842
Dependence and Bases

The spars(A) of a subseA in vectorspaceV is a subspace o¥. This
span may be the wholector spacé&/ (we say therA spans V. In this
paragraph, we study subsé&=f VV which spanVv and which are most
economicalin the sense that any proper subsetAoBpans a proper
subspace oV.

We begin with a definition that will be important for everythingthe
sequel.

42.1 Definition: Let V be a vector space over a fiekd A finite

number of vectors,,v,, ... 7, in V are calledinearly dependent over K

if there are scalars,a,, ...,o, in K, not all of them being zero, such that
oy oyt t o =0

(here O is the zero vector). ifv,, ..., are not linearly dependent over

K, thenv,,v,, ..., are said to bénearly independent over.K

A finite subsetA of V is calledlinearly dependenftresp.linearly inde
pendentover Kif the finitely many vectors i\ are linearly dependent
(resp. linearly independent) ouéer

An infinite subsel of V is calledlinearly dependent over K there is a
finite subset oA whichis linearly dependent ovd&t An infinite subset
A of V is called linearly independent over HKf A is not linearly
dependent oveX, i.e., A is calledlinearly independent ovef if every
finite subset oA is linearly independent ov&r

In place of thghrase "linearly (in)dependent ou€l, we shall also use
the expressionK:linearly (in)dependent”. When the fietwf scalars is
clear from the context, we drop the phrase "®&Wear the prefix K-".

According to our definition, the vectorgy,, ..., of avector space over
K are linearly independent ovieiprovided
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e — = = ... = =
0yyO - h O, € K, a, v to,v,t +a v, 0] * x a 0.

2"2 1 2
That is to Say Vo - -V, areK-linearly independent ifthe vector zero
can be written as a linear combinationmt,, ..., only in the trivial

way where the scalars are zero.

42.2 Examplesi(a) LetV be a vector space over a fi&ldhnd letrbea
nonzero vector iv. Thenav= 0 impliesx = 0 (Lemma 39.4(10) Hence
v (and {#}) is linearly independent ovekK. On the other handQ} is
linearly dependent ové&&rbecause 1.0 = 0 andzD.

(b) Consider the vector spad®® over Q). The vectorsz = (1,0,0), v =
(0,1,0), w= (0,0,1) ofl)® are linearly independenwver @, for if «,p,y € K
andoaz+ prv+ym = 0, then
«(1,0,0) +p(0,1,0) +y(0,0,1) = (0,0,0)
®,0,0) + (0B,0) + (0,0y) = (0,0,0)
©B.y) = (0,0,0)
a=p=y=0.
(c) More generally, the vectorg = (1,0,...,0), z, = (0,1,...,0), ...,4, =

n
(0,0,...,1) in the vectoepaceK" over a fieldK are linearly independent

overK: if a0, ...,0, € Kand o, & + oz, + -+ +a o =0, then
«,(1,0,...,0) +a,(0,1,...,0) +--- + ¢ (0,0,...,1) = (0,0,...,0)
(2,,0,...,0) + (0@, ...,0) +--- +(0,0,...,0) = (0,0,...,0)
@0, .- 0) =(0,0,...,0)
o, = X

1 5= -=o<n=0.

The readeiis probably acquainted with the vectors «,, «; in the

—

vector spacé3 overR under the nameis J, k

(d) The vectors (1,0and €1,0) in theR-vector spacd®? are linearly
dependent ovelR because ¥0in R and 1(1,0) + 1,0) = (0,0) = zero
vector inR2,

(e) LetV be avector space over a fieKland letv,,v,, ...,» be vectors
in V which are linearly independeover K. Then any nonempty subset
of {v,,v,, ..., } is linearly independent oveX. In fact,if, say, v,v,, ..., 7
are linearly dependent ovie(m << n), then there are scalars

oy,0. - -,0 IN K, not all equal to zero, such that

+ + -+ =0
o, Vo oW &Y 0O;

11 22
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hence, when we put (in case< n) « - = o, = 0, we obtain

m+l

O(1Vl+O(2VZ+ +O(me+O(m-i-1VrrH-1+ +O(nv;’|: O’
where not albf o 0, ...,0,0,., -, &, are equal to zero, contradicting
the assumption that,v,, ... ,», are linearly independent ové&r Thus

any nonemptysubset of a linearly independent finite set of vectors is
linearly independent. Buhis statement is true also for infinite linearly
independent sets. Indeed, lat be aninfinite linearly independent
subset oV and letB bea nonempty subset &. If B is finite, thenB is
linearly independent by definition. Bfis infinite,then any finite subset

of B, being a finite subset &, is linearlyindependent ove and hence

B itself is linearly independent ov&r Thus we have shown thavery
nonempty subset of a linearly independent seveators is linearly
independent Equivalently, any set of vectorsontaining a linearly
dependent subset is linearly dependent

