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Kronecker's Theorem

In this paragraph, we prove an important theoremtdue Kronecker
which stateshat any polynomial over a field has a root in some exten
sion field. It can be regarded as the fundamental theofdi®ld exten
sions. As might be expected from Kronecker's philosophical outibek,
proof is constructive: we do naterely prove the existence of such an
extension in an unseen world; we actuallscribe what its elements
are and how to add, multiply and invert them.

In our discussions concerning the roots of polynomials, we assuped,
to this point, that we are given: (1) a fiédd(2) a polynomiaf(x) in K[X];

(3) an extension field of K; (4) an elemerd of E which is a root off(x).
But in many cases, we are given only a fieldnd a polynomiaf(x) in
K[x], and the problem is to find a rootig§k). In more detail, th@roblem

is to find a fieldE, an extension df, and an elementin E such thatf(a)

= 0. Notonly are we to finda, but we are also to find, which is not
given in advance. Kronecker's theorem tells us how to do this.

Let usconsider a historical example, viz. the introduction of complex
numbers into mathematics in tA8th and 19th centuries. Mathema
ticians had the field® of real numbers, and thmlynomial x> + 1 ¢
R[X]. This polynomial has nmot in R, because there is no real number
whose square isl. However, there wergrong indications (for instance
Cardan's formula for the roots of a cubic polynomial) that a abdlhis
polynomial would be verywelcome. What did mathematicians do, then?
They invented a symbdiz, which they perfectly knewot to be a real
number, and considered the expressiaoﬁb\/—_l, wherea,b € R. These
expressions were coinédomplex numbers"” (not a fortunate name, by
the way). Two complex numbeas b\/—_l anda” + b’\/z are regarded as
equal if and only i =a” andb =b". The sum of two complemmumbers is
defined in the obvious way. The product of two complex numbers

a +by-1, c +dy-1is found from the naive calculation

@ +byV-1)(c + dv/-1) =ac+adV-1 + by-1c + by-1dv/-1
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= ac+bd(\-1)2 + (ad + bo)\-1
= (ac - bd) + (ad + bojv-1,

where we interpret\/(—_il_)2 as the real numbed. Thusy-1 is a compu
tational device: we multiply complex numbers using the udiedd
properties ofR, and putting-1 for (\/:.)2 wherever {/Z)Z occurs. The
rigorous foundation for complex numbers as ordered pairsreal
numbers, due to W. R. Hamilton, came in the miadléhe 19th century,
but there was nothing basicly wrong in tldefinition” of complex num
bers used by the earliarathematicians. The field were constructed
in this way as the extension fiel&(i) of R having a root of the
polynomialx? + 1 € R[x]. More specifically, the complex number Olw[:_
is a root ofx® + 1.

Another example. Givethe field @ and the polynomiakx* - 10x? + 1 in
O[x], we wish to find a roobf this polynomial. What can we do? As
mentioned inExample 50.9(d), we invent a symbml subject it to the
conditiona® - 10a®+ 1= 0 and consideall expressions, + ca + c,a® +
c3a3, asc,,c,,c;c, run independently ovdp. Theseexpressions are new
"num-bers". These new "numbers" are multiplied using the Usidl
proper-ties ofl), and putting O for® - 10a? + 1 wherever®- 1% + 1
occurs (equivalently, putting a®- 1 for a* wherevera® occurs).The
field {J(a) is constructed frorfh) anda as an extension field & having

a rootof the polynomialx* - 10x°> + 1 € Q[x]. More specifically, the
"number”

0 +1a + 0a2+0asis a root ofx* - 10x% + 1.

It is now clear what tdo in the general case. Given a figldand an ir
reducible polynomiaf(x) in K[X], to find a root off(x), we invent a sym
bol u, subject it to the conditioffu) = O and consider thk-vector space
with theK-basis 1,u?, ... ,.u™, wheren =deg tx) and 1uy,u?, ... ,u™ are
computational symbols. We multiply tledeements of thiK-vector space
by treatingu as anindeterminate oveK and writing O forf(u) wher
everf(u) occurs. The rigorous method of doing is is to condiaderfactor
ring K[x]/(f), as suggested by Theorem 50.6.
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51.1 Theorem (Kronecker's theorem).Let K be a field and (k) an
irreducible polynomial in k]. Then there is an extensidield E of K
such that®) has a root in E

Proof: LetE = K[x]/(f), the factor ring oK[X] modulo the principal ideal
generated b¥(Xx) in K[X]. SinceK[X] is a principal ideal domain arf¢k) is
irreducible inK[x], the factor rindgz = K[X]/(f) is a field (Theorem 32.25).

