850
Algebraic Extensions

Let E/K be a field extension and le& E be algebraic ovef. Then there
is a nonzero polynomidlin K[X] such thaf(a) = 0. Hence the subséi=
{f € K[X]: f(a) = 0} of K[Xx] does not consist only @&. We observe thaA is

an ideal oK[x], becaus& is the kernel of the substitution homomorph
ism T K[X] — E.

Thus A is an ideal ofK[x] and A # {0}. SinceK[x] is a principal ideal
domain,A =K[X]f; =: (f)) for some nonzéro polynomig] in K[X]. For any
polynomialg € K[x], the relationd) = A = (f,) holds if and only iy andfj
are associate iK[x], that is to say, if and only d(x) = cf(X) for somec
in K. There is a unique, € K* such that the leading coefficient @f (%)
is equal to 1. With this,, we putg,(X) = c,f,(X). Theng, is the unique
monic polynomial irK[X] satisfying ¢,) = A ={f € K[X]: f(a) = 0}, andf(a)
= 0 fora polynomialf in K[X] if and only if golf in K[X]. In particular, we
havedegg, < degf for anyf € K[X] havinga as a root.

In this way, we associate widhe E a unique monic polynomig);in K[X].
This g, is the monic polynomial iK[x] of least degree haviregas a root.

gy Is irreducible oveKk: if there are polynomialp(x), q(x) in K[x] with
95 =P(Ia(), 1 < deg (xX) < deggy(x) and 1< deg dx) < deggy(x),
then O =g4(a) = p(a)q(a) would implyp(x) € A or q(X) € A, hencegdp or
gdq in K[X], which is impossible in view of the conditions deg gx) and
deg (Xx). o

We proved the following theorem.

50.1 Theorem:Let K be a field extension and @E. If a is algebraic
over K then there isa unique nonzero monic polynomiafxpin K[x]
such that

for all f(x) € K[x], f(x) = 0if and only if gx)If(x) in K[X].

604



In particular, a is a root of ¢x) and dX) has the smallest degree among
the nonzero polynomials in[{ admitting a as a rootMoreover g(x) is
irreducible over K O

50.2 Definition:Let E/K be a field extension and letc E be algebraic
over K. The unique polynomialg(x) of Theorem 50.1 is called the
minimal polynomial of a over.K

The minimal polynomial o overK is also called tharreducible poly
nomial of a over KGivenan elementa of E, algebraic ovelK, and a
polynomialh(x) in K[X], in order to find out whethdn(x) is the minimal
polynomial ofa overkK, it seems we had to check whethé&9)|f(x) for all
the polynomialsf(x) € K[X] having a as a root. Fortunately, there is
another characterization of minimal polynomials.

50.3 Theorem:Let EZ/K be a field extension andeaE. Assume that a is
algebraic over KLet h(xX) be a nonzero polynomial in[X. If

() h(xX) is monic¢

(i) a is a root of x),

(i) h(x) is irreducible over K
then HX) is the minimal polynomial of a over K

Proof: We must show only thdi(x) divides any polynomial(x) € K[X]
havinga as a root. Lef(x) be a polynomial i[xX] and assume thatis a
root of f(x). We dividef(x) by h(x) and get

f(xX) = g(xX)h(x) + r(x), r(x) = 0 ordeg (x) < deg Hx)
with suitableq(x),r(xX) € K[x]. Substitutinga for x, we obtain

0 =f(a) =q(a)h(a) +r(a) =q(a)o +r(a) =r(a).

If r(xX) were distinct from the zero polynomial Kx], then the irre
ducible polynomiah(x) would have a commoroot a with the polyne
mial r(X) whose degree is smaller than tdeggree oh(x). This is impos
sible by Theorem 35.18(4hlencer(xX) = 0 andf(x) = q(xX)h(x). Therefore
h(X)|If(x) for any polynomialf(x) € K[x] havinga as a rootas was to be
proved. O
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50.4 Examples:(a) Let us find the minimal polynomialf i € C over
R. Sincei is a root of the polynomiat® + 1 € R[x], which is monic and
irreducible overR, Theorem50.3 tells us tha?® + 1 is the minimal
poly-nomial ofi overR. In the same way, we see thdt+ 1 € OQ[X] is
the minimal polynomial of over®. On the other hand? + 1 ¢ (Q(i))[x]
is not irreducible ove®)(i), because® + 1 = - i)(x +i) in ((@i))[x]. Now
X - i is a monic irreducible polynomial {#)(i))[x] havingi as a root, and
thusx - i is the minimal polynomial dfe C overQ(i).