(f) LetV be a vector space over a fidddand letA be a subset oY
containing O€ V. Then A is linearly dependent ovek by Example
42.2(a) and Example 42.2(e). Alternatively, jaBbose a finite number

of vectorsy,,v,, ...,7, from Aincluding O, say; = O and observe that
1V1+0V2+... +0Vn:O,
so thatv,,7, ...,7, are linearly dependent ov&rand consequentl,

too, is linearly dependent ovier

(9) LetV be the vector spad& overC. The vectors (1,0)-i(0) inV are
linearly dependent ovér, because

i(1,0) + 1€i,0) = (0,0) = zero vector .
However, wherV is regarded as alR-vector space, these two vectors
are not linearly dependent:dfg € R anda(1,0) +p(-i,0) = (0,0), then
(a - Bi,0) = (0,0), hence the complex number i is equal to O, soa = f
= 0. Thus (1,0), «,0) are linearly dependent ovdr, but linearly
independent oveR. This example shows that tffield of scalars must
be specified (unless it is clemom the context) whenever one discusses
linear (in)dependence of vectors.

(h) LetV be a vector space over a fiseddand letyv,,v,, ... be infinitely
many vectorsn V. The linear dependence efv,, ... doesnot mean
that there are scalagga,, ... , not all equal to zero, such that

0

Z GV = 0.

k=1
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This equation is meaningless, for its left hand side isdebhed. What

is defined (Definition 8.4) is a Suni o % of a finite numbern of
k=1

vectorsvl,v, A in V. The definition of i R would involve some
k=1

limiting process, and this is not possible in an arbitrary vector space.

(i) Considerthe vector spac&€([0,1]) over R (Example 40.6(). The
functionsf: [0,1]1— R and g: [0,1]— R, wheref(x) = & andg(x) = e for
all x in [0,1], are vectors i€Y([0,1]).We claim thatf and g are linearly
independent ovd. To prove this, let us assumg € R andaf + Bg =
zero vector ircY([0,1]). The zero vector i6Y([0,1]) is the function

z [0,1]— R such thaiz(x) = O for allx in [0,1]. Hence

of +Bg)(X) =0 for all x € [0,1],
of(X) +Bg(x) =0 for all x € [0,1],
xe +pe?X =0 for all x € [0,1].
Differentiating, we obtain
c>c e+ 2pe? =0 for all x € [0,1].

We have thuge®™ = - xeX = 2pe®* for all x € [0,1], henceB = 0, sox = O.
Thereforef andg are linearly independent oviEr

() LetV be a vector space over a fi«ddand letv,,v, be vectors inv

which are linearly dependent ouerThen there are scalarl € K, not
both zero, such thatvl +Bv, = 0. If, say,x # 0, thenx has an inverse™

in K and we obtair, + (a™'B) 7, = o (ar; +Br,) = o0 = 0, SO

=V

if we puty =-«B. So v, Is a scalar multiple of,. Conversely, ifr, and v,

are vectors irvV and ifone of them is a scalar multiple of the othtar,
instance ifV1 =y, with somey € K, then :Ixf1 + (—y)V2 = 0 and Vl,VZ. are
linearly dependent ovet. Thus the linear dependence of two vectors

means that one of them is a scalar multiple of the other.

We generalize the last example.

42.3 Lemma:Let V be a vectagspace over a field K and let,v, ...,7,

be n vectors iV, where n= 2. These vectors are linearly dependent
over K if and only if one of them is a K-linear combination ofdtiesr
vectors
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Proof: We first assume that,v,, ...,v, arelinearly dependent oveX.
Then there are scalagga,, ...,a,, not all of them zero, such that

GVt +o<nVn—O.

To fix the ideas, let us suppos§¢ 0. Then o, has an inverse(i1 in K

and we obtain oo, 7 + o7+ +a 7)) =00 =0,
-1, 1 _
V1+O‘1 oV + e Hogta v, =0,
R 1 R

where we pup [0 1o<] € K(=2,...,n). Soy, is aK-linear combination of

the vectorsz, eV

Conversely, let us suppose tloate of the vectors, for example, is a
linear combination of the rest, so that there are scalars,o € K such

that V. = oVt oV

1 22 nn
Then we get vyttt v =0
when we writee, = -1. Sinceo, = -1 # 0, we see that,,v,, ... 7, are
linearly dependent ovét: O

A vector space over a field can bespanned by many subsets df
Among the subsets &f which sparV, we want to find the ones withe
least number of elements. The next two theoremhsch are converses
of each other, tell us that linearly dependent subsetsasiraseful for
this purpose.

