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Linear Transformations and Matrices

In this paragraph, we learn to construct a new vector space from two
givenvector space¥,W, namely the vector space of linear transforma
tions fromV into W. We introducematrices and study the relationship
between linear transformations and matrices.

SupposeV and W are vector spaces over a fiekd We denote by
L. (VW) the set of allK-linear mappings fromV into W. This set

L (VW) is not empty, for at least the mappieg> W is aK-linear

v— 0
transformation irL, (V,W). We want to define an addition aadmulti-

plication by scalars ob, (V,W) and make&., (V,W) into aK-vector space.

LetTS € L, (V,W). How shall we defin& + S? Well, the onlynatural way
to defineT + S is to putT +S) = ¢vT + S for all v € V (pointwiseaddr

tion). What about multiplication by scalars? Given K andT € L(V,W),

the mappingxT had better mearfirst multiply by «, then applyT, so
that {«T) := (V)T (or, first applyT, then multiply bya, so thatiaT) =

o(vT), but this is the same definition as before).

43.1 Theorem:Let VW be vector spaces over a fieldandlet L, (VW)
be theset of all K-linear transformations from V into. Wor any TS in
L.(VW) and for anyx in K, we write

AT +S) =vT + 715, HoT) = (V)T (ve V).

Under this addition and multiplication by scalats (VW) is a vector
space over K

Proof: We show first that (VW) is an abelian group under addition.

() LetTSe L, (VW). Then @v; +Bv,)(T +9)
= (avy +B,)T + (av; +BW,)S
= a(r,T) + B(5LT) + a(7S) + B(7,5)
= a(7T) + (7 S) + B(,T) +B(7,S)
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a(r, T+ 7S + BT+ 7,5

(7 (T +9)) +B(vy(T +9))

for all a,p € Kandv,v, € V. ThusT + S is K-linear andT +S € L (V,W).

ThereforeL (VW) is closed under addition.

(i) Let T,SR be arbitrary elements af (V,W). Then
=T +S)+R) = (T+9S) + R = (VT +15) + IR
=9 T+ (8+mWR) =v+HUS+R) =T+ (S+R))
for all ve V; hence T+95) + R=T + (S+R). Thus addition irL (VW) is

associative.

(i) Let O*: V — W. Then v, +pr,)0* =0 =00 +p0O
¥— 0
= (7, 0%) + B(»,0%) for all ,p € K, v,7, € V and O0* is inL (V,W). From

AT + 0%) =¢vT +10* = 9T + 0 =vT (re V),
we obtainT + 0* =T for anyT € L (V,W). Thus 0* is a right identity.

(iv) Any T € L (VW) has an opposite L (V,W), namely the
mappingS: V—- W. Indeed
y— —(vT)
AT +S) = vT + 18 =9T + (-(¥T)) = 0 =O*
for all e V, soT +S = 0*. Are we done? No! We should check thas in
fact inL(V,W), but this easy:
@ +B)S =~ ((avy +BW)T)
= (~(avy +BR))T (Lemma
41.5(2)
=((- ar) + BT
(a(-7) + BT
= a(C-7)T+B(-m)T
= o= (M) +B(- (1)
= (7 S) + B(7,5)
for all a,p € Kandv,v, € V. ThusSis inL (VW) andSis a right inverse
of T.

(V) Finally, T+S=5+T for anyT,S € L (V,W), because

UT+S) =¢vT+1I5=15+vT =HS+T)
for all ve V. HenceL  (V,W) is a commutative group under addition.
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Now the properties of multiplication by scalars. First we note dhat
in L(VW) whenevewr € K andT € L, (V,W), because

(7 + ) (o) = (a(vy + )T = (avy + av,)T
= (@7)T + (xr,) T = 7, (aT) + 7,(aT)
for all V.V, € V, so thaixT is additive and

(BV(aT) = (aBM)T = ((B)NT = ((Bo)N)T = ((B(xM))T = B((axW)T) = B(AHxT))
for all B € K, v€ V, so thatT is homogeneous. SA belongs td-, (V,W).
(1) «(T+S) =aT +aS for allx € KandT,S € L, (V,W) since
Ha(T +9)) = (@)(T +S) = (@VT + (@NS = HaT) + HaS) = HoT + aS)
for anyve V.
(2) (@ +P)T =T+ BT for all o,p € KandT € L, (V,W) since

H(a+B)T) =((ax + BT = (av+BAT
= (@N)T+ AT = A(aT) + H{BT) = AT +BT)

for anyve V.

