844
Determinants

With each (square) matrix over a fiddld we associate amlement ofK,
called the determinant of the matrix. In this paragraphstuedy the
properties of determinants.

Determinants arise in many contex#sr example, ifa ,a,,b,,b, elements

of a fieldK and if the equations
a,x+tay=0
bx+by=0
hold, then §,b, - a,b,)x = (a,b, -a b))y = 0. In§17, we calledy,b, - a,b,

a
the determinant of the matr )E)l (:)2)
12

Now leta,b,.c, c,c; be further elements &f If

ayxtay+taz =0

bx+by+b;z =0

c,xtcytc,z =0,
then, multiplying the first equation Hyc, - b,c,, the second bwc, -
a,C;, the third bya b, - ajb, and adding them, we gex = O, where

D =a,b,c; - a,bsc, +a5b, ¢, - a,b,cy +a,b,e, - azb,c,.

One obtains alsby = O andDz = 0. HereD is a sum of 6 = 3! terrwsaibjck,

— . . _ 5(1 2 3)
where {,,k} = {1,2,3} and the sign oﬁibjck is + or- according a ik

is an even or odd permutation3n

Similarly, when we try to eliminatey,zu from the equations
a,xtay+taz+au=0
bx+by+bz+b,u=0
c,X+cy+cgz+c,u =0
dx+dy+d;z+d,u=0,
we getD'x =Dy =Dz=Du = 0, whereD is a sum of 24 = 4! terms
¢aib]ckd|, where {,jkl} = {1,2,3,4} and the signof aibjckdI is + or -

: 1234, . :
according as(i i K |) is an even or odd permutationgn
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This pattern continues. The expressions we get inwviag are called
determinants. On changirg to «;, b to «,, ¢ to «; etc., the formal
definition reads as follows.

3’

44 .1 Definition: LetK be a field and

1 %2 - 1n
_ % % - %on

A= T T T (o)
O(nl O(nz e O(m

be ann x n square matrix with entries frokh Then the element

Z E(G)O(l,lCFO(Z,Zj' Y

OESn
of K is called thaleterminant of the matrix.At will be denoted as
O(J_‘I_ 0(12 e O(ln
04 e
det A ordetiA), or | & Y22 Y| or .
O(nl O(n2 . O(m

Hencedet Ais a sum oh! terms These summands are obtained filoen
productx .o, of the entries in thmain diagonal by permuting the

]10(22..
second indices in all th& ways and attaching "+" or ™" sign according
as the permutation is even or odd. Eaghnmand, aside from its sign, is
the product ofn entries of the matrix, the entries beifrigm distinct
rows and distinct columns. The determinant can also be written

Z %1,16%, 25" %o Z *1,16% 25 - P,

OEA, 0ES\A,

no’

44.2 Remarks:(1) Determinants are defined for square matrarés.
Nonsquare matrices do not haveeterminant. Note that the determi
nant of the k1 matrix ) is equal tax € K.

(2) Definition 44.1 makesense wherK is merely a commutative ring.

The theory in this paragraph extends immediately to the case Witere
acommutative ring with identity. We will not need this general theory.
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We observe only: wheRiis a subring oK, and all entries ofA € Mat_(K)

are inR, thendet Ais in fact an element &f

Some fundamental properties of determinaanes collected in the next
lemmas.

44.3 Lemma:Let K be afield and Ae Mat (K). Then det A= det A

(The determinant does not change when rows are changed to columns.)

Proof: LetA = (aij) andAt = (Bij), so thab(ij = Bji for alli,j. Then

det A= ) E(0)a
0€S,
As ¢ runs througls , so does™. Hence

1,100(2,2j' t O(n,ncf

det A= Z [E(o_l)oﬁ,lg-laz,zyl'"O(n,ng-l'
0€S,

Using commutativityof multiplication in K, we reorder the factors in
each summand with regard to their second indices and get

det A= ) E(cHa

10,10(20,2' tr O(nc5,n'
O€S,

SinceE(s™) = E(o) for all s € S, (in casen = 2; if n = 1, there is nothing
to prove, for them\ = AY,

