848
Field Extensions

We recall a technical term from Example 39.2(f).

48.1 Definition: LetE be a field and lef be a nonempty subset©ofif
K itself is afield under the operations defined GnthenK is called a
subfield of EIn this casek is called arextension field o, or simply an
extension of K

We writeE/K to denote thé&k is an extension df, and speabkf the field
extensionE/K. Confusion with a factor group or a factor space is not
likely. We will frequently employ Hassiagrams (see 821) for field ex
tensions. For example, the picture

E

K
will mean thaK is a subfield oE.

As in the case of subgroumsbrings and subspaces, we have a subfield
criterion.

48.2 Lemma(Subfield criterion): Let Ebe a fieldand K a nonempty
subset of EThen K is a subfield of E if and only if

(i) a+b €K,

(i) -b € K,

(i) ab € K,

(iv) bt € K (in case b= 0)
for all a,b € K.

Proof: A field is a ring in whichhthe nonzero elements form a commuta
tive group under multiplication (sdlee remarks after Definition 29.13).
ThusE is a ring of thigype, andK is a subfield oE if and only ifK is a
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subringof E such that the nonzero elementskiform a commutative
group under multiplicationCertainly, every subgroup d& = E\{0} is
commutative. ThuK is a subfield okt if and only ifK is a subringpf E
and K\{0} is a subgroup ofE. Now K is a subring ofE if and only if
(1), (iD),Gii) hold andK\{0} is a subgroup of" if and only if

iy ab e KO} for all a,b € K\{0}

and (v) hold. SinceK € E and the fieldE has no zero divisorgjii)" is
weaker thartii), and we conclude that is a sulfield of E if and only if

(i), (ii), i), (iv) hold. =

: 1 . _
From now on, we wiill ert% (or 1b) for the inversé™ of a nonzerel-

ement in a field. Likewise, we will Wl’it% or (a/b) for the productab™ =

bla of two elements,b™ in a field (assumindp = 0). It follows from
Lemma 48.2 that, whenevieiis a subfield oE anda,b € K, then

a
a+b,a—b,ab,6

belong toK, it beingassumedd # O in the last case. A subfield &fis
therefore a nonempty subsettathat is closed under addition, subtrac
tion, multiplication and division (by nonzero elements).

48.3Examples: (a) R is a extension of), andC is an extension df).
Also R is a subfield of_.

(b) If Kis any field andk an indeterminate oveét, thenK is a subfield
of K(X) (provided we identify, as usual, aaslementa of K with the

. . a .
rational functlorE , where the numerator and denominatoredeenents

of K € K[x]). Similarly K is a subfield ofK(x)y), wherey is another
indeterminate ovef.

(c) LetQ(i) ={x+yi € C: xy € O} c C. For anya,b in (i), saya = X + yi
andb =z + ui with x)y,zu € (J, we have

(Ya+b=X+2)+ (yY+uwi e O®),

(i) -b = (-2) + (~w)i € O(),
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(i) ab = (xz- yu) + xu+y2i € @),

: 1 z -
= +
(iv) b 2 +u2 722 + u?

i € (i), providedb=z+uiz

0+0=0.
So{)(i) is a subfield of_. It is in fact the field of fractions of[i], and is
called thegaussian field

(d) @(\E) = {x +y\/§ € R: xy € (I} is a subfield ofR. Indeed, for any
a,bin (i), saya=x+ y\/z andb=z+ U\/Ewith xy,zu € O, we have
(Ya+b=KXx+2)+ (y+u)\/§ € @(\/E),
(i) -b = (-2) + CUV2 € DN2),
(i) ab= (xz+ 2yu) + (xu+y2I\2e ON2),

. z —u .
(iv) b1 = ot - o \2 € ©(/2), providedb =

z+u\y2z0+ O\E = 0. Here we use the fact thﬁ € R is an irrational
number (Example 35.11) so thzt- 2u? # O if z and u are nonzero
rational numbers.

3
(e) LetL ={x +y\/§ € R: xy € I} € R. ThenL is not a subfield ofR
3 3 3
since, for exampldz €L but\/z-\/z ¢ L (why?) On the other hand,
3 3 3 3 3
(I;D(\/E) = {x+y\/§+ Z\/Z € R: xy,ze D} ={x +y\/§ + z(\/z)2 € R: xy,z €
O}

3 3
is a subfield ofR. Theproof of b € @(\/E)\{O} = 1b € @(\/E) is left
to the reader.