42.4 Theorem:Let V be a vector spaawrer a field K and let A be a
nonempty subset of ¥ A islinearly dependent over,Khen there is a
proper subset B of A such thga{A) =5 (B)-

Proof: SupposeA is K-linearly dependent. IfA is infinite, then, by
definition, there is a finite linearly dependent subgebf A. If A is

finite, letus putAy = A. Hence, in both case#y, is a finite linearly

dependent subset &f Let A, = {7, T A

2

We first dispose of the trivial casg| = 1,V = A,. In this case we have
= 0 andA, ={7}, so v, = 0 by Example 42.2(a), #9 = {0}. Thus

{O}— Ay EACS A S V=A={0}
ands (A) is equal to th&-span of the proper subset & of A.
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Suppose nowA | = 1 or|Aj = 1 but V # A,. Then we may and do join
nonzero vectorsv,,v, .. . ,% to Ay without disturbing the linear
dependence and flnltenessAaf One ofthe vectorsy,, 7,7, ...,%,, Which
wemay assume to beg) without loss of generality, |s Ia-llnear combi
nation of the others (Lemma 42.3). there are scalarsg o, .. .,a, such
that

=% ot t o v

We will show thatVO is reduntant. We pit= A\{ VO}. ThenB is a proper
subset oA ands (B) < 5 (A). We proves (A) < 5, (B).

Let ve 5 (A). Then there are vectorg,w,, ..., w,_in A and scalars
By:Bss - B, in K such that

=Pt ﬁ2Wz o B
Here we may suppose thatw,, ...,w_ are pairwise distindif w, = w,,
we write @, +B,)w, instead o, w, + ﬁz , etc.).

If none of the vectors,w,, ...,w is equal tory, then v is aK-linear

combination of the vectors,,w,, ...,w,_in B, sove 5 (B).

If one of the vectors,w, ..., is equal toy, for instance ifw; = v,
then we have v=Ppy t B, e + B
=By(oy g roprt o ta ) F Byt B
=By F Bt F BV T By, e B,
sovis aK-linear combination ofhe VeCtorsy,, v, ... .V, Wy, ... W in B =

A v} (some¥ might equal an, but this does not matter), sa s (B).

In both casesy € 5.(B). Thuss (A) < s,(B) ands (A) =s,(B), as was tde

proved. O

42.5 Theorem:Let V be a vector spaawrer a field K and let A be a
nonempty subset of ¥ thereis a proper subset B of A such tisa(B)

=5/(A), then A is linearly dependent over K

Proof. We first dispose of the trivial caBe= J. If B =J, then
@zAcs(A)=5(B)=s(()={0}
givesA = {0} and A is K-linearly dependent by Example 42.2(a).

Suppose now # J. SinceB c A, there is a vectorin A\B. From
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ve Ac s (A =s(B), we conclude that there arectorsw,,mw,, ... ,w,_in
B and scalar$ Bor B in K with
=0 Byt B
So the vectorin A is aK-linear combination of the vectorg,w,, ... ,w_
and the subsetw,,mw, ..., } of Ais K-linearly dependent by Lemma

42.3. From Example 42.2(e), it follows thatis K-linearly dependent.
O

The last two theorems lead us to consider lineadgpendent subsets
of V spanningV. Whether an arbitrary vector space does have such a
subset will be discussed laté&ve give a name to the subsets in question.

42.6 Definition: Let V be a vector space over a fiddld A nonempty
subsetB of V is called abasis of V over Kor a K-basis of V if B is
linearly independent ovérand span¥ overK (i.e., 5(B) = V)." By con

vention, the empty s&t will be called &K-basis of the vector space {0}.

42.7 Examples:(a) Consider the vector spa&f over afield K. The

vectorsz, = (1,0,...,0), ¢, = (0,1,...,0), ..., #, = (0,0,...,1) are linearly

independent ovet (Example 42.2(9) Moreover, o0} spansK"

overK because any vectootl(ocz, ...,o<n) in K" is aK-linear combination
oy + o, Uy +... + 0nn

of the vectorsz,z,, ...,# . Hence {,«,, ...,z } is a basis oK" overk.

(b) LetV = {h € C¥[0,1]): h”"(X) - 3" (X) + 2h(X) = O for all x € [0,1]}.
ThenV is anR-subspace of?([0,1]), as can be verifiedirectly and also
follows from Example 40.6(k)rrom the theory of ordinary differential
equations, it is known that every functiondr(thatis, every solution of
Yy’ -3y + 2 =0) can be written in the foreyf +c,g, wherec c, € R and
f(x) = €%, g(x) = e®* for all x € [0,1]. Thus §,g} spansV over R. Also, {f,g}

is linearly independent ovék by Example 42.2(i). Hencef,§} is an R-
basis ofv.
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42.8 Theorem:Let V be a vector space over a field K and let B
={v, %, ...,7} be a nonempty subset ofWien B is a K-basisf V if and
only if every element of V can be written in the form

A o3 A R N (S (0,05 -0, € K)

11 22 n’

in a unique wayi.e, with unique scalars,,«,, ...,a.).

Proof: Assume first thaB is aK-basis ofV. ThenV = §<(B), and every

element ofV can be written as

Xy oVt
with suitable scalarg, ,«,, ... ,a,. We are to show the uniqueness of this
representation. In other words, we must prove that, if

+ PR = + £+
X T G, =B H B B

(1)

theno, =B, o, =B, ..., &, =B, This is easy: if (1) holds, then
(0 =By + (o =B+ + (o, - B, = O
and we obtain,sindé={v,,v, ..., }is K-linearly independent, that

o, - By =0,-B,=" =, - B, = 0. This proves uniqueness.