(b) Let us find thaminimal polynomial ofu = \/E + \/5 € R over@. The
calculations u= \/E + \/5

u- V2 =3
u? - 22u + 2 -3

(u)
u®-1 = 2\/2u
d-202+1 = 8u?
u- 100+ 1 =0

show that/2 +1/3 is a root of the monic polynomiffx) = x* - 102 + 1
in Q[x]. We will prove thatf(x) is irreducible ovefl). Theorem 50.3 wiill
then yield that(x) is the minimal polynomial oﬁ,§+\/§ over().

In view of Lemma 34.11, it will be sufficient tehow that f(x) is
irreducible over/. Since the numberd /1 =51 are not roots di(x), we
learn from Theorem 35.10 (ratiormalot theorem) thak(x) has no poly
nomial factor inZ[x] of degree one. If there were a factorizatior/jg]
of f(x) into two polynomials of degree two, which we may assume to be
X - 10x% + 1 = K2 + ax+ b)(x% + cx + d)
(e)
without loss of generality, then the integetsc,d would satisfy
a+c=0, d+ac+b=-10, ad+bc=0, bd=1

and this would forceé =d =51 and the first two equations would give

a+c=0,ac=-12 or a+c=0,ac=-8

a®=12 or a? =8,
whereas no integer has a square equal to 8 or 12 f(Mhussirreducible
in Z[x] and, as remarked earlief(x) is thereforethe minimal poly
nomial of\/z + \/5 over{().
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The irreducibility of f(x) of degree four ovef) could be proved by
showing the irreducibility of another polynomial, of degilessthan
four, over a fieldlarger than ). As this gives adeeper insight to the
problem at hand, we will discuss this method. The equatiostaies
that \/5 + \/5 is a root of the polynomiaf,(xX) = x? - Z\EX -1 ¢
(ON2)[X]. Letg(x) € (D(N2))[X] be the minimal polynomial of2 + /3
over ©(\2). Theng()If,(x) in (QN2))[X] and, if g(x) = F,(x), then deg
g(X) would be one ang((x) would bex - (\/E +\/§), since the latter is the
uniguemonic polynomial of degree one haviFJ_ + \/5 as a root. But
g(x) € (Q(2))[X] and this would implw2 +1/3 € ©(\2), so\3 € OA/2),
SO\E =m+ n\/E with suitablemn € @), where certainlyn= 0z n, so 3 =
m? + 2/2mn + n2, so\V2 = (3 - m? - 2n?)/2mn would be a rational
number, a contradiction. Thifigx) = g(X) is the minimal polynomial oﬁE

+13 over@(\E).

Now the irreducibilityof f(x) over @ follows very easily.f(xX) has no
factor of degree one id[x]. If f(X) had a factorization (e) i@[x], where
a,b,c,d are rational numbers (not necessarily integers), t\fér’r \/5
would be a root of one of the factors on tiglt hand side of (e), say of
x2 + ax+b. But thenx? + ax+ b, being a polynomial ifQ(\/2))[x] having
V2 +1/3 as a root, would be divisible, i(@(\/z))[x], by the minimal
poly-nomial f(X) = x? - Z\EX - 1 of \/E + \/5 over (ED(\/E). Comparing
degrees and leading coefficients, we would obtéi—nZ\/Ex -1 =x%+ax
+b, so 2/2 =-a € ), a contradiction. Hend&€x) is irreducible ovet).

The next lemma crystalizes the argument employed in the last example.

50.5 Lemma:LetK, < K, < E be fields and & E If a is algebraic over
K, then a is algebraic oveK, Moreover if f, f, are, respectivelythe
minimal polynomials of a ovet andK,, thenf,/f, in K]X].

Proof: If a is algebraic oveK; andf (X) is the minimal polynomial o
overK,, thenf (a) = 0. Sincef,(x) € K|[X] < K]X], we conclude thaa is
algebraic overK, Then, fromf (a) = 0 andf (X) € KJ[x], we obtain
,91f,(¥) in KJX] by the very definition of the minimal polynomi&X(x)
of a overk,, O
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We proceed to desrcrilmmple algebraic extensions. Let us recall that
we found Q[i] = ()(@i). This situation obtains whenever we consider
simple extension generated by an algebraic element.