() LetK be a field and lek (i € I) be a family of subfields af. Then
iQ K, is a subfield oK, for the closure properties remma 48.2 hold

for ifgl K. if they hold for each of thi.

From the last example, we infer that the interseatfaall subfields of a
field K is a subfield ofK. Note that the intersectiois taken over a
nonempty set, since at le&sis a subfield oK.

48.4 Definition: LetK be a field. The intersection of all subfieldkois
called theprime subfield of K
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Thus every subfield df contains (isan extension of) the prime subfield
of K. We want to describihe elements in the prime subfield kofLet P
denote the prime subfield &f In orderto distinguish clearly between
the integer 1€ Z and the identity element & we will denote in this
discussion the identity elementliohise. We know Oc P, e € P and Oz e
because® is a field. NowP is a group under addition, ead-e=2¢e, 2e + e
=3e, 3et+e=4e, ... are elements df, and alsce, -2¢, -3¢, -4¢, ... .

Hence ..., -4e, -3e, -2¢, -¢e, 0,¢e, 2¢e, 3e, 4e, ...

all belong toP: we have fne € K: m € 7} ¢ P. Moreoever,P is closed
under division (by nonzero elements), and®se {me/ne € Ki mn € Z}

is a subset d?. It is natural to expect th&{ is a subfieldf K (and thus
P, =P): for anyme/ne re/sec Py with mnyr,s € Z, we presumably have
me_re _(ms+ rn)e

O he ne se (nge € Po
re ( re
- = P
(i) se € Py
. m7e re _(mne
(i ne se (nge € Po
(iv) — =5C ¢ Po provided@¢ 0, i.e,rez0.
re re se
se

These are in fact truegut care musbe exercised in justifying (i)iX (i),
(iv). This is done in the next theorem which statestP is isomorphic
either tol) or to Zp for some prime numbex.

48.5 Theorem: The prime subfield of any fiekdis isomorphic tal) or
to Zp for some prime number(png isomorphism

Proof: Let e be the identity oK and letP be the prime subfield df.
Then B=ez 0 # -e = -1le. We distinguish two cases, according as there
does or does not exist an integer 7\{0} satisfying ne= 0.

Case 1. Assume there is a nonzero integarchthat ne = 0. Then there
are natural numbeikswith ke = 0. Letp be the smallest natumbmber
such thape= 0. We claim that the mapping
o:Z—P
n — ne
is a ring homomorphism, thptis a prime number and thRAg Zp.
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For anymn € Z, we have ih + n)¢ = (m + n)e = me + ne (this is not
distributivity!) and (mne = (mnNe = (Mg(ne = mp:ne (here hne =
(me(ne) is distributivity!), sop is a ring homomorphism.

If pwere composite, sgy=rswithrse N, 1<r <p, 1< s < p, then

0 = pe = (rs)e = (re)(se would yield, since the fieldK has no zero
divisors, thatre = 0 orse = 0, contradicting the definition gf asthe

smallesthatural number satisfyimge = 0. Sop is a prime number.

To proveP = Zp, we will find Ker 9. Frompe = 0, we have € Ker ¢, so

pn € Ker ¢ for alln € Z (becaus&er ¢ is an ideal of/) andpZ < Ker .

On the other hand, i € Ker ¢, we dividem by p to getm=qgp + r, with

qr € Zand O<<r < p. This gives 0 =me= (gp+r)e= (Qp)e+re = 0 +re.

As O<< r < p, this forces = 0,which meansm =qgp andm € pZ. So we
getKer ¢ € pZ. ThereforeKer ¢ = pZ. [A more conceptual argumentdere

is an ideal oZ and/Z is a principal ideaflomain, sdKer ¢ = dZ for some
d ¢ Z. We haved # 0 in Case 1. Frorpe = 0 we gep € Ker ¢ = dZ, so
dlp. Butp is a prime number, stb=51 ord ==*p. The possibilityd = 71 is
excluded, becausde=7e = 0. Hencad =¥p andKer ¢ =dZ =*pZ = pZ.]

ThusZp =7/pZ =7/Kerp=Im ¢ € P andlm ¢, being a ring isomorphic

to Zp, is a field. Sdm ¢ is a subfield oK, therefore® € Im ¢. This yields
P=Imo ande = P, as claimed.

Case 2. Assume there is no nonzategern such thane = 0. We claim
that the mapping

pv:O—-P
mn — me/ne
is a ring homomorphism and tHag Q.