(3) @B)T=a(pT) for all «,p € K andT € L, (V,W) since
H(@B)T) = ((@B)NT = (BT = (B(aW)T = (@W(BT) = {(BT))
for anyve V.
(4) IT=Tfor all T € L (VW) since
A1) = (T =WT=+T

for anyve V.

ThusL (VW) is aK-vector space. O

Let us assumpeow thatV is ann-dimensionakK-vector spaceandW is
an m-dimensionaK-vector spacen(m € N). LetB ={v,7%,, ..., } be aK-
basis ofV andB’ = {w,w,, ..., } be aK-basis ofW. Then, for any linear
transformationt in L (V,W), we have

PIT =0 ) Yo, t e oy 7

111 122 Im  m
= [ *
5T =0, + o, + + o5 P ™)
tfnT = o o, t +o
wherea ;¢ ..., o, are scalars iK. The arrangement of the scalars in

(*) deserves a name.
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43.2 Definition: LetK be a field anaghm € N. An n by mmatrix over K
is an array

11 12 im
2 % %om
nlO(n2 O(n”n

(1)

of nmelementsy,,a, ..., «,, Of K, arranged im rows andm columns,
and enclosewithin parenthesesThe set of alh by m matrices oveK
will be denoted bMat_ _(K).

Sometimes we writeri'><m'" instead of h by m". The horizontal lines
%1 %27+ %m
(2)

of a matrix ovelK are called theows of that matrix.More specifically,
(2) is thei-th row of the matrix (1). The vertical lines

3)

of a matrix over K are called thecolumns of that matrix. More
specifically, (3) is the¢-th columnof the matrix (1). The elememq;j is at

the place where theth row andhe j-th column meet. The first indax
refers tothe row, the second indgxrefers to the column. Aso, in the
expression i by m', the first numbem specifies the number of rows,

the second numban specifies the number aolumns of the matrix.
The elemenns(ij are called thentriesof the matrix (1). When = m, the

matrix (1) is said to be sguarematrix. The set of all square matrices
with n rows (orn columns) oveK will be denoted byMat_(K) (instead

of Matnxn(K)).
We will usually abbreviate the matrix (1) axﬁ)(

Two matrices ((ij) € Mat_ _(K) and Gij) € Mat . (K) are declared to be
equalif n=n", Mm=m’ ando<ij = ﬁij foralli=1,2,....n;] =1,2,....m. Thus

two matrices are equal if and only they have the same number of
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rows and columns, and have g@mme elements at corresponding places.
We write then (ﬁij) = (Bij). Otherwise, we puhﬁ) Z (Bij).

We now makeMat_ _(K) into a vector space ovkr

43.3 Definition: LetK be a fielda € K and letAB € Mat_ _(K), sayA =
(o<ij), B= (ﬁij). We write

A+B=C, Cbeingthe matrixyﬁ) in Mat_ _(K), Whereyij = o+ Bij,
and «A=E, Ebeing the matrix[Kij) in Mat_ _(K), where[EiJ. = o
In other Words,c(ij) + (ﬁij) = (O‘ij + Bij) anda(aij) = (o<o<ij).

43.4 Theorem:Let K be a field Under the addition and multiplication
by scalars of Definitiod3.3,the set Mat _(K) is a vector space over.K

Proof: First we check thaWat _(K) is an abelian group under addition.

(i) For anyA = (o<ij), B = (Bij) in Mat_ (K), we haveA +B
= (o<ij + Bij) and eachxij + Bij is an element ok, becaus« is closed under
addition ( = 1,2,...,n;j = 1,2,...,m). HenceA + B € Mat _(K) and
Mat_ (K) is closed under addition.