50.6 Theorem:Let K be a field extension and&aE. Assume that a is
algebraic over K and let f be its minimal polynomial oveM¥e denote
by KX]f =: (f) the principal ideal generated by f ifX¥K Then

K(a) = K[a] = K[x]/(f).

Proof: Consider the substitution homomorphi$pK[x] — E. HereKer T_
={h € K[X]: h(a) = 0} = (f) by Theorem 50.1 anbn T, = K[a] by Lemma
49.5(1). Henc&[X]/(f) =K[x]/Ker T_ = 1m T_=K][a].

It remains to showK(a) = K[a]. SinceK[a] € K(a), we must prove only
K(a) € K[a]. To this end, we need onfjyrove that 1g(a) € K[a] for any
g(X) € K[x] with g(a) # O (Lemm&49.5). Indeed, i§(x) € K[x] andg(a) = O,
thenftg and, since is irreducible inK[x], the polynomialsf(x) andg(x)
are relatively prime irkK[X] (Theorem 35.18(3) Thusthere are poly
nomialsr(X), s(X) in K[X] such that
fFOYr(x) +g(x)s(x) = 1.

Substitutinga for x and usingf(a) = 0, we obtaing(a)s(a) = 1. Hence
1/g9(a) =s(a) € K[a]. This provesK[a] = K(a). (Another proof. Sinc&[X] is
a principal ideal domain anfl is irreducible inK[x], the factor ring
K[x]/(f) is a field by Theorem 32.25; thkg], beinga ring isomorphic to
the field K[x]/(f), is a subfield ok, andK[a] containsK anda. So K(a) S
K[a] andK(a) = K]a].)

O

50.7 Theorem:LetE/K be a field extension andeaE. Supposéhat a is
algebraic over K and let f be its minimal polynomial ovel Ken

IK(a):K| =deg f
(the degree of the field(a) overK is the degree of the minimal pely
nomialf in K[x]). In fact if deg f= n, then{l,a,a%, ...,a"Y} is a K-basis of

K(a) and every element in(&) can be written in the form

k +ka+ kzaz PR kn_la“-l (koK K, - K € K)
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in a unique way

Proof: We prove that {,a2, ...,a"} is a K-basis ofK(a). Let us show
that it span¥(a) overK. We knowK(a) = K[a] from Theorem 50.6 and
Kla] ={g(a) € E g € K[X]} from Lemma 49.5(1). Thus any elemeatof
K(a) can be written ag(a), whereg(x) is a suitable polynomial iK[X].
Dividing this polynomial(x) by f(x), which has degree, we get

g(x) = g(x)f(x) + r(x), r(x)y =0ordeg(xX) <n-1
with some polynomialg(x), r(X) in K[X]. Substitutinga for X, we obtain
u=g() =q@f(a) +r(a) =q@)o +r(a) =r(a).

If, say,r(x) = k, + kx +kx?+ .- +k_ x", wherek k K, ...k, €K,
then u:ko+kla+k2a2+... +kn—1an_1

and thus {13,a2, ...,a""} spansK(a) overk.

Now let us show that {&,a2, ...,a"}} is linearly independent ovef. If
koK K, ...k _, are elements df such that

k,+ka+ka®+ - +k _a™=0,
1.

thena is a root of the polynomidi(x) =k, + kx + kx®+ -+ +k__x""in

K[X], sof(x)|h(x) by Theorent0.1. Hereh(x) # O would yield the contra
dictionn =deg f<< deg h<< n - 1. Thereforeh(x) = 0, which means that
ko =k =k,=-- =k _, =0. Hence {13,a% ...,a"} is linearly independent

overk.

This proves {13,a2, ...,a"} is aK-basis ofk(a). It follows that

K(a):Kl =dimK(a) =l{1,a,a% ....a"}| =n =deg {x)
and, by Theorem 42.8, every elemehkK(a) can be written uniquely in
the form

k,tka+ka+-- +k_a™h O

50.8 Definition: Let E/K bea field extension and € E. Supposea is
algebraic overK. Then the degree of its minimablynomial overKk,
which is also the degree Kfa) overkK, is called thelegree of a over K
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50.9 Examples:(a) The minimal polynomial ofi € C over O is the
polynomial X2 + 1 in @[x] (Example 50.4(9) andx? + 1 has degreé.

Thusi € C is (algebraic and) has defreeover(). Likewise, the minimal
poly-nomial ofi € C overR isx? + 1 € R[X] andi has degree 2 ovék.

