852
Finite Fields

We have seen some examples of finite fields, i.e., fields with finitely
many elements. In this paragraph, want to discuss some properties
of finite fields.

In modern times, it is customary to treat firfiedds after the presenta
tion of Galois theory. Our approach to finite fields will be more elemen
tary and more concrete than usual. We hope this will preparveaghé¢o

a better understanding of Galdiseory. See also Example 54.18(c) and
Theorem 54.26.

We begin by restricting the order of a finite field to prime powers.

52.1 Lemma:Let q be a natural number amda field with g elements
Then o= p" for some prime number p and for some natural number n

Proof: LetK be a field withq elements. The prime subfield kfcannot

be (isomorphic tol), for thenK would contairinfinitely many elements.
Hence the prime subfield df is (isomorphic to)[Fp for some prime

numberp. We consideK as ar{Fp—vector spacelhe dimension oK over
[Fp must be finite, saNr(:[Fpl =n € N. Let{k Kk, ...k} be an [Fp—basis ofK.

ThenK consists of the elements

a1k1+a2k2+”' +ankn

asa,a,, ...,a, run independently througﬁg, and

kg ralG e ta kg = bk b+ Ak,
wheneverd a,, ...,a) # (b b, ....b). Hence there ane possible choices
for each ol a,, ...,a, and there are precisghp...p = p" elements irK.

Thus theconditionqg = p" is a necessary condition for the existence of a
field with g elements. One of our main goals in thagagraph is to show
that it is also a sufficient condition.
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By the proof of Lemma 52.1, we know that a fialilh p" elements is of
characteristicp. We prove two lemmas abo@bhot necessarily finite)
fields of prime characteristic.

52.2 Lemma:Let K be a field of characteristic0. Then
(a+b)P=aP +bP and (ab)P = aPbP
for all a,b € K.

Proof: We use the binomial theorem (Theorem 29.16). Igesea prime

number and the binomiabefficients (D are divisible byp whenk =

1,2,...,p - 1: note thap! is divisible byp, sok!(p - K!(F) is divisible by
p, butk!(p - K)! is relatively prime top, sop divides (E) by Theorem
5.12. Then, for ang,b € K, we have

(a+b)'°:a'°+'§L (E)a'ff'<bk+b'°:a'°+'iL 0 +bP =aP +bP
=1 k=1

sincep| P) andchar K= p imply that P)aP*pk =0 fork = 1,2,. .. p - 1.
k k

This provesd + b)P =aP + bP. The claim ab)P = aPbP follows fromLemma
8.14(1). O

Lemma 52.2 states that the mapping — K is a field homomorphism
a— aP
(clearly P = 1z 0). By induction omm, we obtain
(a, +a,+ +am)p:alp+azp+ +am|o
for anym elementsal,az, N of a field of prime characteristm

52.3 Lemma:Let K be a field of characteristic00 and ne€ N. Then
(a+b)P" =af" +pb”

for any gb € K.

Proof: We make induction om. The claim is established for = 1 in
Lemma 52.2. If the assertion is true for k, then, for anywy,b € K,
(a+ b)IO"+l = [(a + b)pk]p — [aIOk + bpﬁp - (apk)p + (bpk)p = aP*" 4 pP*!
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and it is true fon =k + 1 also. Hence it is true for alle N. O

52.4 Lemma:Let g€ N and let K be a field with g elements
(1) a9t = 1for all a € K~
(2)a9=a forall ac K.

B)xI-x=[] (x-a) inK[x].

aekK
(4) Let f(X) be a nonzero polynomial of degree &K|x]. If f(X)|(x9 - X) in
K[x], then {x) has exactly d roots in ,Kand these roots are pairwise
distinct

Proof: (1) K is a multiplicative group of ordéf| =|K\{0} | =g - 1. Hence
a9l =1 for anya € K~

(2) This follows from (1) ifa # O and from 8= 0 ifa = 0.
(3) Any elementa of K is a root of the polynomiat9 - x € K[xX] by part

