845
Linear Equations

LetK be a field anakij, B, e K(=12,...mj=1.2,...,n). We ask if there
are elementzl,xz, X in K such that

X F oot oy X =By
Xy O+ F o X =B,
(1)

(1) is said to be aystem of linear equation®We will not treatthe
general problem hereOur objective is this paragraph is to derive
necessary and sufficient conditions for the solvabibty (1) in the
special casen = n. Concerning the casen # n, we will prove only the
following consequence of Theorem 42.21.

45.1 Theorem:Let K be a field andij eK@=212,.. . mj=12,....n).If

n > m, that is to sayif there are more unknowns than equations in the
system

0% F oo+ oy X =0
X oot o X, =0
2)

O(m]_X_I_+O(nQX2+ +O(rmxn: 0,
then there are elemenigXx, ... x, in K, not all of them being zero
which satisfy the syste(®).

Proof: Of coursex; = x, = --- =x = 0 is a solution of (2), called the

trivial solution. We ask whethenontrivial solutions of (2) exit. The
claim is that there does exist nontrivial solutions of (2) wihenm.
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LetA= (aij) € Mat_(K). SettingX = € Mat_ ,(K) and

(O[]
0= gge Mat_ . (K), we may write (2) as a matrix equation:

AX=0.

The problem is thus: givel\ € Mat  (K), is there a nonzerX in
Mat_ (K) such thahX = 0¢€ Mat_  (K)?

SinceA(N + M) = AN + AM andA(aN) = «(AN) for any NM € Mat_ ,(K)
andux € K, the mapping
¢: Mat_ ,(K) — Mat_ ,(K)

N — AN

IS a vector space homomorphism. From Theorem 42.21, we obtain
n=dimMat_,(K) = dimKer¢ +dim Im e

< dimKer ¢ +dim Mat_ . (K)

= dir‘rkKer ®+m,
so dir‘q<Kercp>n—m> 0,

Ker ¢ # {0} < Mat_ ,(K),

and there does exist &r¥ O inKer ¢. So there is a nonzekoe Mat_ ,(K)
with AX = 0, as was to be shown. _ O

45.2 Theorem:Let K be a field (o<ij) € Mat (K) and letp,.B,, ....,B, be
elements of KIf det (o<ij) # 0,then the system

P F oSt tag X, =By

0oy oG+ F g X =B, (3)

has a unique solution in,lgiven by
detB

X =—"—
] det((xij)
whereBJ. is the matrix obtained fromxij) by replacing its j-th column by

(Gg=1,2,...,n),
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n

2
Proof: LetA = (aij), X = € Mat_,(K) andB = | € Mat_,(K). Then

n n

(3) can be written as a matrix equation:

AX =B. 4)
Multiplying both sides of (4) on the left b&™* = delt A(adjoint of A)Y,
we obtain
_ 1 F i t
X = det A(adjomt ofA)"B. (5)

Also, multiplying both sides of (5) on the left By andusing Theorem
44.12, weobtain (4). Thus (4) and (5) are equivalent. So the system (3)
or (4) has a unique solution given ®). In more detail, when we write

Aij for the cofactor ofxij in A, so that(adjoint of A) = (Aij),' the solution is

given by
AZL Anl—_'1
1 16\22 P AI"IZ P>
det A ......... :
q] A2n AYn__{:'n
By + AZl-ﬁZ - * Aubn
-1 By + A, + * Ab,
“det ALl ...
Pr + AP, + + Abn
1 o _
Sox = det A(ﬁlA]J + A, + +BA) forj =1,2,....n. Comparing the

expression in parentheses with the expansion

(;(JJ.A]J+(;<2§A2j + +o<r].An.
(Theorem 44.15) ofet (o<ij) along thej-th column, we see that the
paren-thetical expression is the expans@ong thej-th column, of the
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de-terminant othe matrixBJ. that is obtained fromaﬁ) by replacing its
j-th column byB. Thus

detBJ-
X =——— i =1,2,...,n),
] det((xij) ¢ )
as claimed. O
The formulax = —— is known as Cramer's rule after G. Cramer
] det(O(ij)

(1704-1752).

45.3 Theorem:Let K be a field(aij) € Mat_(K). The system

X Xq F oo T X, =
0Xq F 0o X, = (6)

has a nontrivial solution in Ki.e, a solution distinct from the obvious
onex, =X, =... =x_ = 0),if and only if de’(aij) = 0.

Proof: If det(aij) # 0, then the system has a unique solubypTheorem
45.2, which musbe x;, =x, =--- =x = 0, as follows also from Cramer's
rule, for the numerator determinantsaving acolumn consisting of
zeroes only, are all equal toThus, if the system has a nontrivial selu
tion inK, thendet(aij) must be zero.

Suppose conversely tkdtet(aij) = 0. Then the columns o(ﬁijo arelinear
ly dependent ovex (Theorem 44.21): Thewrre element$§, B, ... .B, in
K, not all of them being zero, such that

11 12 1n (O[]
B ] T B e+ B g@
gull n2 n
Thusxl = ﬁl, X, = 62, cy X = ﬁn is a nontrivial solution of (6). O
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45.4 Remark: The theorems in this paragragte chiefly of theoretical
interest.Finding solutions of specific systems by the methods described
in this paragraph would be very tedious.

Exercises

1. Find all solutions of the following systems of linear equations:

(a) XK+4y -5z =-1
X-3y+z =3

X+ y+6z =0;
(b) Ix+ y-5z- u=1
&+2y-3z+3u=8
-4x+ S5y -2z+ u =-3

2X - 7z- 3u =0.

2. Using Cramer's rule, fintthe solutions inZ13 of the following systems

of linear equations, wheredenotes residue classes modulo 13:

(a) 2x+ 11y + 4z =1
3x+8y+5z =6

Ox+12y +4z =7

(b) 2x+ 11y +4z+3u =5
8x+10y+6z+7u=2

IX+9y +2z+8u =6
3x+ 1y +0z+5u =4
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