6.

In the rest of this paragraph, we establish the counterpadertain
theorems discussed in 88 20, 21.
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41.7 Theorem:Let VU,W be a vector spaces over a fieldleteo:V — U
and p:U — W be vector space homomorphisniien the composition
mappingey: V — W is a vector space homomorphism from V into W

Proof: ¢y is a group homomorphisrfis additive) by Theorem 20.4.
Also

(aPev = ((aMe)y = (ax(70))w = x(()w) = x(Hew))
for all « € K, v € V, hencepy is homogeneous. Thys is a vector space
homomorphism. O

41.8 Theorem:Let VU be a vector spaces over a fieldakd let
¢: V — U be K-linear Then Imp ={w € U: v ¢ V} is a subspace of U and
Kero ={ve€ V. wp =0} is a subspace of.V

Proof: Im ¢ is a subgroup ofU,+) by Theorem 20.6. Also, iff € Im ¢
andx € K, thenz = wp for somer e V, soaw = ax(mp) = (xW)e, SOaw € Im .
Thuslm ¢ is closed under multiplication by scalars. Thereflonep is a
subspace df.

Ker ¢ is asubgroup of ¥,+) by Theorem 20.6. Also, if € Ker ¢ anda €
K, thenw = 0, so GMe = x(w) = «0 = 0 byLemma 39.4(6), sar € Ker o.
ThusKer ¢ is closed under multiplication Iscalars. Thereforker ¢ is a
subspace oY. O

41.9 Definition: Let V,U be a vector spaces overfiald K. A vector
space homomorphismV — U is called avector space isomorphisiho

is one-to-one and ontdf. there is a vector space isomorphism fr&m
ontoU, we sayV is isomorphic to Uand writeV = U.

So a vector space isomorphism is an additive group isomorphisch
preserves multiplication by scalars. We use the same syt&bdbr
isomorphic vector spaces as for isomorphic groups. This will notteead
confusion. When there is any danger of confusion, we will staikcitly
whether we mean vector space isomorphism or group isomorphism.
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41.10 Lemma:Let VVU,W be a vector spaces over a field K and let

¢: V — U ande: U — W be vector space isomorphisms

(1) Thecompositiongpy: V — W is a vector space isomorphism from V
onto W

(2) The inversep™™ U — V of ¢ is a vector space isomorphism frdsn
onto V.

Proof: (1) ¢y is a vector space homomorphibmn Theorem 41.7, angy
is one-to-one and onto by Theorem 3.13.¢®ds a vector space iso
morphism.

(2) 9% U — Visan isomorphism of additive groups by Lemma 20.11(2).
We have only to show that' preserves multiplication by scalars. Let
€ U anda € K. Then &« = wp for some uniquely determined € V,
namely v = mpL. Since (Ve = () = xz, we have gz)et = av Thus

()™t = av=a(wp™). Sop™ preserves multiplication by scalars. O

As in the case of groups, we see that

V=V,

if VU, thenU 2V,

if V=U andU =W, thenVv =W
for all K-vector spacesVv,UW, where K is any field. ThusZ is an
equivalence relation, but me must refrain from saying "ors#tef K-
vector spaces".

In view of the symmetry property &f it is legitimate tasay thatVv and
U are isomorphic whe¥ is isomorphic tdJ.

41.11 Theorem:.Let Vbe a vector space over a field K and letb&/a
subspace of \rhen the mapping

vi:V — /W
r— v+ W

iIs a vector space homomorphisknis onto VW. Alsg Ker v = W. (This
mappingv is called thenatural or canonical homomorphism from V onto

V/W).
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Proof: v is an additive groupphomomorphism fromV onto V/W such
thatKer v = W (Theorem 20.12). Sincex®)v = av+ W = o(v+ W) = a(w)
for all « € K, ¥ € V, we see thatis a vector space homomorphism. O

41.12 Theorem (Fundamental theorem ohomomorphisms): Let
K be a field Let V\V, be K-vector spaces and letV — V, ‘be a vector
space homomorphisnbetW = Ker ¢ and letv: V — V/W be the associ
ated natural homomorphism _

Then there is a vector space homomorphisf®W — V, such that

Ve =g,

Proof: From Theorem 20.15, we know thatvV/W — V, is a well
defined,

v+ W — wp
one-to-one homomorphism of additigeoups withve = ¢. For all « € K,
ve V, we havd a(v+ W)y = (av+ W)y = (ecP)p = a(1p) = a((7+W)p), soy
is homogeneous and is therefore a vector space homomorphism.o

41.13 Theorem:.Let VU be vectorspaces over a field K and letV —
U be a vector space homomorphidrhen
V/Kerp =2 Im ¢ (as vector spaces

Proof: From Theorem 20.16 and its proof, we know that
p:V/Ker e — Im ¢
+Kerp — wp
is an isomorphism of additive groups, thdgKer ¢ = Im ¢ as groups;
andy is a vector space homomorphism by Theorem 41.12. Hence
p:V/Ker o — Im ¢ is a vector space isomorphism avwKer ¢ = Im ¢ as
vector spaces. O

41.14 Theorem:Let VV, be vector spaces over a field K and let
oV —V, be a vector space homomorphism fAdrmanto V.

(1) Each subspace W of V with Keg€ Wis mapped to aubspace oV,
which will be denoted by, .