(2). Thus bothx9 - x and |_| (x - a) are monic polynomials, iK[x], of

aeK

degreeg having all theg elements oK as roots. 19 - x were not equal

to |_| (x - a), then(x9 - x) - |_| (x - a) would be a nonzero polynomial
aekK aekK

of degree less thang having at leastq distinct roots, contrary to

Theorem 35.7. Sgf - x=[] (x-a)

acK

(4) Weput x9 - x = f(X)g(x), with g(x) € K[x]. Thendeg dx) = q - d. The
roots ofx9 - x are pairwise distinct by part (3) and, since st of f(X)
is alsoa root ofx9 - x, we see that the roots &fx), too, are pairwise
distinct. Likewise the rootsf g(x) are pairwise distinct. Now(x) has at
mostq - d roots inK (Theorem 35.7). If(X) hadr roots inK andr < d,
then x9 - x = f(X)g(x) would have at most + (g - d) < g roots inK,
contrary to the fact that al element®f K are roots ok - x. Thusf(x)
has at leadll roots inK. But it can have at modtroots inK by Theorem
35.7. Hencd(X) has exactly roots inkK. O
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52.5 Lemma:Let /K be a field extension and assume tkdtas g ele
mentsqg € N. Let b be an element of Then be K if and only if 9 =b.

Proof: b € K if and only ifb is a root of |_| (x-a), so if and only ifb is

aeK

a root ofx9 - x, so if and only ib9 =b. m|

The last two lemmas will now lmmployed to get information about the
subfieldsof a finite field. If K, € K, are finite fields, withp™ and p™
elements, respectively, th&yiis a subgroup oK, hencep™ - 1 = K
dividesIKZXI = p"™ - 1 by Lagrange's theorem. We proceed to show that
this happens if and only ih, dividesm,.

52.6 Lemma:Let mn € N and put d= (m,n).

(1) For any ke N, we havgk™- 1, Kk"-1) =k9- 1.

(2) If K is any field and x an indeterminate overtkden in the unique
factorization domain k], we havex™- 1,x" - 1) ~ x9 - 1.

Proof: (1) We pute= (kM- 1,Kk" - 1). Since

K- 1= K- )((KHMDL 4 (HMVDZ 4.+ kD + 1),
we havekd - 1|k™ - 1. Likewisek® - 1k" - 1 and sd&® - 1le. Onthe other
hand,k™ = 1 (mode), so k" = 1 in Z, soo(k)Im. Likewise o(k)In, so
o(K)d, sok? =1 in 7, sok? = 1 (mode), soek® - 1. Fromk® - 1le and

gkd - 1, we obtaire=k9 - 1, as claimed.

(2) We putf(x) = XM - 1 x" - 1). Since
XM= 1 = 6 = 1)) MDL 4 (VD24 yyd ),
we havex® - 1/x™ - 1 inK[x]. Likewisex® - 1/x" - 1 and sod - 1/f(X). On
theother handf(x)|x™ - 1, so(x + )M =x"+ () = 1 + §) in KX/(F)),
hencex + (f) is a unit inK[x]/(f) and the order ok + (f) € (K[X)/(f)) is
divisible by m, likewise by n, and therefore bwyl. Thus x9 + = (x+
M)=1 + @, andf()Ix? - 1 in K[x]. Fromx9 - 1f(x) andf(x)|x® - 1, we
getf(x) ~ x4 - 1, as claimed.
O
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52.7 Lemma:Letmn,p € N and let K be a fieldlnd x an indeterminate
over K

(1) For any ke N, we have R- 1k" - 1if and only if .

(2) In the polynomial ring kK], we have R - 1]x" - 1 if and only if mm.

(3) In the polynomial ring K], we have K - x|x?" - x if and only if rm.

Proof: (1)) kM- 1k"-1ifand only if K- 1,k"-1) =kM- 1, so if and
only if KM™ - 1 =K™ - 1, so if and onhif (mn) = m, so if and only if
mn.

(2) XM - 1Ux" - 1 inK[X] if and only if X" - 1,x" - 1) » xX™ - 1, so ifand
only if xX™M™ - 1 ~ x™- 1, so if and only ¥(™™ - 1 =x™M- 1, soif and only
if (mMN) =m, so if and only ifmn.