The mapping . K — E
k— k+ (f)

is a ring homomorphism because
(k,+ K)o =K +k) + () =(k, + 0) + (K, + ) =k +Kko

and
(K ke =k K, + () = (k, + M) (K, + () = ko ke
for any k Kk, € K. Sincef(x) is irreducible inK[x], it is not a unit inK[X],

thus =1+ ) 2 0 + f) andg is one-to-one by Lemma 48.8. $as a
field homomorphismWe identify K with its imageKe in E. So we will
write k instead ofk + (f) whenk € K. In this way, weregardK as a
subfield ofE andE as an extension field &f

Let us writeu =x + (f) € E for brevity. We claim that is a root off(x).
Indeed, iff(x) =b, +b,x+b,x*+--- +b x" € K[x], b_ = 0, then

f(u) =b, +bu+b,u®+--- +b u"
=(by + () + (b, + M)+ M) + (b, + O)(x+ O+ + (b, + ®)(x+ @)"
= (b, + ) + (b + O)x+ ) + (b, + O+ ) +-- + (b, + O)(X" + D)
= b, +bx+bx*+ - +b x" + (f)
=f+ (f)
=0+®
=0¢c¢E
and sau € E is a root off(xX). ThusE is an extension field df containing
a root off(x). (The identitification oK with K¢ € E amounts to writingk
for k+ 0u+ 00U+ --- + 0u" € E whenk € K.) )

Let us keep the notation of tipeeceding proof. Clearl¥X(u) € E. Also,
any elemenof E has the fornt, +c¢,x + 02x2 + -+ cmxm + (f), and thus

equals Co +C (X + () +c,(x+ ®)%+-- +c (x+ ®)™

— 2 m
—CO+Clu+C2U + +cmu
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and belongs t&(u). SOE € K(u). This shows thaE = K(u) is asimple
extension oK.

Now letF = K(t) be another simple extension iKgfgenerated by a roat
in F of f(X) € K[X]. By Theorem 50.6, we have the field isomorphisms

o K[XJ/(F) — K(u) B: K[X)/(f) — K(©)
g(x) + (f) — g(u) g(x) + (f) — g(v)

induced from the substitution homomorphisms

T, K[X] = K(u) T K[X] — K(b)
9(>) — g(u) 9() — 9(v)

(see Theorem 30.17). Hence

a1 K(U) — K(t)
g(u) — g(t)

is a field isomorphisnK(u) = K(t). Besides, sincka = (k + (f))a = KT, = k
and likewisekp = k for all k € K, therestriction ofa™p to K € K(u) is the

identity mapping onK. We proved the following strengthening of
Kronecker's theorem.

51.2 Theorem:Let K be a field and let(X) € K[x] be an irreducible
polynomial in Kx]. Then there is a simple extensiofuKof K such that
u € K(u) is a root of £x). Moreover if K(t) is also a simple extension of K
such that & K(t) is a root of €x), then Ku) = K(t) and in fact there is an
isomorphismo: K(u) — K(t) whose restriction to Kis the identity
mapping on K O

51.3 Definition: Let K be afield and letf(x) € K[x] be an irreducible
polynomial inK[X]. Then a simple extensidf(u) of K, whereu is aroot
of f(xX) (which field exists and is unique within an isomorphism whose
restriction toK is the identity mapping ol by Theorem 51.2), is called
the field obtained bwdjoining a root of ) to K
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51.4 Remark: Let K be afield and letf(x) € K[xX] be an irreducible
polynomial inK[x]. Suppose&(u) is the field obtained bsdjoining a root
u of f(X) to K. Letc be the leading coefficient &fx). From Theorem 50.3,

1 . .. . .
we learn tha% f(xX) is the minimal polynomial ofu over K. Then it

follows from Theorem 50.7 thakK(u):K|l = degi’ f(x) = deg {x). the

degree oveK of the field obtained by adjoining tOa root anrreduc
ible polynomialf(x) € K[X] is equal to the degree &Kk).