det A= ) [E(o)a
0€S,

= Z E(0)B) 1585 o5+ B 1o
OESn

=det A. m|

10,10(20,2' o O(ncr,n

44.4 Lemma: Let K be a field and\ € Mat _(K). If each element in a

particular row (columr) of Ais multiplied byy € K, then the determi
nant of the new matrix thus obtained is equaldet A
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Proof: In view of Lemma 44.3, it suffices to prove the stetement about
rows only. LetA = (aij). Assume that the elements of tkegh row are

multiplied byy. The new matrix isﬁg), Whereﬁij = oy fori z k and Bkj =
YOy Thus

I 6ij| z [E(c)ﬁl,:lg' o 6k, ko' " ﬁn,nc5

o€S,

Z [E(G)O(l,j_g' . (yak, o) % o

0€S,

y Z [E(c)o<1,16...O(k,kc...O(n,ncj
0€S,

= ylog- O

44.5 Lemma: Let K be a field and A Mat (K). Assume that each
elemenb<I<j in the k-th row of As a sumﬁI<j + Yy (each elemennth. in the
k-th column of A is a sur, + yik). Then det A is a sunof two
determinants det A=det B+det G .

where B respC is identical withA, except for the k-th rocolumr), in
which oy are replaced byﬁlq. resp. yy (o5 @re replaced by, resp v,).
Symbolically

%11 %2 %1n
Bt Boo B
O(nl O(nz ...... O(m
%11 %12 %1n %11 %2 *1n
_ Bldﬁieﬁkn ) Yldyle ...... Ykn
. O(nl O(nz ..... g m O(nl . O(nz ....... O;m
and
11 ﬁ]k + Y1k N
0 ﬁ2k + Yo o,
. . ﬁnk+ynk C .



%91 Bix %n %91 Yak %n
_ % B Yon| . | % Yoi %on
O(nl 6rk O(m O(nl Yrk O(m

Proof: The proofis shorter than the wording of the lemma. It will be
sufficient to prove the assertion involving rowsly, and this follows
from summing

[E(c)al,]g"'ak,ko"'an,no
= B0y 15+ Byoks * Yk Fno

= [E(o)(xl,]g. o S [E(o)(xl,]g. Ve ko % no
over allo € S, O

The last two lemmas mean that the determinantroftix is a linear
function of any one of its rows or columns.

44.6 Lemma:Let K be a fieldA € Mat (K) andy € K. Thendet (yA) =
yldet A

Proof: This follows from n successive applications of Lemma 44.4.
Altenatively, observe that, when we p# = (o<ij), each summand
E(o)(vay )(¥e, o) (yo, ) Of det(yA) isy" times a summand

[E(G)O‘l,loo‘z,zg- Y SN of det A and conversely. O

44.7 Lemma:Let Kbe a fieldand AB € Mat _(K). If B is obtained from

A by interchanging two row&olumng of A then det B= - det A (the
determinant changes sign when two rows (columns) are interchanged.)

Proof: We prove the statemeabout rows only. Assuma@a = (aij) and
B = (ﬁij), and assume thatis obtained fronA by interchanging thé&-th
andmth rows ofA so thatﬁij =a for alli,j withi # K, i # m and ﬁ'q. =«

ﬁm’ = 0y for allj. Then

rT]'l

det B= ) FE(0)B; 15 By i By - B o

0€S,
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As ¢ ranges oveg , so doesKm)o. Hence we have

det B= oezsh E((MO)B1 1 gemyor - Prokgkmyor * Prmcieryo - Brnckemyo

== 3 E@By 1B B By

o€S,

=- z [E(G)O(l,lc'"O(m,rnj"'O(k,kG"'O(n,nG
O€S,

=-det A O

44.8 Lemma:Let K be a fielcand AB € Mat _(K), n = 2.If B is obtained

from A by a permutation of therows (columng of A then det B=
E(r)det A

Proof: Let A = (o<ij) andB = (Bij). We give a proof of thassertion about
rows only. The hypothesis is tl’ﬁi:}t: % for somet in S. We writer as
a product of transpositions:

T=7T,.. 1 @7 ..., 7, are transpositions i8)

so thatE(7) = (-1)° by definition. We introduce matrices

A=A, AL A, ... A, A =B

where eacl\ is obtained fromA __, (r = 1,2,...,s) by interchanging two
rows:
Ab = (O(ij)’ Al = (O(i'rl,j)’ AZ = (O(iTsz,j)’ B AS—l = (O(iTlTZ"‘TS—l‘j)’ AS = (O(iTlTZ...TS_lTS,j)'
Then, using Lemma 44.7 repeatedly,
det B=detA_ =-det A, = (-1)°det A, = (-1)°det A ,
= ... = (-1)%det A =[E(r)det A O

44.9 Lemma:Let K be a fieldand A € Mat (K), n = 2. If two rows
(column3$ of A are identicalthen det A= 0.

Proof: One usually argueas follows. Interchanging the two identical
rows (columns), thelet A does not change. But it becomeslet A by
Lemma 44.7. Hencdet A= - det A Thus 2let A= 0. Oneconcludes from
this thatdet A= 0.
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This conclusion is justified wheme can divide by 2 i, that is to say,
if the multiplicative inverse o exists inK. Let us recall that 2 is an
abbreviation ofl, + 1, wherel_ is the identity oK. Since any nonzero
element oK has an inverse iR the conclusion is valid wheis afield

in whichl +1 = 0. If, howeverl +1 = 0 (as inZz), this argument
does not work.

We give an argument which works irrespective of whetherl =0 or
not. We prove the statement abooitvs only. Reordering the rows 6f
by a suitable permutation 8, we obtain a matriB in which the first

two rows are identical armdket B= E(r)det A Sincedet B= 0 if and only

if detA = 0, we may assume, without loss of generality, that the first
and second rows oA are identical. We provelet A= 0 under this
assump-tion.

. . %11 %12
Let A = (), with o, = o, for allj. If n = 2, therndet A= =
ij i 2 Gqq %qo
U110, = &0, = 0. Let us suppose naw= 3. Then
det A= ) *1,10%, 2%, %o T > % 15% 2% 3 % (1)

OEA, 0eES\A,
As o runs throughA , the permutation (12)runs througts \A_. Hence

the subtrahend % 15% %3 350+ %
0€S\A,

N (i) is equal to

Z %1,1225%2,2(125%3,3(22p - %n,n(22)
OEA,

Z %, 26%,16%3,3" * Fnne

OEA,
= z 05 159 2,05 55 - - & no(COMMutativity of multiplication)
ceA, ’ ’ '
= Z 4 15% 2593 35 % o (first two rows are identical),
oeA, ’ ’ '
which is the minuend in (i). Henaket A= 0. O

It will be convenient to identify thieth row

%jq Kz -+ i
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of a matrixA = (o<ij) € Mat (K), whereK is a field, with the vector

(049 Gip -+ %y
in K" =Mat, (K). Similarly, thej-th column

of A will be identified with the vector (matrix)
1
3

N
in Mat_ .(K). Thus it is meaningful to speakitfinear (in)dependenasf
rows and columns of a matrix. Likewise, aen add two rows (columns)
and multiply them by scalars.

44.10 Lemma:Let K be a field and\B € Mat (K), n = 2. Suppose that

B is obtained from A by multiplying a particular rq@olumr) of A by
somey € K and adding it to a different roicolumr) of A Then det B=-
det A (The determinant does not changleen we add a multiple of a
row (column) to another.)

Proof: We prove the assertiaabout rows only. Suppose that tkeh

row in A is multipliedby y € K and added to thenth row. Writing A =

(aij), B = (Bij), we haveﬁm. = Yoy + o and ﬁij = o fori 2 m. Lemma 44.5

givesdet B=det C+det AwhereC € Mat_(K) is identical withA except

for the m-th row, which isy times thek-th row of A. By Lemma 44.4,
det C= ydet D, whereD € Mat _(K) is identical withA except that the

m-th row ofD = thek-th row of A = thek-th row ofD. ThendetD = O by
Lemma 44.9 andet B=ydet D+ det A=det A |

44.11 Lemma:Let Kbe a field and Ac Mat (K). If every entry in a

particular row (columnp of A is equal t® < K, then det A= 0.
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Proof: LetA = (o<ij). Under the hypothesis of the lemma, each summand
E(0)oy 1505 55+ %o (@ € S) Of det Alis zero, for one of the factors is

zero. Hencalet A= 0. O

44.12 Lemma:Let K be dield and Ae Mat _(K). If the rows(column$

of A are linearly dependent over thken det A= 0.