. . ) m m . .
First we show thap is well defined. Ifﬁ :? e O with mnm,n” € Z

(nz0znN"), thenmn =mMnin Z, so fmn)e = (mn)e in P, thus Me(n'e)

= (me)(ne) in P. Multiplying both sides of this equation %—ér?e € P,

. me me . .
we obtain— =—— . Soy is well defined.
ne ne

. . : r .
P is a ring homomorphism: for atlﬁ]] 'S e Qwithmnrse Z nz0x=s,

we hav m i rg _ms+rnQ (ms + rn)e: (mge + (rn)e
Hn S%p E ns %p (nge nese
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_ (me(se + (re)(ne _me re :mlp + Elp
nese ne se n s
rd _mr _ (mne_(@mg(re) _mere_m r

Y-P

andgpsap — p= = = =
N ns (ne (Ne)(se nese n s

Since we assume thattez O form € Z\{0} in Case 2, we obtaiKer yp =
{me @:ﬂe: O¢ K}:{me - me=0c¢ K}:{me D:m=0¢€¢ Z} ={0}, so
n ne n n

= N0} = W/Keryp = Imyp S P andlm v, being a ring isomorphic t@,
is afield. Solm y is a subfield oK, thereforeP € Im y. This yieldsP =
Im ¢ and() = P, as claimed. O

48.6 Definition: LetK be a field and le¢ be the identity element &f
If there are nonzero integanssuch thaine = 0, and ifp is the smallest
natural number such thpe = 0, thenK is said to be dield of charac
teristic pandp is called thecharacteristic of K If there is no nonzero
integern such thanhe= 0, therK is said to be dield of characteristid,
and O is called theharacteristic of K

Equivalently,K is of characteristip or O according as its prime subfield
iIs isomorphic thp or tol). We writechar K= p andchar K= 0 in these

respectivecases. For examplehar Zp = p andchar (i) = char @(\/E) =
char R =charC = 0. We will usually identifyZp or ) with the prime

subfield ofK, as the case may be. In particular, we will wiitenstead
of e for the identity element of. Thus K will be considered tdoe an
extension o%p or (). :

We remark that, iK is a field of characteristip, thenpa = 0 for any

element of K. This follows from
pa=a+a+---+a=la+la+---+la=(1Q1+1+- - +1a=(l)a=0=0,

the sumdavingp terms. This result will be used in the sequel without
explicit mention.

We make two conventions. Henceforward, we wiill vaFLtén place onp.
This will always remind us thﬁ'{) is a field p prime). Secondiywve shall
drop the bars in the elemermlfsin, as we have already done on several
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occasions. For example, we will write 2 instea@ (af[F5. A notation such
as "2" is therefore ambiguoudt: stands for the integer & Z, as well as
2¢F,, as well a2 ¢ [, as well a2 ¢ [, etc. It will be clear from the
context, however,which meaning is accorded to "2". Thenbiguity is

therefore harmless.

We proceed to discuss field homomorphisms.

48.7 Lemma:lf K is a field then Kand{0} are the only ideals of K

Proof: If Ais an ideabf K andA = {0}, there is ana € A a # 0. Thena
. 1 . 1 . .
has an mversg in K andg a=1¢ A, becauseé is anideal. Then we

getb=b'1 € Afor allb € K, soK € A andA =K.
O

48.8 Lemma:If K, andK, are fieldsand ¢: K, — K, is a ring home
morphismthen either @ = Ofor all a € K1 or @ IS one-to-one

Proof: Ker ¢ is an ideal ofK,, so eitherKer ¢ = K, or Ker ¢ = {0} by
Lemma 48.7. In these respective cases, edtherO forall a € K1 oro iIs
one-to-one. _ O

When we deal with fieldsand ring homomorphisms from a field to
another, we naturally want to disregahe uninteresting ring hormo
morphism that maps every element ofdibgnain to the zero element of
the otherfield. Any other ring homomorphism is one-to-one by Lemma
48.8. This leads us to the following definition.