(b) The minimal polynomial 0{/5 +\/§ € R over() was found to be

x* - 102 + 1 € O[x] (Example 50.4()) Thus\2 + /3 has degree 4 over
(). This follows also from Theorem 50.7.fict, the numbers :IsE form
a()-basis of the fielcﬂ;l)(\/z), hencel@(\/z):ﬂ)l = 2. Observe that

QN2 +3)
x2 - nfox + 1

degree 2
X - 10+ 1
degree 4 @(\E)
X2 - 2
degree 2

Q

\/_ =2 (\E + \/5) + ; (\/E + \/5)3, soV2 € @(\/E + \/5) and therefore

2
ON2) ¢ ON2 + V3). Thus O2) is an intermediate fieldof the
extensior@(\E +\/§)/@. From Theorem 48.13, we infer that

4 =10(2 +\3):01 = [0(/2 +V3):0\2) 10(/2):01 = |02 +V3):01/2)2
D2 +V3):0(/2) = 2
and\/z +\/:_% has degree 2 ovéli(\/z).

(c) Sincex? + 1 € R[X] is the minimalpolynomial ofi ¢ C overR, Theo
rem 50.6 states th&t[x]/(x? + 1)= R(i). In the ring R[X]/(x® + 1), we
have the equalityx® + R[x](xZ + 1) =-1 + R[X](x* + 1), and calculations
are carried out just as in the riRgx], but we replacex + R[X](x* + 1)

= X2+ R[X(x® + 1) by-1 + R[x](x* + 1). Inthe same way, calculations
arecarried out inR(i) = C just as though were an indeterminate over
R, and we write -1 for i? wherever we seeé? This is what the
isomorphismR[x]/(x? + 1)= R (i) =C means.
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(d) Likewise, ifE/K is a field extension anal € E, and ifa is algebraic

overK with the minimal polynomiak" + cn_lx”'1 + cn_zx""2 + s o X+
overK so that
n_ n-1 n—2_ .. _ _
a'=-c _ja " -c @ - c,a - ¢,
thenK(a) consists of the elements
n2 n-1

o tkat - +k, a7t +K, qa (okp - Ky 2K € K)
and computations are carriedt in K(a) just as thougia were an inde
terminate oveK and then replacing’ by—cn_la”'l— cn_za“'z— - Cja - G

wherever it occurs.

For instance, writing for\/z +\/§ € R, we hava® = 1% - 1 inQ(). If
t=2+a-a’+3a% e Q@) andu=a+a?+ 2a° ¢ Oa), then

ttu =2+ 2+ 5a° € Oa)

and tu=@2+a-a’+3xd@+a’+2ad
=2a+23°+4a+a’+a+2x%-a%-a*-2a°+ B*+33\° + &°
=2a+3%+4a%+4*+a°+ 6
=2a+3a°+4a°+4(1®@%-1) +a(10a’-1) + G&3(10a%- 1)
=2a+3a°+4a+4m%-4+1@3-a + 60(1@°%- 1) - 6a°
=-64 +a + 637%% + 14° ¢ ((a).

Let us find the inverse af +a + 1. According to Theorem 50.%e must
find polynomialsr(x), s(x) in (J[X] such that

04 -10C + 1x(X) + 6 +x+ 1)s(X) = 1
and this we do by the Euclidean algorithm:

x*- 10+ 1 = (% -x-10)% +x+ 1) + (1X + 11)
X2 +x+ 1 = (9(11x + 11) + 1,
sothat 1 = (6 +x+ 1)- (;;0(11x + 11)

= (6@ +x+ 1)- (5 0[(* - 10 + 1)- (< - x - 10)3 +x + 1)]

=02 +x+ 1)1+ (1i1x)(x2 - x-10)) - (;;9(<* - 10 + 1),
1 = (G +x+ 1) - =X - 0x + 1) - (5 (¢ - 103 +
1)
and, substituting for x, we get
1=@%+a+ 1)(%1613—%1612 10a+ 1),
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1 _2 10

+ 1.
11 11a 1

1/@% +a + 1) zlila3 -
Notice thata is treated here merely as a symbol that satighesrela
tiona% - 12 + 1 = 0. Thehumericalvalue ofa =\/2 +1/3 = 3.14626337
as a real number is totaly ignored. This is algebra, the calculus of
symbols. This allows enormous flexibility: we can regasbkan element
in any extension fielcE of @ in which the polynomiax* - 10x° + 1 has a
root. This idea will be pursued in the next paragraph.