Proof: Whenn = 1, A must be the matrix ((3ee Example 42.2(g)and

det A= 0.Assume nown = 2. We prove the assertion about rows only.
If the rows ofA areK-linearly dependent, then there @&(é,, ..., in K
such that

B,(1st row) +B,(2nd row) +... + B _(n-th row) = (0,0....,0)
and not all oiBl,Bz, By areequal to Oc K. Supposes, # 0. Thean has
an inverses, ' in K. We multiply thei-th row byp.f.* and add it to thé&-
th row; we do this forachi # k. Then we obtain a matriB whose
determinant is equal tdet Aby Lemma 44.10. On thether hand, the
k-th row of B consists entirely of zeroes adétB = O by Lema 44.11.

Hencedet A= 0. O

Now we want to discuss the calculation of determinalmtspractice,
determinants are almost never computed from the definition

Z [E(G)O‘l,loo‘z,zo' %o
GESn

Rather, a determinant of anx n matrix is expressed in terms tfe
determinants ofertain (-1) x (n-1) matrices, these in turn in terms of
the determinants of certaim-@) x (n-2) matrices and so on, untie
come to 2 2 matrices, whose determinants are evaluedadily. This
reductionprocess is known as the expansion of a determinant along (or
by) a row (column). To describe this process, we introduce a definition.

44.13 Definition: Let K be a field andA = (O‘ij) € Mat (K), with n = 2.
Let Mij be the Q-1) x (n-1) matrix obtained fronA by deleting the-th
row and thg-th column ofA, which intersect at the entlzyj of A. Then
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(-1)*idet M; is called theeofactor ofey in A. We writeA, for the cofactor
of %; in A

The following lemma justifies the terminology.

44.14 Lemma:Let K be a field and A (aij) € Mat (K), where n= 2.

Let km be fixed elements §f,2, ... n}. Collecting togethemrll terms
contain-inga,_ in

det A= ) [E(0)ay 1,05 p - &

o€,

we write

det A= + terms not containing,

HerChkm
Thec, having been defined uniquely in this wag claim

(1) ¢, = cofactor ofe, = A,
@) c .= A, foranym=1,2,....n,
) = Ay foranykm=1,2,....n.

Proof: (1) We have

det A = Z E(c)oy 1,05 o5+ &
o€s, ' '

— z [E(G)O(LJQO(Z,ZT . O(n—l,(n—l)GO(n,nG + z [E(c)al,:lQO(Z,Zj' .
o€S, o€s,

no=n no=n

= O‘mGEZSn E(0)0y 1505 a5+ %y 1 o1y + tEFMS NOt involvingy,

noc=n
Any ¢ € § with nc =n can be regarded as a permutatiof ip and any
permutation ir§ _, can be regardeas a permutation i with nc =n.
HerelE(o) is independent ofvhether we regard as an element o or
of S ;. Hence

Cn = 2 [E(G)O(l,jlgaz,Zj'"O(n—l,(n—l)c: Z [E(c)al,la(XZ,Zj'"O(n—l,(n—l)c
OESn cyesn_1
nc=n
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%12 %12 - % pa
| %21 %2 %pa | 2 A
--------- m.
%11 %212 000 Yama
(2) We provee, =A__forallm=1,2,...,n. The casen = n having been

settled in part (1) above, we assumeZ n. Consider the matriR =

X

1 1m1 %n Ll %1n1 %m
O %m1 %n %mr - %51 %m
O(n-l,l O(n-l m-1 n1,n O(n-l,ml-l e O(n-l,n—l O(n—l,m
O(nl O(nm-l O(m O(n,r’r‘r+1 T O(n,n—l O(rrn

obtained fromA by interchanging then-th and n-th columns. Then we
havedet A= - det Bby Lemma 44.7 and, by part (1),

det B= ¢ det M + terms not involving__ (@)

whereM is the (-1) x (n-1) matrix we obtain fronB by deleting itah-th
row andn-th column. A glance && reveals thaM is obtained from