(i) For anyA = (o<ij), B = (Bij), C= (yij) in Mat_ _(K), there holds
(A+B) +C = ((og) + (B)) + () = (o +B,) + 0) = (o + B) +%)

and addition irMat_ (K) is associative.

(i) Let O be then by m matrix whose entries are all equal to

the zero element &f ThusO= ). wheref; = 0¢€ K for allij. Then
A+0= (O(ij) + (C”) = (O(ij + C”) = (O(ij + 0) = (O(“) =A

for anyA = (o)) € Mat__(K). So0 € Mat__(K) andO is a right identity of
Mat_ _(K).

(iv) For anyA = (o<ij) € Mat_ _(K), letB = (—o<ij) € Mat _(K).
ThenA +B = (o) + (o) :(aij + (—aij)) =0. Hence everglementA = (og) in
Mat_ _(K) has an inversec(ij) in Mat_ _(K).

(v) For allA = (aij), B = (Bij) € Mat__(K), we have
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A+B= () + B) = (o +B) = B + ) = B) + (o) =B+ A
and addition oMat_ _(K) is commutative.

This proves thaMat_ _(K) is an abelian group undeddition. Now the
properties of multiplicatioby scalars. For any,p € K andA = (o<ij), B =
(Bij) € Mat_ _(K), we have

(D x(A+B) = O(((O(ij) + (ﬁij)) = alog + By = (O((O(ij + ﬁij))
= (oo + oBy) = (aog)+ (aBy)
= O((O(ij) + O((ﬁij) = A+ B,

(@2 @+B)A = (@ +B)(oy) = ((a+B)oy) = (xoy, + Boy)
= (ag) + (Bay) = o(og) + Bog) = aA +BA,

(3) (O(B)A = (O(B)(O(”) = ((O(ﬁ)O(”) = (O((ﬁO(”)) = O((B(Xij)
= o(B(og))= o(BAY,
() 1A = 1) = (o) = () =A
ThusMat_ _(K) is a vector space ovEr O

A convenienK-basis ofMat _(K) is described in the next lemma.

43.5 Lemma:Let E”. be thematrix in Mat _(K) all of whose entries are
0, except for the single entry in the i-th rgwwh column whichentry is
the identity elemerdf K Then the nm matriceEﬁ (whére i=1,2,...,n;
j=1,2,....m) forma K-basis of Mat_(K). In particular, dim (Mat__(K))
is equal to nm

Proof: The matricesEIj spanMat_ _(K) over K because any = (O‘ij) in
Mat_ _(K) can be written ast&alinear combination

A= (ay) :; %5
of them. Moreover, matrice’ElsJ are linearly independent ovg&r for if o

are scalars such that
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then (o) = 0]
ando<ij = O for alli,j. Therefore E“.: i=1,2,....n;j=1,2,... m} is a K-basis
of Mat_ _(K). In particulardim (Mat__(K)) =nm m|

We relateL (VW) to Mat_ _(K). Thisrelation is implicit in (*). We state
this relationas a definition and prove that (VW) and Mat _(K) are
isomorphicK-vector spaces.

43.6Definition: LetV be am-dimensional andfV be anm-dimension
al vector space ovex field K, wherenm € N. LetB = {v,%,, ...,»} be a
K-basis ofV andB’ = {w,m,, ...,w } be aK-basis ofW.
LetT be aK-linear transformation ih, (V,W) and let

vT = _2 o5 7 (i=1,2,...,n), ™)

J:

whereo<ij € K.
The n xm matrix (o<ij) overK will be called thematrix associated with T

(relative to the bases B amld), and will be written I\g,(T).

In the followingdiscussion, the bases will be fixed and we simply write
M(T) instead of I\@(T). Therole of the bases will be discused at the end

of this paragraph.

43.7 Theorem:LetV be an n-dimensional and/ be an m-dimensional
vector space over a field, vherenm € N. Thén for any TS € L (VW)
andax € K, we have .

M(T +S) = M(T) + M(S) and M(aT) = «M(T)
(all associated matrices are taken relative to the same gabases).

