849
Field Extensions (continued)

49.1 Definition: LetE be an extension field & If F is a field suchthat
K € F C E, thenF is said to be amtermediate field of the extensioke

49.2 Definition: Let E/K be a field extension andt S be a subset di
The intersection of all subfields BfcontainingKk U S, which is a subfield
of E by Example 48.3(f), is called tlseibfield of Egenerated by over K
and is denoted b¥AS).

It follows immediately from this definition that < K(S) < E so thatk(S)

is an intermediate field &/K. WhenS is a finite subset of, say when

S={a a, ....a}, we write K(a a,, ...,a) insteadof K{a a,, ....a}). In

particular, ifa € E, thenK(a) is, by definition, the smallest subfield df

containing botlK anda. Notice that(a .a,, ....a) =K(a & ,...,a ) for
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49.3 Definition: Let E/K be a field extension andt S be a subset di
The intersection of aBubrings oftE containingK U S, which is a subring
of E by Example 30.2°3(c), is callede subring of Egenerated by S over
K, and is denoted X[S].

Since every subfield df containingk U S is also a subring d contair
ing KU S, we clearly hav& € K[S] € K(S) € E. If Sis a finite subset of,
sayS={a;a, ...,.a }, we writeK[a,,a,, ...,a ] insteadof K[{a a,, ...,a }]. In
particular, ifa € E, thenK[a] is, by definition, the smallest subringf E

containing botlK anda. We haveK[a a,, ....a ] =K[a ,a , ...,a ] for any
1 2 n
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49.4 Example:In the extensiof /1), let us find the subfield df gene
rated byi over(). Any subfield of C containing bothl) andi contains

complexnumbers of the forn%%g; , Wherea,b,c,d € ¢ andc + di # O.
- i a + bi i .
One verifieseasily thatF = { - ¢ C:abcd e O, c+diz O} is a
c + di

subfield of C containing both() andi. HenceF is the subfield ofC
generated byoverC.

Let us note that any elementfotan bewritten in the formx + yi, with
xy € (0. Thus  +vyi € C: xy € O} = F andF is equal to the field)(i) de-
fined in Example 48.3(c). So the notatioreEofample 48.3(c) is consistent
with that of Definition 49.2.

The description of the elements in a field generated by a sobseta
subfield resembles the preceding example.

49.5 Lemma:Let K be a field extension amq,az, 8 € E. Then

(D Kla,a,, ....a]={f(aja, ....a) € Ef € K[x; %, ... x|}

(2) K@ a,, ---.a)

{f(al,az, C ,ar)
9(@,a, ... .a)

€ BEfg e K[x . %,...x ] 0.8, ....2) 7 O}.

Proof: (1) LetA be the set on the rightitnd side of the equation in (1).
Any subring ofE containingk and {a,.,a,, ...,a } will contain the elements

of the formka,™a,"™...a ™, wherek € K andm,m,, ...,m are nonnega

tive integers, hence also the elements of the form

> Kmm.ma ™™ .a,™ *)
wherekmmz m € Kandm,m, ... ,m are nonnegative integers. Of
,m,..m.

course, (*) is nothing but the value of the polynomial

O, %) =) kmlmz___mnxlmlxzw. X Me KIX X, X ]
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at @,a,, ...,a,). So every element & is in any subringf E containingK

and{a,a,, ....a} This givesA < K[a ,a, ..., ] To prove the reverse
inclusion, it suffices, in view df U {a,a,, ...,a} & A S E, to show tha”A
is a subring oft. But this is immediate: given arfya a,, ....,a) and

g(a,a,, ...,a) € A wheref,g € K[x; %, ..., X ], we have
(a8, ...8) +t9(a,a, ...8) =F+9@.a,...a) €A
—g@a, ....a) =(C9@.a, ....a) €A
(a,a, ....a)9(a, 8, ....2) = (fo(.a, ....a) €A
sincef + g, -g, fg belong to k %, ... x] wheneverfg do. ThusA is a
subring oft by the subring criterion (Lemma 30.2). This proves
Kla,.a,, ....a ] = A

(2) The reasoning is similar. L8tbethe set on the right hand side of
the equation in (2). Clearkkx < B. Note thaB ={b/c € Ebc € A, c Z 0} =
{bct e E bc € A c =z 0}. Any subfield ofE containingk and e, -8t
will contain K[a .a,, ....,a] = A and, since a subfield is closechder

division, itwill contain also the element®c, whereb,c ¢ A and c # 0.