50.10 Theorem:Let E/K be a finite dimensional extensiofhen E is
algebraic over K and also finitely generated over K

Proof: Let|[EK| = n € N. To prove that is algebraic oveK, we must
show that every element a@fs a root of a nonzenmlynomial inK[x]. If
u is an arbitranelement ofg, then then + 1 elements L,u?, ...,.u™Lu"
of E cannot be linearly independent ouer by Steinitz' replacement
theo-rem. Thus there akgk Kk, ... k _,k in K, not all of them zero,
with -

k,+ku+ku?+ - +k _u"+ku=0.
Theng(x) =k, + k x + I<2x2 +ooe + kn_lx""1 + k x" is a nonzero polynomial
in K[x], in factof degree< n, andu is a root ofg(x). Thusu is algebraic
overK. Sinceu was arbitraryE is algebraic oveK.

Secondly, if p,,b,, ....b } < Eis aK-basis oft, then

E=s(b.b, ...b) ={kb, +kb,+  +k b}
c{f(b b, ...b) € Ef € Klx X, ... x]}

=K(b,,b,, ....b)
CE,
thusk =K(b,,b,, ...,b) is finitely generated ove« O

As a separate lemmage record the fact that the polynomgék) in the
preceding proof has degreen.
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50.11 Lemma:Let /K be a field extension of degri@K| =n € N. Then
every elemenef E is algebraic over K and has degree over K at most
equal to n O

Next we show that an extension generdigdalgebraic elements is-al
gebraic.

50.12 Theorem:let /K be a field extensioand leta a,, ...,.a_,.a be
finitely many elements in. Buppose thad, a, ...,a_,a are algebralc
over K Then Ka,a, ...,a_,,a) is an algebraic extension of. Kn fact
K(@a,a, ....a_ja)isa f|n|te dimensional extension of K and

|K(a1a2 a2 ) Kl < [K(a):KIK(@,):Kl ... [K(a ):Kl

Proof: Let r,= IK(al):KI. Foreach=2,...,n- 1n, the elemenai is alge
braic overK, hence also algebraic owda,, ....a; ;) by Lemmab0.5. This
lemma yields, in addition, that the minimablynomial ofa over the
field K(a,, ....a;_,) is a divisorof the minimal polynomial o& overK; so,

comparing the degrees of these minimal polynonaiats using Theorem
50.7,we getr, :=|(K(a,, ....a;,_))) @)Ky, ....a_p) < |K(@):KI, this for all

i=2,....,n-1n From
K S K(a) € K(a,a) € ... € K(@ay, -8, 1) S K@,a, ...a, a)
and K@, ....a,_p.a) = (K@, ... ,ai_l))(ai) fori =2,...,n-
1n
(Lemma 49.6(2), we obtain

| K(aja,, -..a, @)Kl =rr...rry (Theorem
48.13)

< [K(@):KlIK(@, Kl ... [K(@,):KlK(a):KI.

ThusK(a,.a,, . a ) is a finite dimensional extension &fand, by

n 1’
Theorem 50.10, an algebraic extensioK.of O
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50.13 Lemma:Let /K be a field extension andbac E. If a and b are
algebraic over Kthena + b, a - b, ab and &b (in case bz 0) are alge
braic over K

Proof: If a andb are algebraic oved, thenK(a,b) is an algebraic exten
sion ofK by Theorenb0.12: every element d&f(a,b) is algebraic ovek.
Sincea + b, a - b, ab anda/b are inK(a,b), they are algebraic ov&r O

50.14 Theorem:Let EZK be a field extension and latbe the set of all
elements of E whiclre algebraic over KThen A is a subfield of @&and
an intermediate field of the extensiorfKle

Proof: If a,b € A, thena andb are algebraic ovef, thena + b, -b, ab
and 1/b (the last in casbe # 0) are algebraic oveK by Lemma 50.13
and soOA is a subfield ofE by Lemma 48.2. Since any elementkofs
alge-braic overk (Example 49.8(3d) we haveK € A. Thus A is an
intermedi-ate field oE/K.

O

50.15 Definition: Let E/K be a field extension and latbethe subfield
of Ein Theorem 50.14 consisting exactly of the elements which are
algebraic oveK. ThenA is called thelgebraic closure of K in E

Al is of course an algebraic extensiorKofn fact, ifa € E, thena is alge
braic oveK if and only ifa € A; and ifF is an intermediate field d/K,
thenF is algebraic oveK if and only ifF € A

Thelast theorem in this paragraph states that an algebraic extension of
an algebraic extension & algebraic extension, sometimes referred to
as the transitivity of algebraic extensions.