48.9 Definition: If K1 andK2 are fieldsand o: K1 — K2 IS a one-to-one
ring homomorphismtheng will be calleda field homomorphismif ¢ is
a field homomorphi'sm ontd, theny will be called &ield isomorphism
A field isomorphism fronK onto the same field will be called a field)
automorphism oK. .
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If o: K, — K, is a field isomorphism, thepis a homomorphism acddr

tive groups, so lplcp = q<2, a.nd alsKer ¢ = {051}, where Q<1 anc.i QZ are

thezero elements of the fieldg, K,, respectively. ThU$K1\{O} is a one

to-one mapping frord \{0} onto K \{0}. In addition, @b)e = ap-by for all

a,b in K, so(ab)p = ap-bp for all a,b € K {0} and thereforep, .. K' — K
1

X

is a one-to-one homomorphism of groupeo K,: we haveK = K In

particular, ( )¢ =1, wherel, and ] are the identities of the fields
1 2 1 2

K, K, respectively.

48.10 Lemma:Let Kl, K2 K3 be fields

(1) If @: K1—> Kzandtp: K2—> Ksare field homomorphismtengy: K1 — K3
is a field homomorphism
(2) If ¢: K1—> K2 anduy: K2—> K3 are fieldisomorphismsthen ouy: K1 — K3 is

a field isomorphism

(3) If 9: K, — K, is a field isomorphismthen oL K, — K, is a field ise

morphism

Proof: (1) oy is a ring homomorphism by Lemma 30.16(1) ame-te
one by Theorem 3.11(2).

(2) op is a field homomorphism by part (1) and orttgy Theorem
3.11(1).

(3) ¢t is a ring homomorphism byemma 30.16(2) and one-to-one by
Theorem 3.17(1). O

A field homomorphismp: K, — K, can be characterized as a one-to-one

function such that

(a + b)(P =aep + bCP, (a - b)cp =ap - b(p, (ab)(p = a(P'b(P, %(P :Z(q:)

for alla,b € K, (b= O in the division). Let us consider some examples.
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48.11 Examples:(a) The conjugation mapping. C — C is an aute
morphism ofC, because X —X

X+y=x+y, X - Y=X-Y, X y=x'y, Xy =x/y
for anyxy € C.

(b) The mappinge: G;D(\/E) — G;D(\/E) is an automorphism oﬂ;D(\/E)

because
a+b\/§ —>a—b\/§

((@a+0b\2) + € +dV2))e = (@ +c) + (b +dV2)e = (@ +c) - (b + N2
= @-b\2) + - dV2) = @+ b\2)e + (¢ + d2)e,

((a+ bV/2)(c + d\/E))cp = ((ac+ 2bd) + (ad + bC)\/E)cp
= (ac + 2bd) - (ad + bo\2 = (ac + 2(b)(-d)) + (a(-d) + Cb)c)\2
= @ - b\2)(c - dV2) = (@ + bV2)e(c + dN2)e

for all a + b\/E, c+dV2 ¢ @(\/E), whereab,c,d € ), so thatyp is a ring
homomorphism and, because @f4 (1 + O\E)cp =1 - O\/E =1z 0, the
kernel ofp is notK andeg is therefore one-to-one.

(c) LetK be a field anck an indeterminate ové&r Then the mapping

@1 K() = K(x)

pX) _ pOS)

ax  acd)
is a field homomorphism. Nothat Im ¢ c K(X). ThusK(X) is isomorphic
to a proper subset of itself (namelyito o).

Let E/K be a field extension. Thdnis an additive group and

a(x+y) =ax+ay

@+b)x =ax+ay

@b)x =a(bx)
Ix =X

for all x,y € E and for alla,b € K (in fact for alla,b € E, but we do not
need this now). HencE is a vector space ové, as wehave already
noted in Example 39.2(h). Studying both tiledd and the vector space
structure ok will be very useful. In particular, the dimension Bbbver
K will play an important role.
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48.12 Definition: LetE/K be a field extension. The dimensioihE over
K is called thaedegree of E over Kor thedegree of the extensio=

It will prove convenient tovrite |[EK| instead ofdim) E for the degree of

E overK. The fieldE is said to be dinite dimensional extensioor an
infinite dimensional extension of &ccording a$EK| is finite or infinite.
Most authors use the term "finite extension” for a firdienensional
extension.

An important factin the theory of fields is that a finite dimensional
extension of a finite dimensional extensiom iBnite dimensional exten
sion, and that the degrees behameltiplicatively. More exactly, we
have the

48.13 Theorem:Let F/E and EZK befield extensions of finite degrees
|F:E and|EK|. ThenF/K is a finite dimensional extensidn fact

IF:Kl =|FE |EK]
and furthermore iff f,, ... f} is anE-basis of F andee,... e} a K-
basis of L—‘_then{fieJ i=1,2,...r;] =1,2,...,s} is a K-basis of F

Proof: If K is a subfield ot andE is a subfield of, thencertainlyK is a
subfield ofF. ThusF is an extension df.