51.5 Theorem (Kronecker):Let Kbe a field and let(k) be a poly
nomial in KX]\K (not necessarily irreduciblever K) with deg &) = n.
Then there is an extension fieldEK such that(k) has a root in E and
IEKl < n.

Proof: Fromf(x) ¢ K, we know thaff(x) is neither theero polynomial
nor a unit iNK[X]. As K[X] is a unique factorization domain, we can
decomposd(Xx) into irreducible polynomials, and adjoin a root of one of
the irreducible divisors d{x) to K. The fieldE obtained in this way wiill
have a root of (that irreducible divisor &dfx), hence alsoof) f(x).
Moreover EK| will be equal to the degree of that irreducible divisor of
f(x), hence will be smaller than or equaldeg {x) = n. O

51.6 Examples:(a) Consider the polynomid(x) = x° - 2 ¢ [F5[x]. It is
irreducible ove|{F5, for otherwisef(xX) would have a root i|ﬂi5, whereas
there is no element iiﬁ5 whose square is 2 [F5 (in the language of
elementary number theory 2/ is a quadratic nonresiduneod 5). Let
us adjoin a roou of f(x) to .. Theresulting fieldF (u) is an [F5-veétor
space with afi_-basis {1y}, and u>=2c¢ F;. Here are somsample com
putations irf_(u):
A4+2A)@B+u)=12+4u+6u+3°=12+1UW+32=2+ Q@+ 1= 3,
B+A)2+4)=6+1+4u+8P°P=1+U+4Uu+32=7+6 =2 +u.

In view of the equation?® = 2 ¢ [F5, we agree to Writ@E in placeof u in
Fs(u). We keep in mind of course thvE IS just another name for our

computational devica: here\/z is not the real number 1.414 whose
square is the real number 2.
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Letus express (1 +\é)(3 +\/§) and (4 +\/§)‘1 in terms of thef-basis

1,72},
(1+2\/5)(3+\/§):3+\/§+6\/§+2-2:(3+4)+(1+6ﬁ:2+2\/§,
1 _ 1 4—\/524—\/524—\/524—\/521(4_\/5)
an2  anf2 an2 162 14 4 " a

= 4(4\2) = 16-4/2 = 1 +\2
Check:(4+\/§)(1 +\/§):4+4/§+\/§+2=6+5/§:1.

Note that o: [F5(\/§) — 5(\/5) is an automorphism @g(\/i), because

a+ b\/z —a- b\/z
[@+b\2) + ¢+ dV2)e =[(a +c) + (b +dN/2e

=(@+c) - (b+dn2
= (a- bV2) + c- dV2)
= (@a+bV2)e + (¢ + d2)e

and  [a+bV2)(c+dV2)le = [(ac+ 2bd) + (ad + boV2]e
= (ac + 2bd) - (ad + b2
= (ac + 2(b)(-d)) + (a(-d) + (-b)c)\2
= (a- bV2)(c- dV2)
= (a+ b\V2)e-(c + N2)p

for all a + b\y2, c + /2 € [FS(\/E); ando is clearly onto andKer ¢ #

[FS(\/E). By the binomial theorem (Theorem 29.16),

(a+ b\2)5 = a% + B%\2 + 183?22 + 1G2b32\2 + sab*s +

bSa\[2

—a%+4a\2=a+40\2=a-b\2
for alla+b\y2 € [FS(\/E). Thuse can also be described as

o Fs(V2) — F(V2).

t - t°

(b) The polynomiab(x) =x? - 3 ¢ F[X], too, is irreducible ovelr_ (3 € Z
is a quadratic nonresidue mod 5). Adjoining a m%tof g(x) to [FS, we
obtain the field[F5(\/§), which is an[F5—vector space with a basis {E}
over[Fs, and d§)2 =3¢ [F5. We do not forget, of course, th@ isa com

putational symbol only, anglot the reahumber 1.732. whose square
is3e R.In [FS(\E), we have

B+23)1+4/3)=3+12[3+2/3+83=27+143=2+4/3
2+3/3)2+4/3)=a+8/3+6/3+123=4+3/3+\3+36=4/3
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1 1 133 1-3y3 1+2/3 1
a3 1eaf3 Loz 127 T 4 ~ad*3d
=41 +2[3)=4+33