Conversely, let us suppose that every vectov can be writtenn the

form ot F a7
with unique scalarsy,a,, ... ,x. ThenV = g (v,%, ... ,7n) = s(B).

Moreover,B is linearly independerdaver K, for if «
scalars such that

Py« € K are

oy oyt F oy =0,
then vy to, vt o v =07 + 0, + - + 01

and the uniqueness of the scalargherepresentation of @ V as aK-
linear combination of,,7,, ..., implies thato, = o, = -+ = o, = 0. Thus
B isK-linearly independent and consequeitig akK-basis ofV. O

We prove next that any finitely spanned vector space has a basis.

42.9 Theorem:Let V be a vector space over a field K and assuma T is
finite subset of V spanning 0 thats (T) = V. Then V has a finite K
basis. In fact, a suitable subset of T is a K-basis of V
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Proof: If V happendo be the vector space {OffhenV has aK-basis,
namely the empty seét (Definition 42.6) and@ < T. Having disposed of
this degenerate case, let us assMm@®. Nows, (T) =V. SinceV # 0, we
haveT =z @. If Tis linearly independent ové&r thenT is aK-basis ofV.
Otherwise, there is a proper subdetof T with §(T)) = §(T) = V
(Theorem 42.4). Here&, # &, becauses (T,)) =V =z {0}. If T, is linearly
independent ovek, then T, is aK-basis ofV. Otherwise,there is a
proper subseT, of T, with 5(T,) = 5(T)) = V. HereT, # &, because
5(T,) =V =z {0}. If T, is linearlyindependent oveX, thenT, is aK-basis
of V. Othewise, there is a proper sub3gbf T, with 5 (T,) = 5 /(T,) = V.
HereT, =z &, becausg, (T;) =V # {0}. We continue in thisvay. Each time,
we get a nonempty subskt, of T, such thatg (T,,,) =V andT,_, has
less elenentsthan T.. SinceT is a finite set, this process cannot go on
indefinitely. Sooneror later, we will meet aK-linearly independent
subsefl of T with s (T ) =V. ThisT_ is therefore &-basis ofV, and of
courseT _is finite. O

Having convinced ourselves of the existence of basesoime vector
spacesye turn our attention to the number of vectors in a finite basis.
We show that the number lithearly independent vectors in a subspace
cannot exceed the number of vectors spanning the subspacéhddiis
rem, due to E. Steinitz (1871-1928), is the sourcemahy deep results
concerninghe dimension of a vector space. The idea is to replace some
vectors in thespanning set by the vectors in the linearly independent
set without changing the span.

42.10 Theorem (Steinitz' replacement theorem): Let V be a

vector space over a field K and,w,, ...,n; be finitely many vectors in
V. Letvw,,7, ...,7, be n linearly independent vectors in the K-span
%(Wl,WZ, Wm) of Wy Wy o W
Thenn << m. Moreover there are n vectors among,,w,, ...,w_, which
we may assume to g, ...,n, such that
%(V,VZ, e Vs Wm) :§<(W1,W2, W”)

Proof: For 1< h << n, letA be the assertion

"there areh vectors amongr,,w,, ..., w;, say w,, ...,w}, such that
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%(Vl, e Ve W Wm) :§<(W, e Wm)

We show that (1) A is true,
(2) if 2< h < nandA_, is true, therd is true.

This will establishA A, ....A__,/A. The second claimh in the theorem
will be proved in this way.

(1) A is true. We have; € s (w,,w,, ...,w;), SO

vy =By B, e B

with some scalarg BB, € K SinceV,VZ, ..., ¥, are linearly inde
pendent ovek, v, # O (Example 42.2(f), hence not all of,.B,. ....B, are
equal to Oc K. So one of them is distintom 0. Renamingr,,w,, ... ,w_
if necessary, we may suppdies 0. Thenp, has an inverséi1 in K and
we get W, = Bil(vl - B, - - Bme)
w, € §<(V1,W2, Wm)
{Wl,Wz,...,WnJ Q%(Vl,wz,...,wn). 0]

Since v, € §<(W1, W, Wm)

we also have{,w,, ...,w } < s (w,w,, ..., w_). (@)
Using (i) andi() and applying Lemma 40.11 (with = {w,w,, ..., }

andB = {Vl, W, Wm} we obtain

§<(V1,W2, Wm) :§<(W1,W2, Wm)
This provesA,.