In other wordsM: L, (VW) — Mat_ _(K) is a K-linear transformation

Proof: LetB ={r,,¥%,, ..., } be theK-basis ofV and B = {wy,w,, ... W}
be theK-basis oW relative_ to which the associated matrices are taken,
so thatM(T) = (o<ij) and M) = (ﬁij), where
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Thenv(T+S) =vT+rS= f i BIJW. = f (o<Ij

IJ

and therefore M+ S) = (O‘ij ij) = ( ij) (6”.) =M(T) + M(S). Also

RO = @T=a(N =a 3 am= )
j=1 =1

and therefore MY(T) = (o<o<ij) = o<(o<ij) = a«M(T). O

43.8 Theorem:LetV be an n-dimensional and/ be an m-dimensional
vector space over feeld K, where nm € N. ThenL (VW) is isomorphic
to Mat, _(K) (as K-vector spacégsn particular, dim.L, (V,W) = nm

Proof: We know that M:L, (VW) — Mat__(K) (in the notation of Theo

rem 43.7) is a vector space homomorphism. We will pthae M is in
fact an isomorphism.

We prove that M isone-to-one and onto. Lelyin be any matrix in
at, _(K). We want to find ar in L (V,W) such that M() = (yij). Such a
K-linear transformatiol should satisfy

nT= i %7
=1

and (21 %) T= zl a(nT) = 21 2 2 i %)

for any vectow=o, v, +o,¥, + -+ + o v in V. Thus there is ahost oneT
in L, (VW) with M(T) = (yij). Hence M is one-to-one.

With the hindsight gained from tledain of equations aboveyiven any
(yij) in Mat_ _(K), wedefinea functionT: V — W by

(i o )T = Z (zla

Then, for any,p € K andv= S oV, V = S B, €V, we have

p [ .
=1 i=1

ot BAT (a3 g + B3 85)T=(3 ooy + 6T
i= i=1 i=1
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i ng (igl (cxog =+ B )Y - i (O(SO(YIJ 625%;)
O(ng (iglo(iyii) " 6J21 (iZlBiVij) w = o(vT) + B(VT)

andT isK-linear. ThusT € L (V,W). When we puty = 1 andg = O for
0

I Zi o Wwe obtain ViOT: _2 Vioj”f’ (iO =1,2,...

,n)

so M(T) = yij). Thus every;ﬁ) € Mat__(K) is the image, under M, of at
least onel € L (V,W) and so M is onto. Consequently M is a vesioace
isomorphism:L (VW) = Mat__(K). From Theorem 42.1&nd Lemma
43.5, we gedim L, (VW) =dim Mat_ _(K) =nm O

Now letU be a vector space over the figldwvith dim U =k € N, and let
= {Ul,UZ,. .. ,sz} be a basis ol overK. If T: V— W andS: W— U areK-
linear transformations, whose associated matrigetative to thekK-
bases8 ={v, Vo ...,Vn}, B’ :{Wl, w,, Wm} of V andW, and relative tahe
K-basesB’, B”" of W andU] are @(ij) € Mat_ _(K) and (3“) € Mat_, (K), so

that
ViT:jglo(ijo, WT i l| a,

thenTS V — U is aK-linear transformation (Theorem 41.7) and

=19 =05= (5 oy)s= § o079
i=
) 121 % |21 ﬁjla‘ B Igl (ng i jl)al

so that the matrix associated wit8[relative to thek-baseB,B""] is the

n <k matrix whose-th row, |-th column entry isi O(ijﬁjl' This leadsaus to
j=1

the following definition.
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43.9 Definition: Let A = (o<ij) be am xm matrix and leB = (ﬁij) be an

m > Kk matrix, with entries from a field. Then theproduct ofA and B

denoted byAB, is then xk matrix @ij) overk, whereyij = i ;B Stated
=1

otherwise (aij)(ﬁij) = (g o<ijﬁ“)
=1

Before studying the properties this matrix multiplication, we summma
rize the discussion preceding Definitid3.9. Although matrix multiph
cation is defined in such a way as to makeue, the following theorem
is by no means obvious (cf. Remark 43.18).