This means thaB is containedn any subfield ofE containingK and
{al,az, ...,an}. HenceB < K(al,az, ...,an). To prove the reverse inclusion, it

suffices, in view oK U {al,az, ...,an} € B € E, to show thaB is a subfield

of E. Indeed, given anl/c, d/e € B, whereb,c,d,e € A, c,e= 0, we have
b +g _be + dc

€B
c e ce
— g €B
e
bd _bd _,.
ce ce
1 _e :
?_a € B (provided d/e = O,
e

i.e.d = 0)
sincebe + dc, ce -d, bdce belong toA wheneverb,c,d,e do andce z O
wheneverc # 0 #Z e (A is a subring of the fiel#d and has therefore no

zero divisors). ThuB is a subfield ok by the subfield criterion (Lemma
48.2). This prove&(a,.a,, ....a) =B. O

The proof of Lemma 49.5 can be somewhat simplifiedrdferring to
Theorem 31.8.
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Letus take a new look at Example 49.4 under the light of Lemma 49.5.
The fieldF in Example 49.4 is exactlhe the field desribed in Lemma
49.5, withKk =, n=1,a, =i € C. On the other hand, the field

{(x+yi € C: xy € @}_ is exactly the subring df described in Lemma
49.5, withK =0, n = 1, a, =i ¢ C. Thus we havél(i) = UJ[i]. The reader

will easily verify that@(\/z) = @[\/E] also (cf. Theorem 50.6).

49.6 Lemma:Let K be a field extension andbe ,a,, ...,a € E

(1) K(a) =K if and only if a€ K.

(2) K(apa, ... a. ) = (K@,a, ....a_,))@) and Ha,a, ....a_ ;al=
[Ka,a, ..., n_1]][an].

(3) K(a,b) = (K(a))(b) = (K(b))(a) and Ka,b] = [K[a]][b] = [K[b]][a].

Proof: (1) a € K(a) by the definition ofK(a) and, ifK(a) = K, we obtain
a € K. Conversely, it € K, thenK =K U {a} andK is the intersectionf all
subfields oft containing botlK anda; thusK(a) =K

(2) Let us writel =K(a,,a,, ...,a__,). ThenL containsK anda,a,, ....a, ;-
Now L(a) is a subfield oE containing botlH. anda_, soL(a) is a sub

field of E containingK anda, a,, ...,a,_, anda_. ThenK(ala2 n_1,a ),

being the intersection of all subfleld E:)t:ontalnlngK andala2 a8,
is a subfield ofL(a ). This givesK(a,a,, ....a,,.a) < L(a). On theother
handK(a,a, ...,.a _,a) is a subfield ok contalnlngK a;.a,...,a,_, and

alsoa . SoL < K(ala2 a._,.a) by thedefinition of L = K(al,az, ce@);
anda € K(aja,, ....a,. 1,a) Hence K(a, a,, . a) is a subfield oftE
containing both_ anda ThenlL(a) < K(ala2 a__,.a) by thedefini-

tion of L(a ). We obtaan(ala2 a) = L(an), as wado be proved.

nl’

n 1
Thesecond assertion is proved in exactly the same way (read "subring”
in place of "subfield" in the foregoing argument).

(3) Using part (2) twice, we gék(a))(b) =K(a,b) =K(b,a) = (K(b))(a) and
similarly [K[a]][b] = K[a,b] = K[b,a] = [K[b]][a].
O

599



We introduce a very important classification dikeld extensions:
algebraic vs. transcendental extensions. They behave very differently.

49.7 Definition: LetE/K be afield extension. An elemerst of E is said

to bealgebraic over Kif there is a nonzero polynomifain K[x] such that

a is a root off, i.e.,f(a) = 0. An elemena of E is said to béranscendental
over Kif a is not algebraic, that is to say, if there is no nonzero-poly
nomialf in K[X] with f(a) = O.

If every element ok is algebraic oveK, thenE is called analgebraic
extension oK andE/K is called armalgebraic extensianin this casek is
said to bealgebraic over KIf E is notan algebraic extension &f thenE
is called aranscendenta¢xtension oK andE/K is calleda transcenden
tal extensionlf so, that is to say, E contains at least one elemaritich
is not algebraic ovet, thenE is said to béranscendentabver K

49.8 Examplesi(a) LetK be any field.Then, for any elemente K, the
polynomialf (X) :=x - a is inK[X], anda is a root off . Thus any element
of K is algebraic ove, andK is an algebraic extension &f

(b) i € C is a root of the polynomiat® + 1 € (J[x]. Hencei is algebraic
over{). Also, any elemerw + bi of {(i), wherea,b € (J, is a root of

[X - (a +bi)][x - (a - bi)] = x% - 2ax+ @% +b?) € Q[X]
and is therefore algebraic ovérHencelD(i)/{ is an algebraic extension.

(o) \/5 € R is a root of the polynomiax® - 2 ¢ [x]. Hence V2 is
algebraic ovef). Also, any elemerd + b\/2 of @(\/E), wherea,b € (), isa
root of

[x - (a +bV2)[x - (a - bV2)] = x2 - 2ax+ @2 - 2b?) € Q[X]
and is therefore algebraic ovér Hence@(\E)/@ is an algebraic exten
sion.