496



(2) If WU are subspaces of V with Kec W< U, thenW, € U,.

(3) If W,U are subspaces of V with Kec W and Kerg € U, and if

W, € U,, then Wc U.

(4) If W,U are subspaces of V with Kec W and Kerp € U, and if

W, =U,, then W=U.

(5) If S is any subspace ¥f, then there is a subspace W of V such that
Ker¢o € W andW1 =S,

(6) If U is a subspace of V with Keic U, then VU =V, /U, .

Proof: (1) For each subspa®éof VV with Ker ¢ € W, we putW, =Img,,,
as in Theorem 21.1. Tha#, is a subspace of, by Theorem 41.8and

Example 41.6(d).

(2),(3),(4) Thesefollow from parts (2),(3),(4) of Theorem 21.1 on
regarding the subspaces merely as additive subgroups.

(5) From Theorem 21.1(5) and its proof, we know that

W:={mw e V. mp € S} is a subgroup of\{,+) with Ker ¢ = W andW, =S.
For anyx € K andw € W, we havenyp € S, sox(mp) € S, so m)p € S, SO
aw € W andW s in fact a subspace wf

(6) Letv:V, —V,/U, be the natural homomorphism. Thérand
ov:V — V, - V,/U, are vector space homomorphis(itieorem 41.11,

Theorem 41.7) withKer ¢ov° = U and Im ¢v = V1/U1 (Theorem

21.1(6),(7). Hence, by Theorem 41.13, we have the vector space
isomorphism

V/Ker ov' = 1Im v’
V/U =V, /U,. O

41.15 Theorem:Let V be a vectospace over a field kand let W be a
subspace oY. The subspaces of/W are given by UW, where Uruns
through the subspaces & containing W In other words for each
subspace f /W, there is a unique subspace U of V such ivat U
and X=U/W. WhenX, andX, are subspaces of/W, say withX, =U /W
andX, =U_/W, whereU,, U, are subspaces of V containing tf¥en

X, < if and only ifu, € U,. Furthermore there holds

V/W/ U/W = V/U (vector space isomorphigm
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Proof: The natural homomorphism V — V/W is onto by Theorem
41.11. We may therefore apply Theorem 41.THis theorem stategbat
any subspace &f/W is of the formim v, for some subspacdéof V with
Ker v € U. Now

Imv, ={av € V/W: & € U}

={a+W e V/W: e U}=U/W

andKer v =W by Theorem 41.11. Thus the subspace¥/W are given
by U/W, where U's are subspacesf V containing W. By Theorem
41.14(2),(3),(H U, /W c U /W if and only ifU, < U,, andU /W =z U,/W
whenevet, = U,. Finally, by Theorem 41.14(6)

V/U =1Imv /limyv, =v/W/ U/W as vector spaces. O

41.16 Theorem:Let Vbe a vector space over a field K and leWYWbe
subspaces of.Mhen Un W andU + W are subspaces of V and
w/Unw = U+W/U (vector space isomorphigm

Proof: U n W is a subspacef V by Example 40.6(g). Alsd) + W is a
subgroup of ¥,+) by Lemma 19.4 and, for anye K, € U + W, there
arez € U andw € W with v= «z+ m, so that

ov=c(u+w) =ou+aw e U+W
sinceaz € U andamw € W; and sdJ + W is closed under multiplication by
scalars and + W is a subspace &f.

We consider the restriction
Vv wW— \V/U

to W of the natural homomorphismV — V/U. By Theorem 41.1lyisa
vectorspace homomorphism; by Example 41.6(d).is a vector space

homomorphism, so
W/Ker v, =1mv,, (as vector spaces)

according to Theorem 41.13. From the proof of Theorem 21.&noe
thatKer v, =U n Wandim v, =U + W /U, as may also be established

directly. Hence
wW/Unw = U+W/U. O

Exercises
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1. LetV be a vector space ovelfield K and letW be a subgroup of the
additive group V,+). For allax in K and for allvy+ W in the factor group
V/W, we writea o (v+W) = av+W. Prove thatd,v+W) — oo (r+W) is

a well defined mapping frod X (V/W) into V/W if and only ifW is a
subspace oY.

2. (cf. 820, Ex 14) Lep: V — V, be a vector space homomorphism,\Wet
be asubspace oW such thatwW < Ker P, and letv: V — V/W be the
associated naturddomomorphism. Show that there is a vector space
homomorphismyp: V/W — Vv, such thatvyp = ¢ and Ker p = (Ker cp)/VV._
What happens when we drop the conditdrs Ker ¢?
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