43.10Theorem: Let VWU be vector spaces over a fisddof nonzero

finite dimensions mk, respectivelylLet B B, B be fixed K-basesf
VWU, respectively If, relative to these base$ ¢ L, (VW) has the

associated matrix fand Se L, (WU) has theassociated matrix (then
TSe L, (V,\U) has the associated matrix AEquivalently

M(TS = M(T)M(S). =

The product of am x m matrix by anm x k matrix is ann x k matrix.
Notice that the number of columnsArhas to be equal to timeimber of
rows inB in orderAB to make sens&.he product of am x m matrix by
anm x k matrix isnotdefined unlesen=m’.

Matrix multiplication is associative wheneviris possible. That is to
say, AB)C = A(BC) for any matricesAB,C with entries froma field K,
provided the sizes ofAB,C are such that thproducts AB and BC are
defined (then AB)C and A(BC) are defined, too). Morprecisely, ifA is
annx m matrix, B is anm x k matrix andC is ank x s matrix, then the
two n X s matrices AB)C, A(BC) are equal. To prove this, las putA =
(aij), B= (ﬁjl), C=(), wherei =1,2,...n;j=12,...mr=12,..s Then

AB=E= (), wherel, = i ociijl
=1
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BC=F= ((I)Jr)’ whered;Jr = i leylr
I=1

and from (AB)C = EC =( 21 Eir )
=(5, G ) = (5, 5 o)
w60 =7 = (8 68) (3 o (5 5))
-( ng 21 oy Bnn)) =( .Z JZ (B
-( Z J_Z (B,

we conclude thatAB)C = A(BO).

However, there is no hoper commutativity. For one thing, the product
BA need not be defined even if the prodaBt happens to be defined.
For instance, ifA is a 2xXx 3 andB is a 3X 4 matrix, thenAB is a 2X 4
matrix, butBA is not even defined, let alone is equalA® But also in
cases where both produ@&8 andBA are defined, they will, generally
speakinghave diferent sizes, so they will fail to be equal on dimension
grounds. For instance, A is a 2x 3 matrix andB is a 3x 2 matrix, then
AB is a 2x 2 matrix andBA is a 3x 3 matrix andAB # BA, since a X 2
matrix cannot be equab a 3x 3 matrix. Even if both AB and BA are
defined and have the same size (this occurs only in Aased B are
square matrices with the same numbeaowfs), it usually happens that

AB = BA. For example((])_ 8)(% 8) Z (é 8)(2 8)

Letl be the square matrix ov&rwith m rows, whose entries are all

equal to Oc K, except for those on the main diagonal, whichadirequal
to 1 € K (the main diagonal imny n x m matrix consists of the places
where the-th row and thé-th column intersectj € 1,2, ...,min{n,m})).

It is easily verified thaf\l = A for anyA € Mat_ _(K)." Likewisel A=A
for anyA € Mat_ _(K).

Let Omxk be them x k matrix overK all of whose entries are © K. One
checks easily thaaQ_, =0, andQ__A=0__ for anyA € Mat_ _(K).
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Multiplication of matricess distributive over addition. Indeed, for &l
= (O‘ij) € Mat_ (K) andB = (le), C= (yjl) € Mat_, (K), we have

AB+C) = () (B +y) = (2 o5(By + ¥)) = (2 (o + ogw))
i= i=

= (i Py i o) = (i o) + (i %% ) = AB+AC.
=1 j=1 =1 =1
In like manner, one provgB + C)A = BA + CA for all A € Mat_, (K) and
B,.C € Mat_ _(K).

One checks easily that, for alle K, A € Mat_ _(K),B € Mat_, (K)
(xA)B = (AB) = A(xB). (e)

On writing A = (o<ij), B = (ﬁjl), we get indeed

@A)B = (oay)(By) = (.Z (aog)B,) = (_Z a(o6))
1= 1=

- (O‘f o) = “(J.Z %B;) = «(AB)

=1

and

A(oB) = (o) (By) = (Z O‘ij(o‘ﬁjl)) = (Z O‘(O‘ijﬁjl))
= 1=

=(a 2 O(ijﬁjl) - O((ng O‘ijﬁu) = a(AB).

j:

Let us now considethe setMat (K) of square matrices over a fiekd
From Theorem 43.3, we know thitat (K) is anabelian group under
addition.The product of any twa X n matrices is am X n matrix. Since
the matrix multiplication is associativand distributive overnddition,
Mat (K) isa ring. We also know that‘l;lln =1 A=A for anyn x n matrix
A. Thus we proved

43.11 Theorem:Let K be a field and ne N._ Then under matrix
addition and matrix multiplicatiorMat_(K) is a ring with identityl .