(2) Suppose & h < nandA_, is true. ThenA is true. The truth of

A, Mmeans s (7 o Vo Py - W) = S (1, )
provided thew;'s are indexed suitably. We have

%, € §<(W, N Wm)

%, € §<(V, N A Wm)
SO Th =gt T 0 g Yot o

for some appropriate,,..., o, 1, %, -+, € K. Here not all ot ..., _are
equal to G K, for theny, would be &-linear combination

o7t 0, %, Of the vectors, ..., % | and the vectors,, ...,7_
would not be linearly independent ouefLemma 42.3), so,,v,, ...,V
would not be linearlyndependent ovekK (Example 42.2(9) contrary
to the hypothesis. So one®f ...« is distinct from O. Renamingfh,
,w_ if necessary, we may suppasez 0. Theng, has an inverse;]1 in K
and we get

- = 4o+ - + 4o+
ChPh — " 117 " T %1 Pher Py
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e _O(hl(alvl + %11 ™ Tht e e T T G )

W, € §<(V, N P Wm)
Now each one of the vectors, ..., _,, being an element of the span
sy, Wy, ... w ) =S (v, ... % 1. W, -, ), can be written in the form

y1Vl toeee Yh—l + Yh + yh+1 h+1 -t Yme

with scalarsfl, Y € K. Thus each one of,, ..., w

,Yh_11)’h1)’h+1, T h-1

be written as
"t Y hatha

-1
(o oy + oo oy W g T VO B T 0 )

1 h-1
+Yh+1Wh+1+ +Yme’
and so {Wl, ...,Wh_l} c sk(v, Vo Yy P W”)
Therefore §, .. AW R W g ,Wm} - §<(V, e Ve Ve Wn) ()
Since Vi ooV ¥ € SK(W, ...,Wh_l,Wh,Wh_._l,...,Wm),
we also have
{v, Y Py o o S S (7, 9 8 T e ) (1)

Using (i) and i{) and applying Lemma 40.11 with

A={w, ... o s P ,Wm},B:{V,...,Vi_]_l,%,Wh_Fl,...,Wm},
we obtain

SK(Vl, eV Yy P Wm) :%(Wl,Wz, Wm)

ThusAh is true.

As remarked earlier, thisstablishes the truth & A, ... A A In
particular, A is true, and the second statement in the enunciation is

proved. Now it remains to establislh< m.

If we hadm << n, thenA_ would be true and we would get

§<(V,V2, Vm) = Sk(Wl,WZ, WnQ

Then v, € S‘k(Wl,WZ, Wm)

would give v, € K(Vl,VZ, Vm)

contrary to the hypothesis thgtv,, ...,v, ...,v, arelinearly indepen
dent overK. Som < n is impossible and necessarity< m. This com-
pletes the proof. O
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42.11 Theorem:.Let V be a vector space over a field K and asstimae
V has a finite K-basis. Then any two K-bases of V have thersamser
of elements.

Proof: There is a finit&k-basis ofV by hypothesis, sa§. Assume thaB
has exactlyh vectors ( = 0). We prove that ang-basisB, of V hasalso
N vectors in it.

If n=0, therB =& andV ={0}. Thus@ and {0} are the onlyubsets oV
andB = J is the onlyK-basis ofV. Then anyK-basis ofV has exactly O
elements.

Suppose nowm = 1 and leB, be anyK-basis ofV. Firstwe show thaB,
cannot be infinite. Otherwisd, would bean infinite K-linearly inde
pendent subset &f. Everyfinite subset oB; would beK-linearly inde
pendent by definition. Let,v,, ...,v, v ben+ 1K-linearly indepen
dent vectors iB,. Thesen +1 vectors lie in th&k-spans (B) of B andB
hasn elements.Steinitz' replacement theoregivesn + 1 << n, which is

absurd. Thus1 cannot be infinite.

We putB,| =n,. Heren, # O, because, = 0 would implyB, =< and
©#Bc s (B)=V=5(B,) =5/(9) = {0}, soB = {0} and B wouldbe linearly
independent ovéq, contrary to the hypothesis thiats aK-basis ofV.
Son, € N. '

B, isaK-linearly independent subset 9fin 5 (B), thereforen, < n by
Steinitz’ replacemertheorem. Likewise, B is aK-linearly independent
subset oV in 5 (B,), son < n,. Thereforen =n,, as was to be proved:

42.12 Definition: Let V be a vector space over a fidd If V hasa
finite K-basisthe number of elements in akybasis ofV, which is the
same for alK-bases oV by Theorem 42.11, is called tdemensiorof V
over K or theK-dimension of VIt is denoted adim V or asdimV. If V
has no finitek-basis, then thek-dimension otV is defined to bénfinity,
and we write in this cas#im V = .
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Thusdim K" = n (Example 42.7(3)anddim,V = 2, whereV is the R-

vector space of Example 42.7(b).

We frequently say thaV¥ is n-dimensional wherdimV = n. A vector
space is said to be finite dimensionadiim V is a nonnegative integer
and infinite dimensional ilimV = «. Notice thatthe dimension of the
vector space {0} is zero.

42.13 Lemma:Let V be a vector space over a fielddt dim V =n ¢ N
and letv,,v, ...,”, be n vectors in V

(L If vV -,V are linearly independent ovdt; then §<(V,VZ, ...,Vn) =
V.

DIt s (v, ..., %) =V, thenw,y, ..., are linearly independent over
K.