(08 (08 (048

1 1m-1 1mel %11 %n
Ox %om1 Yome1 0 %on1 %on
M = e e e e e,
nm
11 “rim1 %1 %v1in1 %1n

by n - 1 - m interchanges of columns. Hendet M= (-1)"1™Mdet M., =

- (—1)”+mdetMnm: - A, Substituting this in (ii), we get

det A=-detB=¢__(-detM -terms notinvolvingx_
= 0,y T terms not involvinge_,

as was to be shown.

(3) We now prove, = A__for all km. The casek = n having been

settled in part (2), we assurke< n. We consider the matri obtained
from B by interchanging thk-th andn-th rows. Thendet C=- det B=
det Aby Lemma 44.7 and, by part (1),

det C= g, det N + terms not involvingy__
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whereN is the (-1) x (n-1) matrix we obtain frontC by deletingts n-th
row andn-th column. The matriN is obtained fronM, by n-m- 1
interchanges of columns and k - 1 interchanges of rows. Hence

— (_1 Y (n-Mm-D+(nk-1) — (_1\ktm —
det N= (-1) detM, = (-1)"""detM, _=A__
and det A= det C= ¢ A+ terms not involvingy .

This completes the proof. O

44.15 Theorem:Let K bea field A = (aij) € Mat (K), where n= 2. Let
Aij be the cofactor o(iij in A Then

det A= oA + At g A

n mn

det A= O(JJAJJ + O(ZAZI' + o+ O(r]'Ar]'
for all i,.

Proof: We havedet A= ) [E(0)0y 1.0 o~ %

0€S,
= z [E(o)o<l’1go<2’2j...o<n’ncj + Z [E(G)O‘l,lgaz,zg"'an,no +oee
GESn GESn
io=1 10=2

+ Z [E(o)al,laaz,m' o O(n,ncf

0€S,
io=n
= %G T GG oG
= AL T AT o A

for anyi. This proves the firdormula. Applying it withA!, j in place of
A, i, we obtain the second formula. O

Thefirst formula in Theorem 44.15 is known as #reansion of det A
along the i-th row the second as thexpansiorof det A along the j-th

column Each element in thieth row (j-th column) contributes a term,
more specifically><ij Contribute83<iinj, whereAij is the determinant of the

(n-1) x (n-1) matrix obtained fromA by deletingthe row and column of
s times 1 or1, determined by the chessboard pattern
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-+ - 4+~ - - .« .
- 4+~ -4+ - - .
-+ - 4+~ - - - -

The expansioalong a row or column is sometimes given as a recursive
definition of determinants in terms of determinants of smaller size.

A specific determinant is computed as follows. If a row column
consists of zeroes, the determinant is 0. Otherwiseshwese and fix a
row or column. It will be convenient to choose tteev (or column)
which has the largestumber of zeroes. At least one of the entries on
the fixed row (column), sa¥y, is distinct fromO. If a column (row)
intersects our fixed row (column) at the entryve add-yp™ times the
column (row) ofp to that column (row). We do this for each column
(row). This does not change the determinantpolutfixed row (column)
will consist entirely of zeroes, except for the enfry Expanding the
determinant along the fixed row (column), we see thaddgterminant
is equal topD, whereD is the new cofactor of. We repeat the same
procedure with the determinabt and obtainD = gD, say. Then we
repeat the same process with etc., until we come to 2x 2 or 3x 3
determinant which can be computed easily.