O
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The counterpart of Theorem3.11 for linear transformations is also
valid.

43.12 Theorem:Let V be a vector spaawer a field K and let (V,V)

be the set of all K-linear mappings from V intd'Wen under thepoint

wise addition and composition of K-linear transformatidngV,V) is a
ring with identity The identity mapping V — V is the identityelement
of this ringL (V,V). [Notice that there is no hypothesis abdiut) V]

Proof: We must check the ring axioms. From Theorem 43.1, we know
that L (V,V) is an abeliargroup under additionAlso, (1) L (V\V) is
closed under the composition ohappings (Theorem 41.7), and (2)
composition of mappings(whether K-linear or not) is associative

(Theorem3.10), and (D) composition is distributive over addition: when
TSR are arbitrary elements bf (V,V), then

{T(S+R)) = ("M(S+R) =(("NS) + ("MMR) =((T9) +(ATR) = ATS+TR)

and A(S+R)T) =((S+R)T = (5 + R)T = (BT + (BR)T = AST) + {RT)
= ®ST+RT)

for all ve€ V, hencel(S+R) =TS+ TR and € + R)T = ST+ RT. SoL,(V,V)
is a ring. Finally, the identity mappingis clearlya K-linear transforma
tion, so} €L, (VV)and asl:=T=/ forall T € L (V,V), we conclude
thatL  (V,\V) is a ring with identity. O

43.13 Theorem:Let V be a vector space over a figldvith dim V = n,
where ne N. ThenL  (V,V) = Mat_(K) (ring isomorphism

Proof: We fix aK-basis ofV and use the mapping: L, (V,V) — Mat_(K)

of Theorem 43.7, so that NI is the associated matrix of thelinear
transformationTl € L (V,V)." By Theorem 43.8, Ms an isomorphism of

abelian groups (in fact gf&vector spaces, but we do not need this now)
and by Theorem 43.10, M preserwvagiltiplication as well. Hence M is a
ring isomorphism. O
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Let us recall that a unit in a ring witlkdentity is arelement of that ring
possessing a (unique) right invenssaich is also a left inverse. Whaite
the unitsof L, (V,V)? The units inL (V,V) are, by definition, thos&-
linear transformationd with the inverselr? in LK(V,V). The irnverseof
TinL, (V\V), whenever it exists, is L, (V,V) by Lemma 41.10(2). Thus
the units ofL (V,V) are theK-linear transformations im (V,V) which
are one-to-one and onto: the units &f(V,V) are the vector space
isomorphisms fronV ontoV. The set of all isomorphisms frowhonto VV
will be denoted byGL(V). This is a group under theomposition of
mappings, called thgeneral linear group of .\./Thus.LK(V,\/)X = GL(V).

The unitsin Mat_(K) are the invertible matrices, that is to say, matrices
A in Mat_(K) for which anA™ € Mat _(K) exists such thaaA™'=1_= A7A
These are the matrices associat@ti isomorphisms fronV ontoV. In

the next paragraphwe will give a necessary and sufficieondition for

a matrix to be invertible (Theorem4.20). The set of all invertible
matrices irMat_(K) will be denoted b¥sL(n,K). This is a group undé¢he
multiplication of matrices,called thegeneral linear group of degree
over K Thus Matn(K)x = GL(n,K). When V is an n-dimensional vector
space ovek, the grousL(V) is isomorphic to the grouplL(n,K).