Proof: (1) We are givedim V =n € N. Let {w,,w, ..., w } be a basis of
VoverkK. If v,%, ...,7, areK-linearly independent vectors \h=
%(Wl,WZ, ...,Wn), thenwe obtain%(v,rfz, . ,Vn) = §<(W1, W o - ,Wn) by

Steinitz' replacement theorem.

(2) Supposes (v,7, ... .,%) = V. If wv,v, ... v are not linearly
independent oveX, then there is @roper subsel c {v,7, ... ¥} of
{v,, 7 ...} with § (T) =s.(v,%, ...,) =V (Theorem 42.4), and there is
a K-basisB of V such thaB < T (Theorem 42.9). Usingheorem 42.11,

we obtain the contradiction
n=dimV =[Bl < [T <n.
Hencev,,v, ...,”, have to be linearly independent o¥er O

Any finite set spanning a vector space can be strippetb aif basis of
that vector space (Theore#2.9). Similarly, any linearly independent
subset of a vector space can be extended to a basis, as we show now.

42.14 Theorem:Let V be an m-dimensional vector spacer a field
K,withm = 1.Let n= 1 and letv,,v,, ..., be n linearly independent

vectors in VThen there is a K-basis B of V such thatv,, ..., } < B.
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Proof: Let{w,,w,, ...,w } be aK-basis ofV. Thenv,,v,, ... v are linearly
independent vectors M = s (w,,m,, ... ,w;), and Steinitz' replacement
theorem gives

%(V,VZ,...,V;\,Wn+1,...,Wm):V andn<cm
on indexingm’s suitably. Then then=dim, V vectors

Vlyrle ---1%1Wn+1, --.,Wm
are linearly independent ovielby Lemma 42.13(2). Hence
B :{V,VZ, N Y Y Wm}
is aK-basis ofV containing the vectorg,v,, ...,7. O

42.15 Lemma:Let V be a finite dimensional vector space ovéeld K

and let W be a subspace of VV
(1) W is finite dimensionain fact d'erW< dim/V.

(2) dimW=dimV if and only if W= V.

Proof: Letn = dir‘rkv.

(1) The assertion is trivial whe#¥ = {0}, so let us assum¥&V =z {0}. Then
there is anonzero vectorr in V, and {} is a K-linearly independent
subset with one element. On the other hand,rafyl vectors inV (in
fact in V) are linearly dependent ovef by Steinitz' replacement
theorem. Therefore there exists a natural numbsuch that

(a) 1s<ms<n,

(b) there aramlinearly independent vectors W,

(c) anym+ 1 vectors iWW are linearly dependent.

This m is clearly unique in vievof (b) and (c). The natural numban
having been defined in this way, let,w,, ... ,»n,  be m K-linearly

independent vectors W. We claim that {},w,,...,n] } is aK-basis ofW.

To show this, we must prownly that these vectors sp&vioverK. Let
w be an arbitrary vector itW. Then wyw,w,, ... ,w_ are linearly

dependent ovet by (c). Hence
Bw+ By ¥ B+ + B, =0
with some scalarﬁ,ﬁl,ﬁz, By in K. Here B # 0, for otherwise the
equation above would imply that,w,, ..., »._areK-linearly dependent.
Hencep has an inversgin K and we get
w= (-pB)w, + BB w, +... + (BB )

7S §<(W1,W2, Wm)
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This givesW < s (w,,m, ... ,w;). But wy,m,, ... ,w_ belong toW, so

s(wy, 7, ...,w ) S W (Lemma 40.5). The vectons,,w,, ...,w  therefore
spanW over K, so {w,m,, ...,w } is a K-basis ofW. Thus W is finite

dimensional and in fa«:tierW: m<cn= dierV.

(2) If W=V, then of coursdim W = dim, V. Suppose conversetim W
=dim/V =nand letA be aK-basis ofW. Then there is &-basisB of V

with A € B: this follows from Theorem 42.Mhen A # & and is obvious
whenA =Jd. Then

n=dimW=|A < Bl =dimV=n
implies thatA =B. ThusW =g (A) =s,(B) =V. O

42.16 Lemma:Let VU bevector spaces over a field. KSuppose V is
finite dimensional and lep: V — U be a vector space homomorphism

Letv,7, ..., be vectors in V

(1) If ¢ is one-to-one andlv,,v,, ..., 7} is linearly independent over,K
then{rv¢, e, ..., ¢} is linearly independent over. K

(2) If pisonto U andv,,7, ...,7} spans V over Kthen{v¢, %o, ...,” ¢}

spans U over K
(3) If ¢ is a vector space isomorphism gngv, ..., } is a K-basis of V

then{rv¢, e, ..., ¢} is a K-basis of UIn particular, dim U =dim,V.

Proof: (1) Suppose,,«,, ...,q, are scalars such that

o (79) + o,(9) +... + o (v0) = 0.

Then (alvl to,,t e o<nVn)cp =0,

SO o<1Vl+o<2VZ+---+o<nVn€Ker :

and 11+22+'”+nn:o

sinceKer = 0 as is one-to-one. Since,, ,, ..., areK-linearly inde
pendent, we get, = ,=--- = _=0.Hence,, ,,..., are linearly

independent ovef.