44.16 Examples(a) LetK be a field ana %, ..., X, elements ik. We

1 1 1

% %

evaluatedet(xij‘l) = x® %% ... x?Z
1. 1

)(J-n )<2n P . Xnn

This is knownas the Vandermonde determinant. Let us denote I} by
We add-x times the-th row to thei(+ 1)-strow (=1,2,...,n - 1). The

only nonzero entry in the new last columnill be theentry 1 in the 1st
row, n-th column. Expandindp_ along the lastolumn, and taking the
factor x - x_ in thei-th column of the cofactor outsidbe determinant

sign by Lemma 44.4 € 1,2,..,n-1), we obtain

D, = D)™ - X )% - X)... (% _; - X)D_..
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This holds for anyn. Thus

D, = ((1)MHx; = X)0% = %) (X1 ~ X)X
(_1)n_2(xl =X )06 =X ) (Ko - %X )0

= ()DL 04 = %)0% = %) (K g = X)X = X)Xy 4 -
X))
(X = %, )05 =%, ) "'()ﬂq—s = X)) (o~ %)
(X = %,2) 0% ~ %, ) "'()ﬂq—s - Xo0)
x-x
Changing the sign of thér;) factorson the right hand side and noting

that O-1)+n-2)+--- +1 :(g) we finally get
D”:D,- 5 = %),

the product being over aﬁg) pairs (), wherei,j = 1,2,...,n andi > j.

(b) LetK be a field. The determinant of a matri)ﬁ)(e Mat (K), where

oG = O whenever > |, which may be written symbolically

0qq Oqp Oqgene O,
Oy Uy -+ Oy
Ogg -+ Og,

O(m

can be evaluated by expanding successia®elyg the first columns. One
finds immediately thdtxijl = 0,00043 - - &, Likewise, the determinant

Y31 Yz Yz3
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O(nl O(n2 O(rB... m
is evaluated to bey a0, .. a,. In particular, the determinant of a
diagonalmatrix
%11
o, o)
*x3
O(m

IS O(ZL'LO(ZZO(KB' . O(m.

What happens if we use thefactors of the elements in a different row
(column) in the expansion along a particular row (column)? We get zero.

44.17 Theorem:Let K be a field A = (aij) € Mat_(K), n = 2. Then
R S
A OGP T F AL =0

whenever g k andj # m.

Proof: The first (second) sum is the expansion, along-merow (j-th
column), ofdet B whereB is the matrix obtained from\ by replacing
the k-th row (m-th column) ofA by itsi-th row (-th column). Since two
rows (columns) oB are identicaldet A= 0 by Lemma 44.9. Theesult
follows. O

UsingKronecker's deltawhich is defined by

1ifr =s

Srs: Oifr z s

so that 6”.) is the identity matrixl in Mat (K), Theorem 44.15 and
Theorem 44.17 can be writ';en

65 Aq T G AT o AL =8 det A

O(lelm"' o<2]A2m+ o+ O(r]'Ar'm: Sjmdet A
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To express these equations more succintly, we introduce a definition.

44.18 Definition: Let K be a field andA = (aij) € Mat (K), wheren =
2. The n x n matrix obtained fromA by replacing the entryzij by the
cofactorAij of ; in A is called theadjoint of A Hence

the adjoint of (((ij) = (Aij).

Using this terminology, the equatiombove can be written as matrix
equations,

A-(adjoint of A)t = (det Al

Al(adjoint ofA) = (det Al.
Taking the transposes of both sides in the second equation, we obtain

44.19 Theorem:Let K be a field and Ac Mat_(K), where n= 2. Then
A(adjoint of A)t = (det Al = (adjoint of A)LA. I

44.20 Theorem:Let K be a field and Ac Mat_(K). Then A is invertible

if and only if det Ac K. If this is the casehe inverse A of A is given
by the formula

Al= - elt A (adjoint of A)Y,

where denotes the inverse of det A in K

1
det A
Proof: If det A= O, then det Al = 0 € Mat _(K), hence, by Theorem
44.19,Ais a left zero divisor and a right zero divisor in timg Mat_(K).

From Lemma 29.10, we deduce thAat cannot have deft or right
inverse.

Otherwisedet Az O anddet Ahas an invers elt A in K. If n= 1, then

A= (det A and( ) is the inverse oA. If n = 2, we multiply the

1
det A
. : 1 .
members of the equations in Theorem 44'198% and obtain
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A

(adjoint of A)t =1 = (adjoint of A)LA.