50.16 Theorem:Let FEK be fields If F is an algebraic extension of E
and E is an algebraic extension ofthden F is an algebraic extension af K
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Proof: We must show thagvery element of is algebraic oveK. Let
u € F. SinceF is algebraic oveE, its elemenu is algebraic ovelg, and
there is a polynomidl(x) € E[x] with f(u) = 0, say
f(x) =g +ex+ - +ex".
We putL =K(e,e, ...,e). Then clearlyf(x) € L[x]. SinceE is algebraic
overK, each of,e,, ...,e, is algebraic ovelk andTheorem 50.12 tells us
thatL/K is finite dimensional. Also, sindéu) = 0 andf(x) € L[X], we see
thatu is algebraic ovelt and Theorem 50.7 tells us tHu)/L is finite
dimensional. Sd_(u):K| =[L(u):L||K(&,.e,, ...,6):Kl isa finite numberi(u)
is a finite dimensional extension KfBy Theorem 50.1Q,(u) is an alge
braic extension oK. So every element df(u) is algebraic oveK. In
particular, sincea € L(u), we see that is algebraic oveK. Sinceu is an
arbitrary element of, we conclude th&atis an algebraic extension Kf
O

50.17 Definition: LetK andL be subfields of a fiel& The subfield of
E generated b¥ U L overP, whereP is the primesubfield ofE, is called
thecompositum of K and,land denoted bkL.

So KL = P(K u L) by definition. It follows immediately fromthis
definition thatKL = LK. The compositunkKL is the smallest subfield &
containing botlkK andL, whenceKL = K(L) = L(K).

In orderto define the compositum of two fieldsandL, it is necessary
that these be contained in a larger fieldKk #ndL are not subfields of a
common field, we cannot define the compositim

If E/K is a field extension analb € E, then the composituii(a)K(b) of
K(a) andK(b) is K(P u {a,b}) = K(a,b).

Exercises
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1. Find theminimal polynomials of the following numbers over the
fields indicated.

(a) \2 over(), @(\/E), @(\/C_%).

(b) V3-12 over(, @(\/E), @(\/C_%).

(c) V2 +\3+1/5 over(), @(\/E), @(\/C_%), @(\E + \/E)_
(d) i/E +\2 over®, @(\E), @(i/z), @(VE).

@Nz2+\3 over®, 0(/2), DN2), DN2 +/3).
M V3 +12 over®, O(2).

(9) 3\/—1 +12 over®, O(2),0().
(V-1 - \2 over®, O(2),0().
() \/—1 +1\2 +\/—1 - V2 over®, ON2),00).

2. LetE/K be an extension of fields alet D be an integral domain such
thatK € D € E. Prove that, iE is algebraic oveK, thenD is a field.

3. LetE/K be arextension of fields andl,az, cooa elements ot which
are algebraic oved. Prove thaK[a,a,, ....a ] =K(a;a,, ....a ).

4. LetE/K bea field extension andb € E. If a is algebraic of degree
over K and b is algebraic of degree over K, show thatK(a,b) is an
algebraic extension &f and thatK(a,b):K| << mn If, in addition,m andn
are relatively prime, then in fagt{(a,b):K| = mn

5. Let E/K be afield extension andM intermediate fields. Prove the
following statements.

(&) ILMK] is finite if and only if botHL:K| and|M:K| are finite.

(b) If ILMK] is finite, thenL:K| and/M:K| divide |[LM:K].

(o) If IL:KK| and|M:K| are finite and relativelyprime, then/lLMK] is
equal taL:K||M:K].

(d) If L andM are algebraic oved, thenLM is algebraic ovekK.

(e) IfL is algebraic oveK, thenLM is algebraic oveM.

6. A complex numbeu is said to be an algebraic integewuifs the root
of a monic polynomial iZ[x]. Prove the following statements.

(@) If c € C is algebraic ovet), then there is aatural numbemn
such thancis an algebraic integer.

(b) If u € O andu is an algebraic integer, there Z.
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(c) Letf(xX) andg(x) be monic polynomials iff[x]. If f(X)g(x) € Z[X],
thenf(x) andg(x) are inZ[x]. (Hint: consider contents.)

(d) If u € C is an algebraic integer, then timnimal polynomial of
u overQ) is in fact a polynomial i@[X].
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