(2) We must show that arslement of U can be written as E-linear
combination of the vectors , , ,..., , . Let U. Thenthere is a in

n
V with = and = + -+ where co, , are Sui

117 22 nn’ 2
able scalars iH. This yields

-+

:(11+22+” nn)

= 00+ )+ () sCph 20 )
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as was to be proved.

(3) This follows immediately from (1) and (2).

From Lemma 42.16, it follows thdtrrkU =n whenevet K". The con

verse of this statement is also true.

42.17 Theorem:.Let V be a vector space over a fieldlRen
dimV=n if and only if V K" (as vector spaces).

Proof: If VK", thendim V =dim K" = n by Lemma 42.16(3). Suppose

conversely thadimV =nand let{, ,..., } be aK-basis ofV. Every

element of V can be written in a unique way gs, + , ,+ - + _
where ,, ,, ..., ;K. We consider the mapping
'V K"
117 22 F nn (G TRPYRTRTIE
This is aK-linear transformation, since, for any K and
= 11t 22t T hw T a1t 22Tt pInV,we have
(+ ) =0+ oot p)+ (gt o+ 1))
:(( 1+ 1)1+( 2+ 2)2+”'+( n+ n)n)
= 1% 1 2t pe ot )
(oo Pt (oo )
= )+ ()
Furthermore, = |, ,+ , ,+--+ _  Vbelongs tKer if and onlyif
(y > =00.0,...,0), thusifandonlyif =0, +0,+--- +0 _=0.

SoKer ={0} and is one-to-one.

Since anyn-tuple ( ,, , ) INn K" is the image, under, of the vector

o1 e

11+t oot +  iINV,we see thatis onto.

Hence is a vector space isomorphism and K",
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42.18 Theoremilet V and U be finite dimensional vector spaces aver
field K Then vV U if and only if dim V =dimU.

Proof: The case whedim,VV = 0 ordimU = O is trivial. Let us suppose
dimV 1 anddimU 1.1f v U, thendimV =dimU by Lemma

42.16(3). Ifdim V = dimU, thenV  KIMVY = gdmd Yy py Theorem
42.17, henc&/ U.

42.19 Theorem:.Let Vbe a vector space over a field K and let W be a
subspace of \f V is finite dimensionathenV/W is finite dimensional

In fact
dirrkV = dirrkW+ dirrkV/VV.

Proof: We eliminate the trivial cases. We know thN¥ts finite dimen-
sional(Lemma 42.15(1) If dimW = 0, thenW = {0}, so V  V/{0} =
V/\W, sodirrkV/W: dirrkV anddirrkv =0 +dirrkV = dirrkW+ dirrkV/VV.

If dim W =dimV, thenW =V (Lemma 42.15(29) soW/W {0} and
dimV =dimV + 0= dim /W + dim VV/W. Thus the theorem is proved in
casedim W = 0 ordim W =dim,V (in particular in casdim,V = 0).

Let us assume now O dimW  dimV. Letdim/W=m and let

{ ;, »--., o} beaK-basis ofW. There are vectors, ,, ..., ,inV such
that{ ,, ,...., ., 1, » -+ | IS @aK-basis ofV (Theorem 42.14). Here
k 1andm+k=dimV.Weclaimthat{, +W, ,+W, ...,  +W}is a
K-basis ofV/W. This will imply k = dim /W, hencedim,V = m + k =
dim W +dim V/W.

To establish our claim, we notiest that | +W, ,+W,..., , +W are
K-linearly independent vectors \fYW. Indeed, if ,, ,, ..., , are scalars
such that
1( 1+\/\/)+ 2( 2+\/\/)+---+ k( k+\/\/):0+vv,

then 11t 22t ik WESC 4 o )

117 22Tt kT 12t 2 2V
where ,, ,, ...,  are appropriate scalarsknThen

117 22" T kk 11 227 mm-0
and linearly independence of, ..., ., ; 5 ..., implies that
1= o= = k:O.Thusl+V\l, 2+VV,..., k+WinV/Ware linearly

independent ovet.
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Secondly, these vectors spe\W. To seethis, let us take an arbitrary

vector +Win VV/W, where V. Then

= -+ +

kkt 1 127 2 2% m m

117 227"

where . are scalars, and thus

T2k 2
TW=(1 1% ooF 0 kPt 1T 2ot t g D TW
= l( 1+\/\/)+ 2( 2+\/\l)+---+ k( k+\/\/)
+ 1( 1+V\/)+ 2( 2+\/\/)+---+ m( m+V\/)
= (1t W (W (W)
SCLtWo o ¥ Wi+ W)
/W,
henceV/W=s ( ;+W, ,+W, ..., | +W). This proves that
{ ,tW, ,+W, ..., [ +W}is a basis ofV/W overK. As we remarked

above, this givedim, V = dim W + dim V/W.

We deduce important corollaries from Theorem 42.19.