1
‘det A det A

: 1 . . .
This shows thatcm(adjomt of A)! is an inverse ofA. SOA € GL(n,K)

and, since&sL(n,K) is a groupA has a unique inverse. Hence

(adjoint of A)t is theinverseA™ of A O

1
det A
The next theorem is another testimony for the use of detants.

44.21 Theorem:Let K be afield and Ac Mat (K). Then det A= O if
and only if the rowgcolumng of A are linearly dependent over K

Proof: If the rows (columns) oA are linearly dependent ov&r then
det A= 0 by Lemma 44.12.

Assume conversely thalket A= O.Let A = (O(ij). Let V be ann-dimen-
sionalK-vector space and lety v, ..., } be aK-basis ofV. Then theK-
linear transformatioi € L (V,V), given by

AT = 21 %%
has the associated matrio&lj)(: A, which isnot invertible sincedet A=
0. SoAisnot a unit inMat_(K) andT is not a unit inL, (V,V). ThusT is

not anisomorphism. From Theorem 42.22, we conclude thas not
one-to-one. ThukKer T #z {0}. Let ve Ker T, vz 0. We have

=B B H BT
for some suitable scalaﬁﬁjse K. Herenot all ofﬁj are equal to O, because
= 0 and {7 Vo ...,Vn} is aK-basis ofV. Then

0 :xfT:(zl B.¥)T= i B,(%T) =§1 B, 121 oG = i (21 ﬁiaij)Vi,

i=1 =1

i 7ij

so i Ba =0 forj =1,2,...,n
i=1

since {,v,, ...,7} is aK-basis ofV. Thus

B,(1st row) +B,(2nd row) +:-- + B _(n-th row) = (0,0....,0)
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with scalars B, €K which are not all equal to 0. So tleevs of A

By -
i)
areK-linearly dependent. Repeatittie same argument with', we see

that the columns oA, too, areK-linearly dependent. O
We now establish the multiplication rule for determinants.

44.21 Theorem:Let K be a fieldn € N.
(1) det(AB) = (det A(det B for all AB € Mat_(K).

(2) det I1= 1.
(3) det Al = (det A for all A € GL(nK).

Proof: (2) Thatdet | = 1 is a special case of the formula fidre
determinant of aiagonal matrix discused in Example 44.16(b). And (3)
follows from (1) and (2): det AY)(det A =det(AA) =det I= 1.

We prove (1). LeA = (o<ij), B = (ﬁij), AB = (yij), so thaiyij = S O(ikBkj for all

k=1
Y11 Yi2 - -+ Vi
. I VT S
i,j. Thendet(AB) =
Y Yo - Ym
kgl O(]klﬁkll k;z:l O(szﬁkzz &y O(lknﬁknn
= kgl O(2k1ﬁk11 k;izl o<2k2ﬁk22 &y O(anﬁknn
S Oy, Pre 1 S i, Pre 2 %y Pre
=1 t 1 k=1 k,=1
O(]klﬁkll O(szﬁkzz C O(Jknﬁknn
dy B B oy B
- S S 2 k1 2072 2 kN (Lemma 44.5)
k1:1 k2:1 kn:]- ......
e Pt % Pre 2 % Pre
T Oy

= S S Sl 6k116k22"'6knn Yaq Y2 % (Lemma 44.4).
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In this n-fold sum, k k,, ... k, run independently over 1,2,.,n. If,
however, any two ok k, ... k are equal, then the determinari\%I in
the n-fold sumhastwo identicalcolumnsandthereforevanishegLemma
44.9). So we may disregard those combinations of the inkjges. ..k
which contain two equal valuesnd restrict then-fold summation to
those combinations & Kk, ... k such thak k, ... k are all distinct.

