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Algebras

In this last paragraph of Chapterwe consider multiplication afectors.

If, on a vector space, there is an associative multiplication which-is dis
tributive over additiomrand compatible with multiplication by scalars,
the vector space is said to &e algebra. The formal is definition is as
follows.

46.1 Definition: Let K be a field and \,+) an abelian groupA
quintuple ¥,+o,K,) is called aralgebra over Kor aK-algebraprovided
(i) (V,+p) is a ring,
(i) (V,+K,) is a vector space,
(i) (xa)eb=o(acb)=ao (xb)forallx € K, ab e V.

It is implicit in this definition thate is a binary operation oN/, called
multiplication, and is a mapping fronk X V into V, called multiplication
by scalars. As usual, we drop these symbolsnaité «a for «-a, andab
for a o b. Then(ii) becomesa kind of associativity law:c@)b = a(ab) =

a(ab). As usual, we shadlall V, rather than the quintupl&/,¢K,), aK-

algebra.

Examples: (a) Let K be a field and. a field containingK. ThenL is a
algebra ovek.

(b) LetK be a field. TherMat_(K) is aK-vector space (Theorem 43.4)
and also a ring (Theorem 43.1Bince ¢A)B = «(AB) = A(¢B) for all « in

K andAB in Mat_(K) (see(e) in'§43, p. 523 ), we conclude that_(K)

is aK-algebra. ?

(c) LetK be a field and/ avector space ove. ThenL (V\V) is aK-
vector space (Theorem 43.1) and also a ring (Theorem 43/b2g¢over,
whenevem € K andT,S € L (V,V), there hold
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H(aT)S) = (MaM)S = ((xN)T)S = (@)(TS = {«(T)
and
{T(aS)) = ("T)(aS) = («(¥1))S = «((¥N)S) = x(HTY) = (@)(TS = {(T9)
for all ve V, thus &T)S = o(TY =T(aS). ThusL (V,V) is aK-algebra.

(d) LetK be a field anc an indeterminate oved. ThenK[Xx] is a vector
space oveK (Example 39.2(d) and also a ring. We hav@f(x))g(x) =

a(f(x)g(x)) = f(X)(ag(x)) for all a € K andf(x),g(X) € K[x]. ThusK[x] is an
algebra oveK. Likewise the rindg[Xx,,x,, ..., X ] of polynomialsin n inde-

terminates is an algebra ower

46.3 Lemma:Let K be a field and V a finitdimensional vector space
over K Suppose there israultiplication on V which is distributive over
addition and suppose that

(cd)c = w(ac) = a(«c) for all « € Kand agc € V
(thus all conditions for V to be an algebra over K aatisfied except
that associativity of multiplication is open
Let B be a K-basis of.When multiplication on V is associative and M is
K-algebra if and only if

(bb)b” =b(b'b™) for all b',b’,b"”" € B.

Proof: If multiplication onV is associative, therbp )b = b(b’'b™") holds
for all elementd’,b’ ,b"” of V, in particular, for alb’,b",b”" in B.

Assume conversely thébhb )b = b(b'b™") for all b’,b",b™” in B. We putB
={b,,b,, ....b }. If Xy,zare arbitrary elements ® we write them as

x=) ab,. y=> BB, 2= ) Wb,
i=1 =1 k=1

with suitable scalars, ﬁl Y- Using distributivity andjii), we find

cz=(3 x> BB) S wh= D @B)BD) - 5 wh
i=1 =1 k=1 i,j=1 k=1

IEICICED IS :”21 (BB > vh,

ij=1 k=1

S @BbBb) - Y wh = > ((58)(B0))KH)

ij=1 k=1 ij,k=1

568



> @HONOH) = 3 @BIOML)]
1], K=

ij,k=1

PECIRNCENS

and likewisex(y2 = 3 b (3 B8 3 %B) =5 b+ 3 (Bro®py
i= 1= = i= i k=

- jik:l(ai(ﬁjyk)) (b.(bb).
Now (e5B)y, = o5(By) since the multiplication oK is associative and

(b.b,)bk = bl(bJ b ) by hypothesis, so§)z =x(y2. Hence thenultiplication
onV is also associative. _ O