(d) It is a fact thatr € R ande € R are transcendental ové&lr. We
borrow this fact from number theory withoptoof. Thus R/01) is a
transcendental extensiold(r) and(e) are also transcendental exten
sions of().
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(e) Let K be a field andx an indeterminate ove. Then K(x) is an
extensiorfield of K andx € K(X). If f is any nonzero polynomial iKX],
thenf(X) =f z 0 (Example 35.2(d) Thusx is transcendental ovérand
K(xX)/K is a transcendental extension.

Likewise f(x?) = O for any nonzergpolynomial f in K[x] and X% is
transcendental oved. On the other hand, ¥ is another indeterminate
overK, thenx is the root of the polynomiaf - x2 ¢ (K(x?))[yl, so x is
algebraic overK(x?). Thus an element may be transcendentadr a
field and algebraic over another field.

49.9Definition: Let E/K be a field extensionlf there is an elemerat
in E such thak = K(a), thenE is called asimple extensioonf K. In this
case, any elemeatof E satisfyingE = K(a) is called aprimitive element
of the extensionAK. If there are finitely many elemerdgsa,, ...,a, in E

n
such tha€ =K(a,a,, ...,a), thenE is said to bdinitely generated over K

The reader shouldearly distinguish between finite dimensional exten
sions and finitely generated extensions.

We close this paragraph with a theorem thedcribes all simple tran
scendentakextensions up to isomorphism. Simple algebraic extensions
will be treated in the next paragraph.

49.10 Theorem:.Let EZK be a field extension and letcaE be transcen
dental over KThen Ka) £ K(X), where x is an indeterminate over K

Proof: We wish to find an isomorphisfmom K(x) onto K(a). What is
more natural than the extension

9: K(X) — K(a)

T _ f@

g g(a)
of the substitution homomorphism? In any case, Lemma 49.5(2)
suggests that we try this mapping. Npws meaningful, for, given any
f/g € K(X) with f,g € K[X], g # O, we haveg(a) # O (@ is transcendental

overK) and sof/g)e =f(a)/g(a) is a perfectly definite element Kfa).
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We claim thatp is well defined. Indeed, iff/g = f,/g, in K(x), where
f0.f,,9, € K[x] andg # O # g,, thenfg, =f g in K[X] and, byLemma 35.3,
f(a)g,(a) = f,(@)g(a) in E, with g,(a) # O # g(a); multiplying this equation
by 14,(a)g(a), we obtain
o= 1= 0=
g g(@ g9,(@) ‘g,

which shows that is well defined.

@ is a ring homomorphism because, from Lemma 35.3, we have
(;J’)cp _ fa+pg _(fq + pg)(a) _f(a)a(a) + p(a)g(a)
q

ga 7 (@@ g(a)a(@)
_ f@@ p(a) +(P

and

fp, _fp _ f(@p@E) _ f(a) p(a) _ j P
0 @®“9a®~ g@a@ ~ 9@ a@ - @°

for any f/g, p/g € K(xX), wherefg,pg € K[X] andg # O # q, the last
condition ensuring(a) # 0 = q(a).

Since Kere ={f/g € K(X): f,g € K[X], g # O inK[x], f(a)/g(a) = O}

={f/g € K(X): f,g € K[X], g # 0O, f(a) =0}

={f/g € K(X): f,g € K[x],g= 0, f=0}

={0},
® is one-to-one. Hengeis a field homomorphism. Lemma 49.5(2) states
thate is ontoK(a). Sog: K(X) — K(a) is a field isomorphisnkK(x) = K(a). O

Exercises

1. LetE/K be a field extension ar8k E, Sz &. Show that
KIS ={f(s;s, ....8) €Ence N, f € K[X,. %, ... x ] andss,, ...,s, € S}
andK(S)
_{f(sl,sz, . S)
- 9(sps, - - - S)

€ EneN fg e K[x X, ...x]andg(s;s, ....S) # O}.

2. LetE/K be a field extension atic E, S # &. Using the definition of
K[S] andK(S) only (in particular, without using Ex. 1), prove th&$) is
the field of fractions oK[X].
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3. LetE/K be a field extension arglc E. Show thak(S) =K if and onlyif
Sc K.

4. LetE/K be a field extension araq,az, € E. Prove that
(K@@, ....a))@.,---a) foranyk=1,2,....n- 1.

5. Leta,b are arbitrary rational numbers. Find a polynomialClijx]
which admitsa + b\/g as aroot. Conclude tha@(\/g)/@ is an algebraic
extension.

6. Show that\/z + 1, \/E + \/5 \/E + \/:_% + i are algebraic ovefl) by
exhibiting polynomials ifil[X] having these numbers among their roots.

7. LetK be afield. Prove that every element Kix)\K is transcendental
overk.

8. LetE/K be a simple field extension and ddbe aprimitive element of
this extension. Lekk € K, with kz 0. Showthat ka + K is also a primi
tive element oE/K.

9. Find a finitely generated field extension which is not fiditeension
al. Prove that every finite dimensional extension is finitely generated.

10. Prove or disprove: B/K is a field extension andb € E are tran
scendental ovekK, thenK(a,b) = K(XYy), where xy are indeterminates
overk.
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