Then then-fold sum becomes

O, ik, e
U, %o, Uope
> Beabozo Bn|
1 2 ..n< - = e e e e e
(kl K, . _kn)esh Ky, i, - g
%110 %12 %10
[0 P (03
- Z [E(o)ﬁlc,lﬁZcf,Z"'ﬁnc,n '[E(G 210 0(220 2P
ofg,  obtemEoTen R
O(n,lﬁ O(nIzj P O(n >
O(IL’L 0(12 . [0
(06 P
= > E(0)Bys 1Bos 2 - - B | 21 %z (Lemma
oy, obteeeTnen
O(nl O(h2 . [0
44.8)
= z E(O)ﬁla,lﬁZG,Z' . Bmln (det A = (det A(detB (Lemma 44.3).
o€,
Hencedet AB= (det A(det B. O

The equatiordet AB= (det A(det B may also be written in the forms
det AB= (det A(det B),
det AB= (det A)(det B,
det AB= (det A)(det B).
So there are four versions of the multiplication ride determinants,
known aghe rows by columns multiplication, rows by rows multiplica
tion, columns by columns multiplication, column by rows multiplication,
which are respectively described below:
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If Kis a field, ¢,), (8,). () € Mat,_(K), and if

¥ = kzl aikﬁkj for alli,j, or
¥ = IZl O(ikﬁjk for alli,j, or
¥ = kzl O(kiﬁkj for alli,j, or
Y= IZl O(kiBjk for alli,,

thenlyijl = |o<ij| Iﬁijl.

Restricting the mappindet Mat_(K) — K to
GL(nK) = {A € Mat _(K): det Ac K7}
(Theorem 44.20), we obtain a group homomorphism
det GL(n,K) — K.
The kernel
{A € Mat _(K): det A= 1}
of this determinant homomorphism is a normsabgroup ofGL(NnK),
known as thespecial linear group of degree n over BEnd denoted as
SL(n,K).

Exercises

1. Verify that the determinant of &3 matrix (xij) can be computed as

follows. We write the first column of the matrito the right of the
matrix and the second column to the right of thewagten copy of the
first column:

¥1q &g %3 g 9o

O Cop Gz Gy Gy

Uy Gz Uz Uz1 U
We take the products of thpper-left, lower-right diagonals (full lines)
unchanged, the products of the lower-right, upper-left diag¢bad&en
lines) with a minus sign. The sum of these migducts is the determi
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nant of (xij). (This rule cannot be extented tox n matrices ifn is
greater than 3).

2. Compute the determinants of the following matrices @ver

%3% %_14% E_l 2 EE % @) ZI%
@ob1e; ®mlii1o, @liza @h 24
O o = H1 2 2 H1 o & H3 —a 2f
O 0 7 -3
2 1 1 ; :é 'g 401 0
@810, OH 5 5 1 (9) 82 -1 4
o 3 = 10 4 15-2-1
1 O 1 0 2
2 1 Ip
3. Finddet Aif A is the matrix3 I 0-in Maty(Z.).
3 20
4. Expand along the third column:
1 0540
3-2-13 1
0-3 1 20
1 202 4
6 1 2 1 -1
S12 3 1 21
. .. 0143
5. Find the adjomtscﬁo 1 Zand > >0 1
2 0 4H
51 6
6. Find the inverses of the following matrices:
122 2 0 2 S Tovere B2
(@) =—2 3 Lover; (b) 4 -2overQ; (c) 1 O-overZ
34-1 -1 1H B 2 24
072 3
981 6
(d) 59 4 10| pverZ, ;
032 7
715 4

7. LetK be a field anadh = 2. Prove that
adjoint of (adjoint ofA) = (det A™?A
for any A € Mat_(K).

8. LetK be a field anah = 2. Letxy € K and put
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X +Yy Xy o o
d=| O X+y xy O ...
o 0] X +Yy Xy ...

Expressd_ in terms ofd _, andd__,, and evaluate it in closed form.

9. Evaluate the determinant

ETh EDETH O ETRTY
(cBm) (C+rIH1) (C+r2n+2) C (c+r;:+
(c+rrgml) (crr11+m) (c+m;m+1) o (c+m+rr;r+m1)

10. Letg € N and assume thé#tis a field ofq elements. Using Theorem
44.21, find the orders of the grouplign,K) andSL(n,K) (cf. 817, Ex.17).
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