46.4Examples: (a) LetK be afield andG a finite multiplicative group.
Let KG denote theK-vector space that has as aK-basis. Thus the

elements oKG are sumsg g, where G = {g,0,, ... ,g|G}. It will be
i=1

convenient to modify thiaotation asz *y9- Two elementsz *q9 and
geG geG

Z ng of KG are equal if and only ic&g = Bg for eachg € G. The sumof
geG

> a9 and > B,d is > (a4 + B9, and theproduct ofy € K by > a9
geG geG geG geG

is Z yo,9- We now define a multiplication orKG by extending the
geG

multiplication onG using distributivity. Moreprecisely, we define the

product of ) a9 by > B = > Bh to be ) 9 > Bh =
geG geG heG geG heG

2 %Pnan= 2 (2 agbr)k

keG g,heG
ghek
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For anya = ) a9, b = > B,g in KG andy € K, we have ya)b
geG geG

0Z, 0208 = 2o Z 00 = 2 (3 wepnkc -

geG keG g,heG
ghrk
> (Y agBL)K =y > (> a4B,)K = y(@b) and similarlya(yb) = y(ab).
keG g,heG keG g,heG
gh=k gh=k

The reader will verify that distributivity laws are valid.

Each elemend, of G can be regarded as an elemgntagg in KG, where
geG

o = Oif g # 9 and Xy = 1. Thus we regar@ as a subset {G. It is
0

checked easily that, for anyh ¢ G, the product ofgh in KG is the
productgh in G. Since multiplication ort is associative, and sin&eis a
K-basis oKG, we learn from Lemma 46.3 th&k is an algebraver K. It
is called thegroup algebra of G over K

(b) Let H = R4 be the four-dimensionaR-vector space of ordered
quadruples, and let = (1,0,0,0),i = (0,1,0,0), = (0,0,1,0),k = (0,0,0,1).
Thus {ei,j,k} is a basis ofH over R. We give a multiplication table for
these basis elements:

el|li |] |k
el|le|i j | k
[ i |-e| k |-
1] [-k|-eli
k|lk]j |- |-e

Thusea=ae=a for anya ¢ {i,j,k} and the products afj,k arelike the
cross product of the vectoig,k in R3. The product of two distinct
elements from ij,k} is equal to+ the third, the signbeing "+" for
products taken in the order indicaiadhe accompanying diagram, and
"-"in the reverse order.

j k
By distributivity, we have the product formula:

@e+Bi +y +K)(a’e+pi +yj +8K) = (xa” - BB - vy - 88")e
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+ (op” + o’ +y8 - GY)i

+ (xy” - B +ya” +6B)

+ (b + By - yB +8a )k
which may baaken as the definition of multiplication dih One checks
that this multiplication is distributivite over addition, and thaais an
identity element. To prove the associativity of multiplication, we must
only verify the # = 64 equationsap)c = a(bc), whereab,c ¢ {ejijk}
(Lemma 46.3). This verification is left to the reader. The multiplicagon
thus seen to be associative. One édilsds immediately ¢a)b = «(ab) =
a(ab) for anya € R anda,b € H. ThusH is an algebra oveR. This alge
bra was discovereldy the Irish mathematian W. R. Hamilton (1805
1865). Theelements ofi are calledquaternions andH is known as the
Hamilonian algebra of quaternion#t is not commutative, sindg=e = e
= ji, for example.

Sincee is the identity ofd, wewill write 1 instead ofe and« instead of
oce (herea € R). Then any real numbex can be thought of as a
quaternionel =« + 0 +  + Ok. In like manner, any complex number
o + Bi (whereg,p € R) can be considered as a quaternicifi + § + Ok

In this way, we may suppose thatandC are subrings difl.

For anya € H, saya + Bi +7y + 6k with «,B,y,6 € R, we sayx is thereal

part of aandpi +y + 6k is theimaginary part of aWe also pua

=« - Bi - yj - 8k and calla theconjugate of. It is easily seen thatb =

ba for anya,b € H (note the reversal of the conjugates). We define the
norm of adenoted asl(a), to bea a. ThusN(« + Bi +7y + 8K) is equal to

a? + B2 +y? + §2. Note thatN(a) € R. ClearlyN(a) = O if and only ifa = 0.

There holdN(ab) =abab=abb a =aN(b)a =N(b)a a = N(b)N(a) = N(ab)
for any quaternionsgb € H. This is equivalent to the identity

@ +PZ+Y + ) (0 P+ P2 +y2+52) = (xa” - BB - vy - 88)?
+ (B’ + B’ +y8 - 8y)?
+ (ay - BS +yo +8p)?
+ (a8 + By - yp +8a)?
which holds in fact in any commutative ring. Thus the product of two
numbers, each of which is a sum of faguares, is also a sum of four
squares.
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Just like we divide a complex number « + Bi by a nonzero complex
numberb =y + i by multiplying the numerator and denominatora#b
by the conjugaté =y - §i of b:

a _o+PBi _oa+Piy- 0 _oay+ps  -ob + Py

b y+8 y+8iy-08 248 2as?

we candivide any quaternioa by any nonzero quaternidnby multi
plying the "numerator" and "denominator"adb by the conjugaté :
a ab ab

b "bb N(b) °

More exactly, any nonzero quaternibbnhas a multiplicative inverse
(1/N(b))b. ThusH is a division ring. An algebra which is a division ring
is called a division algebra. $bis a division algebra.