42.20 Theorem:Let V be a vector space over a fiseddLet WU be
finite dimensional subspaces of Y hen W+ U is a finite dimensional

subspace of V and in fact
dim (W+U) =dimW+dimU dim (W U).

Proof: If{ ,, , ..., J}isaK-basis ofWand { , ,, ..., ,} is aK-basis
of U, thenw+U ={ + V. W, U} is clearly spanned by the
finteset{ ,, _, ..., ., 1, » -+, | henceW + U is finite dimensional
(Theorem42.9).From W + U/U W /W U (Theorem 41.16), we
obtain then dim/(W+U) dimU =dim (W + u/u)

= dim (W /W U)
=dimW dim (W U).

42.21 Theorem:.Let V be a vector space over a field K and Ibe aK-
linear transformation from Mf V is finite dimensionathen

dirq(Ker + dir‘rklm = dirq(v.
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Proof: Theorem 41.13 tells \&/Ker Im and Theorem 42.19 gives
dimV dimKer =dim/Im

42.22 Theorem:Let VU be vector spaces over a field K and let
'V U be aK-linear mapping Suppose that V and U have the same
finite dimensionThen the following statements are equivalent

(1) is one-to-one
(2) is onta
(3) IS a vector space isomorphism
Proof: (1) (2) If is one-to-one, theKker ={0}, so dimKer =0

anddirrklm :dirrkKer + dirrklm = dirrkv = dirrkU. Thuslm is a
subspace of) with dim Im =dimU, and Lemmat2.15(2) gives then
Im =U. Hence is onto.

(2) (1) If is onto, thenm =U,sodim/Im =dimU and dimKer
=dimV dimIm =dimU dimU = 0. ThusKer = {0} and s
one-to-one.

Hence any one of (1),(2) implidlse other, and these together imply (3).
Conversely, if is an isomorphism, then of courseis one-to-one and
onto. Thus (3) implies both (1) and (2).

We close this paragraphith a brief discussion of infinite dimensional
vector spaces. Do infinite dimensional vector spaces have bases?
Theorem 42.9, we know that such a vector space cannot be sparaned by
finite set. But ifB is aspanning set, necessarily infinite, the argument of
Theorem 42.9 doasot work. To prove the existence of bases of infinite
dimensional vector spaces, we have to resortmore sophisticated
means.

It is in fact true that every vector space has a bastsa proof is given
in the appendix. The proof of this statement for infirdienensional
vector spaces requires a fundamental tool known as demrsa. This
lemma can be used in a variety otiations to establistihe existence of
certain objects.
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The existence of bases having been assured by Zorn's lemenmajght
ask whether any two bases have the same cardinality. ahbBever
turned outto be "yes" in the finite dimensional case (Theorem 42.11),
and this was proved by using Steineplacement theorem. The proof
of Steinitz' replacement theorem does not extend tinfimte dimen
sional case. Neverthelegheorems of set theory can be employed to
show that two bases of a vector space hHheesame cardinal number.
Thus renders it possible to define the dimensica wéctor space as the
cardinality of a basis. Hence itp®ssible to distinguish between various
types of infinities. This is much finer th&refinition 42.12, by which in
finite dimensionality is merely a crude negation of finite dimensionality.

Theorem 42.14which states that any linearly independent subset can
be extended to a basis, is true in the infinite dimensional waselhe
proof makes use of Zorn's lemma.

Lemma 42.15(1) remainglid also in the infinite dimensional case,

the sense that a basis of a subspace has a cardinal number leass than
equal to the cardinality of basisof the whole space. Lemma 42.15(2),
however, is not necessarily true fofinite dimensional vector spaces: a
proper subspacenay have the same dimension as the whole space
(think of and as -vector spaces).

Lemma 42.16 and its proof works in the infinite dimensional case.

Lemma 42.19 and its proof works in the infinite dimensional garse,
vided we refer tothe generalization of Theorem 42.14 at the
appropriate place.

Generally speaking, infinite dimensionadctor spaces are wild objects.
To render themmore manageable, one equips them with some- addi
tional structure, perhaps with a topological or analytic one.

Exercises

1. LetV be a vector space over a fidddand letW be a subspaasf V.
Show that there is a subspatcef V such thatv =W+ U and
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W U ={0}. (Uis called adirect complement of W

V=W U and callV thedirect sum of W and .y

2.

3.

5.

6.

7.

Is {(1,1,1), (1,1,0), (1,0,0)} an -basis of 3?

Is {(1.26,), 00.1,), (21,0,) a ,-basis of 3?

. Find an -basis of

(f C2(0.1]): F (%) 7F(X) + 12(x) = O for allx [0,1]}.
Find all -linear mappings from 4 onto °.

. 3 2
Find all 2—bases of > and 3-bases of 3

Showthat the vectors (1,2,1), (0,2,0), (1P, and also the vectors

(1,1,0), (1,0,1), (1,1,1) in 3 are linearly independent over

8.

Letf (X) = sinkxfor x [0,1] (k = 1,2,3,...). Prove that the functions

{f..f,f,,...}in C ([0,1]) are linearly independent over

123
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