We return to the more general casd pfV,W) and Mat_ (K). Suppose
again thatV and W are K-vector spaces oK-dimensionsn and m,
respectively, wheram e N. Let B = {v,,%,, ..., v} and B* = {7},%, ..., ”}
beK-bases oV and leB” = {w,,w,, ..., n. } andB™* ={ w},w%, ...,w*} be K-
bases ofW. With eachK-linear transformationT: V — W, there is
associated a matrix ng) relative tothe base®f andB’, and a matrix
MEZ.(T) relative to the base®* and B'*. We want to studythe

relationship between §AT) and M (T).

We recall that Nj(T) = (og) and MEL(T) = ®,). where

WT=) ow  and nT=Y B, . (= 1.2,. ..
n)

We introduce transitiomatrices which describe the change of bases.
Writing
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Vi:i Yk (=12...
=1

,n)
we obtain a matrixy,) in Mat_(K), called thetransition matrix from the

K-basis B to the K-basis*Bf V. Of course, ) = M2.(), where: is the

identity mapping orv. We have the schema

z z mappings
v — V TV vector spaces
B . B B* bases
ME()  ME() matrices

Now the compositionr is the identity mapping Relative tahe base8*
andB*, the matrix associated withis theidentity matrix| . This matrix

is also equato ME()MS.() by Theorem 43.10: Ki()MZ.() = 1. Thus
the transition matrix fromB to B* is the inverse of the transition matrix
from B* to B.

4 4
v — Vv \V4 - VvV
B B* B* B
Mg. () ME@ =ME())?

43.14 Theorem:With the foregoingiotation let P be the transition
matrix from B tdB*, and let Q be the transition matrix from ® B*. If
T: V— W is any K-linear mappinghen the matrice®2.(T) andMJ(T)

are connected b2, (T) =P*'ME(T)Q.

Proof: We have the following schema

T
vV — W
B 5 B’
ME(T)
TheK-linear transformationl can be desribed also as follows.
lV T ZW
v — VvV - W - wW
B* B B’ B*

MZ(a) Mg ME(4)
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Now MZ(4) = ME(y )1 =Pt and ME,(4,) = Q. By Theorem 43.10, the
matrix associated witff relative to the baseB* and B™* is P™MZ(T)Q.
Hence MJ,(T) =PMZ(T)Q.

4, T W
-V 7 W-=
B B’

™~

VvV
B* B*

Pl ME(M Q

43.15 Theorem:.Let V be an n-dimensional vector space aé&eld K
B and B be K-bases of \and let P be the transition matrix froBnto B
Suppose Ts any K-linear mapping from V into. f M(T) is the matrix
associated with T relative to the bases B andald if M*(T) is the
matrix associated with T relative to the baBésnd B, then

M*(T) = PM(T)P.
Proof: This is a special case of Theorem 43.14. Using the diagram
z T
vV 7V —
B

/
V— Vv
B* B

B*
P oMM P
the proof follows immediately from Theorem 43.10. O

43.16 Definition: Let K be a field and leA = (aij) be ann X m matrix
with entries fronK. Then than x n matrix (Bij), Whereﬁij = o forallij, is

called thetranspose of Aand is writterAl.

HenceA! is obtained fromA by changing rows to columns andlumns

012, P17

to rows. For instance, theanspose 0(1 3 5) is C1 37 1t follows from

2 =

the definition thatAY)! = A for any matrixA.

43.17 Lemma:Let K be a field and let B € Mat__(K), C € Mat_, (K),
o € K. Then
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(A +B)t = At + Bt (At = a(AY), (AO) =CtAt,

Proof: LetA = (o), B = (8 andC = (), wherei =1,2,....n;j = 1,2,....m
andl = 1,2,... k Let us putAl= (5, B'= 6. ct= () andoA = (). Then
o<;j = G ﬁ;j = ﬁ]i” yfj =¥ anddllj = ao for alli,j. So
A+B)" = ((og) + B)' = (o5 +BY"
= matrix whose-th row,j-th column entry i$<ji + ﬁji
= (matrix whose-th row,j-th column entry i$xji)
+ (matrix whose-th row,j-th column entry i$ji)

= (o) + (§) = A"+ B,

A= (d)ij)t = matrix whosé-th row,j-th column entry ig,
= matrix whose-th row,j-th column entry i$<o<ji
= a(matrix whose-th row,j-th column entry i$<ji)