An interestingtheorem of FG. Frobenius (1849-1917) states tHaf
andH are the only division algebras ouér

(c) The last example can be generalized.Ke¢ a field in which 1 + s
distinct from 0. LetQ = K* be the four-dimensionaK-vector space of
ordered quadruples, and k=t (1,0,0,0),i = (0,1,0,0),; = (0,0,1,0),k =
(0,0,0,1). Thus ¢i,j,k} is a basis ofQ overK. We define a multiplication
onQ by
e+Bi +y +8K)(d’'e+ i +y] +8K) = (xo’ - BB - vy - 88")e

+ (ap” + Ba’ + 8" - By

+ (oy” = BY +yo” +8B)j

+ (o8 + By -y + )k

This multiplication is associative, distributivibeer addition anck is an
identity element. One checks easita)p = a(ab) = a(xb) for any« € K
anda,b € Q. ThusQ is aK-algebraQ is called thealgebra of quaternions
over K This time it will be conveniemtotto identify « € K with ae € Q.

Theconjugatea of a = xe + Bi +yj + 8k € Qis defined to bee - Bi - yj - 8k

and thenorm Na) of a to beaa. ThusN(xe + Bi +7vj +8K) = a® + p2 + y2 + 82

If K is a field such that®+ p2+y?+ 8% = O impliesa =p =y =8 = 0, then
any nonzera € Q has a multiplicative inversél/N(a))a andQ is a
division algebra. Otherwis@®, haszero divisors: there is a nonzeax Q
such thata = 0.
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Exercises

1. Multiply 2+ 3(12) + (13) 2(23) + (123) 3(132)by 7 + 2(12) + 4(13)
- 3(23) + 2(123) + (132) ifibs,.

2. LetG be a finite groupK a field. Pute = Z g € KG. Show thate? =
geG

IGe.

3. LetK be a field and an algebra ovéf. Prove that the cent&(A) of
A (see 832, Ex. 1) is a subspac&\of

4. LetG be a finite group. Show thalim@Z((E.DG) is equal to theaumber

of conjugacy classes B

5. For anya € H, show that there are real numbgnssuch that
a’-ta+n=0.

6. Prove thaaZiai +ia%ia - iaia® - aia®i = O for anya € H.

7. Leta,b € H. Showthat ab = ba if and only if 1a,b are linearly depen
dent overR.

8. Prove that {1, =i, 7j, *k} < H is a group isomorphito Q, (see 8§17,

. FAFi 7] 7k )
Ex.15) and thatS = {1, =i, 7}, 7k, > } c M is a group

isomorphic taSL(2,7;). Show that {1} < SandS/{71} = A,.

9. Prove that the quaternion algebra dveis isomorphic (as ring and
C-vector space) to tHe-algebraMat,(C).

10. LetK be a field in which 1 + ¥ O andg,f nonzero elements iK. Let
A be the four dimension#&l-vector spacevith K-basisei,j,k. On A, we
define a multiplication by the multiplication table on the basis elements:
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j j -k pe -Bi
k k -« B -«pfe

(a) Prove that this multiplication make&sinto aK-algebra { is a
special cas&€ =R, « =p =-1).

(b) Show that the centef A is {ke € A: k € K} and thatA has no
ideals aside from O ara

(c) Define theconjugatea of a = ae+ Bi +yj + 8k € A to be
ae - Bi - yj - 6k and thenorm Na) of a to beaa. Verify ab = ba and
N(ab) = N(a)N(b) for anya,b € A

(d) Prove thaA is a division algebra if and onlyNf{a) z O for any
nonzeroa € A and this holds if and only yg =« yi + B yg implies Yo=Y =
v, =0 for anyvy, v, ¥, € K.

(e) IfK is finite, sayK| = q, show that there amg + 1 elements in
{oq% €Kiy € K} and {1 - ﬁyg € Ky, € K} and conclude thahA is not a

division algebra (This is a special case of an important theduento H.
J. M. Wedderburn (1882-1948yhich states that any finite division
algebra is a field).

11.If1 + 1 =0 in a fielk andA is as in Ex.10, show that the mapping
X — X2 is a ring homomorphism from into A.

574