As 8 = 3 inf;, we may also write’é for \/:_% with theunderstanding that
\/§ € [FS(\E) IS a computational device satisfyirmﬁgﬁ2 =8 =3. Here\/g
is not the real number 2.828 whose square is 8 R. We might be
temptedo write\/§ =\42 = 2\/5 For the time being, this is not legit
imate: as\/é € [FS(\E) and Z/E € [F5(\/§) are in different fields, and not
their intersectiorfF5, it is not meaningful to Writdg = 2\/5

However, this suggests that[FS(\E) — 5(\/E) might be an interesting
a-+ b\/§ —a+ 2b\/§
mapping. Indeed,

[@+bV3) + ¢+ d3)w = [(@+c) + (o + V3w

= (@+c) + 20 +d)\2

:(a+2b\/§)+(c+2d\/§)

= @+b\3)p +  + 3y
and [& +b\3)(c + d\3)v = [(ac + 3od) + (ad + b3y

= (ac+ 3bd) + 2@d + bc)\/z

= (ac+ 22b-2d) + (@-2d + 2bc)\/2

= (@ + 20\/2)(c + 20\2)

= @+ b\V3)p(c + 3w
for alla +b\3,¢c +d\3 ¢ [FS(\/E), thusy isa ring homomorphism. As it is
clearly one-to-onand ontoy is a field isomorphism. Hendﬁg(\/:_%) and
[FS(\/E) are isomorphic fields. Weadentify these twofields by the ise
morphisnmy, i.e., by declarin@g + b\/:_% =a+ 2b\/§ for all a,b € [F5. Then,
but only then can we Writ\éi_% = 2\/5

We could identify these fields by declariag b\/§ =a- 2b\/§ for all a,b
in [F5, which amounts to identifying them by the isomorphism

PYP: [FS(\/E) — 5(\/E). How we identify them is not important, but we
must consistently use one and the same identification.

When we identifﬁS(\/\:}) and[F5(\/§) by declaringa + b\/é =a+ ZJ\E for

all a,b ¢ [F5, we can no longer interpra@, for example, merely as a
computational device whose square is €l8_, for thereare two ele

ments in[FS(\/g) = [FS(\/E) whose squares an8, viz. 2\/5 and —2\/_ =
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3\/5. We must specifyvhich of 2\/5 3\/5 we mean by\/18. Otherwise
we might commit such mistakes as

32=\o2=\18=\92=\42=2/2 in F,(\/2)
which resembles the mistake

-7 :\/(_7)2 :\/Z;: 7 in R.

In R, there are two numbers whosguares are 49, namely 7 arnd
and\/ZB is understood to be the positive thie numbers 7;:7. Thus
when we Write\/Za, we specify which of 7-7 we mean by\/Za. This
prevents the mistake& =\r(\L((-7))?). In [FS(\r(Z)), specifying 2 (2) or

3\V2 aS\/E prevents the mistakefg = 2\/5

Exercises

1. Adjoin a rootu of X + 22 - 2 € Q[x] to @ and construct the field
(u). Express §® +u - 1)(U? + 2u - 5), (U - 3u + 1)/U? + 2u + 3), (U* +
ud)(U® - 1) in terms of thé)-basis 1u,u® of O(U).

2. Find all monic irreducible polynomials i[F)O.[x] of degree two (aside
from x% - 2 andx? - 3, there are eighuf them). Adjoining a rootu of
these polynomials tdF5, construct eight fieIdsFS(u) of 25 elements.

Prove that each of these fields is isomorphi[E;S(:qE).
3. Prove thalt.’ and[FES(\/E)X are cyclic.

4. Find a fieldK of nine elements and show tlitats cyclic.

5. Prove the following statements.
(@) f(x) = X2 +x+1¢ [FZ[X] is irreducible oveiFZ.
(b)g(x) =x*+x+1¢ F,[X] is irreducible ovetf,,.
Leti be a root of(x) andu a root ofg(x).
(©)h(X) =x®+ix + 1€ F,()[X] is irreducible ovef,(i).
Lett be a root oh(X) € F,(i)[X.
(d) F,(H(®)" andF(u)* are cyclic.
(@) F,()(®) = F(u).
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