= o<(o<;j ) = oAl

@O = matrix whoseé-th row,i-th column entry is theth
row, |-th column entry irAC

= matrix whosé-th row,i-th column entry isfaijyjl
]

= matrix whosée-th row,i-th column entry isiyjlaij
i

= matrix whose-th row,i-th column entry isiy;ja;j
i

(matrix whosd-th row, j-th column entryis y;j)times
(matrix whosg-th row,i-th column entry isqj)

= (%)(a;) = C'AL o

43.18 Remark: The results inthis paragraph are very natural. All
operations discussed here are natural, and the vector spacemsrad
this paragraph arigeaturally. Another natural item is the isomorphism
in Theorem 43.10.

There is,however, a subtle point here. Theorem 43.10 is true only
becauseve write the functions on the right of the elements on which
they act! If we had written them on the leiheorem 43.10 would read:
M(TS = M(S)M(T). Of course this is not as goad MTS = M(T)M(S). For
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this reason, people wharite functions on the left define the associated
matrices differently. IfT € L (VW) and »T = i“ij”ﬁ as in Definition
=1
43.6, they define the matrix associateth T (relative to the fixedK-
bases §,,v,, ...,v} of V and {w,,w,, ...,w_} of W) to be (xij)t. Thus their
M(T) is our M(M!, and
their M(TS = their M(firstS, thenT) = our M(firstS, thenT)! = our
M(ST)' = our(M(S)M(T))! = our M(MM(S)! = their M(MM(S)
so that Theorem 43.10 is true in their notation, too. In sooo&s, the
forming of the transpose is included in the notation for the associated
matrix. More clearly, some people write

KT= Y
=1

and define the matrixassociated withT to be (xji). Then M{TS
M(T)M(S) as before, but the equations above are not very sensibcbﬁ, for
depends primarily onand secondarily on so the indicesccupy wrong
places. In our notation, there is no need for the artiftcaaispositions,
nor do we write the indices in the wrong order.

Exercises
1. ComputeA + B andAB when
0134 7 1-3
4 -2 O 3-4H.
A—i 1030 J'E o2 in Mat,(R),
1-1 2 -2 1
and when
324 251
42 1 3 3 6 .
A = Z § I B = é I Z N Mat4(Z7).
461 450

2. LetK be a field andAB ¢ Mat_(K) with AB=BA. Prove thatA + B)? =

AZ + 2AB + B? and @ + B)(A - B) = A? - B2. Show that these equations
need not hold iAB z BA

3. EvaluateA A2 A3, ..., whereA is given by
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11
O 1 1 o1
A= % o éLEandby A = OO . Generalize to square matricesnof
O OO
rows.

4. EvaluateA A2 A3, ..., whereA is given by

10
A= 1 1Uand byA = o1 . Generalize to square matriaasn
© OO
rows.

4. Thetrace of a matrixA = (o<ij) € Mat _(K) is defined to be the sum of
the entries on the main diagonalAfdenoted byr(A), so thattr(A) =

0y * 0y * ... +a . Prove thatr(A) = tr(A"), thattr(AB) = tr(BA) and that

tr(C'AC) = tr(A) for anyAB € Mat_(K), C € GL(nK).

6. LetV,W be vector spaces over a fieddet {¥:i € I} be aK-basis ofV
and letT,S € L, (V,W). Prove thall =S if and only ifvT = »S for alli € I.

7. LetV be a vector space over a fi&dwith dim VvV =n € N. Prove that
GL(V) is isomorphic tdasL(Nn,K).

8. Lete: R® — R3 be theR-linear mapping for whiclr,e = (1,0,2),z,¢ =
(0,1,1), zgp = (1,0,1), where, as usuak, = (1,0,0), #, = (0,1,0), &; =
(0,0,1). We puty; = (-1,1,0), %, = (1,2,3),%, = (0,1,2). LetB = {z, @, az},
andB* = { v,,%,,7,}. Show thatB* is an R-basis ofR3 and find the matrix

of theR-linear transformation relative to the bases (B)andB; (b) B
andB*; (c) B* andB; (d) B* and B*.

539