Now the claim about the degree. Hl =r and|EK| = s for brevity. We
are to prove that the dimensionFobverK is equal tas. Let {f ,f,, ... f}

be anE-basis ofr and {g.e,...,e} a K-basis oft. We are to finda K-basis
of F having exactlys elementsThe most natural thing wo is to consi
der thers productsfiej. We contend thatfi{eJ N =12,...,r;] =1,2,....,8

is aK-basis off.

First we show that f,{ej} spansF over K. Indeed, letf be an arbitrary
element of. Then

f=bf +bf,+- +bf

for someb b, ....b € E, becausef{:i =1,2,...,r} spansF overE; and for
eachi, b =a +tae+ +ae
for someq,,a,, ....a, € K, becauseeﬁ 1] =1,2,...,s} spanskE overK. Hence
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=) bf =Y (3 ae)f =Y a(ef)

i=1 =1 =1 ]

i ,
is a linear combination a&ff, = fieJ overK. Thus {fiej} spansF overk.

Furthermore, t;ej} is linearly independent oveK. Indeed, if b”. are

elements oK such that

2 bfig =0
i
then 2 (._ bljej)fi =0,
=1 j=1
Wherei b”.eJ € Efor each. Since § :i1 =1,2,... r} is linearly independ
j=1
ent overk, we havei bjeJ = 0 for eachi. Since EJ j=21,2,...,8is

=1
linearly independent ovet, we obtainb”. = O for each . Hence{fiej} is

linearly independent oveé:

Thus {fiej} is is aK-basis ofF and|FK|=rs =|F.:H |[EK|. O

It follows from Theorem 48.13 by induction that

KK = KK K K TKGK

n nl1 1l N2

wheneverKn/Kﬁl, Krﬂ/Krrz, KZ/K1 are finite dimensional fieleéxterr

sions.In fact, Theorem 48.13 and its generalization is true for infinite
dimensional extensions, too, but we will not need this.

48.14 Lemma:Let E and E/K be field extensiondf |[FK| is finite
then|F:E and|EK| are bothfinite. In fact both of them are divisors of
|F:K| and|F:K| =|F:E |EK].

Proof: Letn=|FK and let § :i =1,2,...,n} be a basis of overK. Then
{f, 11 =1,2,...,n} spansF overkE andso |FE < n by Steinitz’' replacement

theaem. ThusF:E is finite.

Now the finiteness dEK|. If E were infinite dimensional ovef, there
would ben + 1 K-linearly independent elements Bfso there would be
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n + 1 K-linearly independent elements lfcontradictingFK| = n. Thus
|IEK] is finite.

We now obtainn = [FK| = |[F:E |[EK|l from Theorem 48.13. lparticular,
|F:El and|EK| dividen.
m|

Exercises

1. LetE be a field and € E. Show that is a subfield ok if and only if
K is a subgroup d andK\{0} is a subgroup ot\{0}.

2. Letp be prime. IsZp2 an extension oZp’? ISZIO3 an extension osz?

3. Prove thaf)(e) = {x + yw: x,y € O} and @(\/gi) ={x+ y\/gi: xy € J} are
subfields ofC.

4. LetK be a field and leAut(K) be the seof all field automorphisms of
K. Show thalAut(K) is a group under composition.

3
5. Find all automorphisms @¥, Foy (@), O(w), @(\/Ei), @(\/5) (see Ex.3).
6. Find three nonisomorphic infinite fields of characterigt«O.

7. Find thedegrees of the following extensions/7R, C/WO®), @)/,
R/Q, F()/F .

8. Show tha®(\/2,i) :={a + by2 + ci + d\/2i : abc,d € O} is an extension
field of both@(i) and®(\/2). Find|0(/2,)):0] by two different methods.
9. Prove or disprove: /K, andE/K, are finite dimensional field exten

sions, ther/(K; N K)) is finite dimensional, too.

10. LetK be a field ana the identity element df. Showthatchar K= 0

or p according as the subring fgenerated bg is isomorphic taZ orto

Zp.

11. Find the prime subfields of the fields in 829, Ex. 8.
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12. LetK be a field of characteristfw= O. Prove thap: K— K is a field
a— aP
homomorphism.
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