(3) We have” - x [xP" - x if and only ifx?"*- 1| x?"1- 1, so if ancbnly
if p"- 1] p" - 1 by part (2), so if and only ifin by part (1). m|

52.8 Theorem:Let K be a field with 'belementdp prime. Then K has
a subfield with P elementsf and only if nmn. In this case there is
exactly one subfield of K witi"mlementsThis subfield is

{a € K:aP" =a}.

Proof: As noted earlier, iK has a subfieldd with p™ elements, theR"
is a subgroumf K*, sop™ - 1 =|HY divides|K| = p" - 1 by Lagrange's
theorem. Fronp™ - 1/p" - 1, we getmin by Lemma 52.7(1).

Suppose nownn. We want to show thatk has a subfield withp™
elements. Lemma 52.5 leads us to condigerset of all elementsin K
satisfyingaP" = a. So we puk, = {a € K: aP" = a}. Then K, is not empty
and, for anya,b € K, we have

@+bP" =af" +aP" =a +b, soa+b e K, (Lemma
52.3),

(-b)P" = 1b)P" = (1)P"bP" = (-1)b, so-b € K, (even wherp = 2),
(ab)P" = aP"bP" = ab, soab € K,

(1/b)P" = 16°" = 1, so 1b € K, (if
b = 0).

ThusK; is a subfield oK. We nowshow that, has exacthp™ elements.

Sincemn, we havexP” - x X" - x in K[x] (Lemma52.7(3). Thus the
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polynomialx'om - X has exactly™ roots (and these are pairwise distinct).
(Lemma 52.4(4) and the roots ofP" - x are precisely the elements in
K,- HenceK, has indee@™ elements.

This proves thaK has a subfielK,; with p™ elements whenevemn.
Moreover, therds only one subfield withp™ elements, for ifK, is a

subfield ofK and|K] = p™, then any elemeri of K, satisfiesb”" = b by
Lemma 52.5, s, < K, soK, =K,. The proof is complete. O

As an illustrationof Theorem 52.8, assume thégo% is a field with

4096 = 2% elements. Then adiubfields ofK, . are as the figure below,
whereKO| denotes a field witly elements.

In particular, assuming the existence of a field with 4€@tnents, we
can conclude the existence of a fialilh 21, 22, 23, 2% 2% elements, too.
However, we do not know whether a fialdth 4096 elements really
exists, so the foregoing argument is very weaks Itn fact true that
there is a field withp" elements, for anprime numbemp and for any
natural number n. We wish to prove this assertion. We need some
results from elementary number theory.

*

In the following, we use the notatioE ay- This means that € N and
dn

that we take a sum of termagasd ranges through the positive divisors
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of n, including 1 anadh. For mstanczlz12 ay=a, +a,+aj+a, +ag+a,, and

> =a +a,+a +a,.. Wecleary havg a,= ) a_. The notationg|a,
diis dn dn din

and(lel.J1 S, will have similar meanings.

52.9 Lemma:Lety be Euler's functionThen for any natural number,n

> e(d)=n.

dn

Proof: For anyk € N, ¢(Kk) is defined to be the numberf positive
integers less than (on equal to)that are relatively prime t& The
greatest common divisor of any integer in {1,2Nn} with n is a positive
divisord of n. Hence we have

{1,2,....n}= (E“Jn Sy whereS, ={k € Nk < nand kn) =d}.

Counting the number of elements, we get{1,2,....n}| = ) [S]. Here
dn

Sa

{ke N k<< nand kn) =d}

{k € Ndk k<t nand n) =d}.

={k € N: k=dbfor someb € N, k<< nand kn) =d}
={db € N: ,db << nand @bn) =d}

={db e N:,db< nand @bd ) = d)
={dbe N: 1< b<gand b,g)=1}-

Thus|S | is the number of positive integdysuch that I b < n/d and
(b, (n/d)) = 1, and this number ign/d) by definition. We then obtain

n=> IS)=> em/d) =) o). O

dn dn dn

For ease in formulation of the next Iem_nwse introduce some terminol
ogy. Letm € N. A complete residue system modsrdefined to be a set
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of m integers such that one and only onghedfm is congruent to each

one of 1,2,... ,m Thus a complete residugystem modm is a set
{ryrs...r} < Z such thathe residue classes madofr r, ... ,r_ make
up Zm. In particular,r; are then mutuallyncongruent modm (and, a
fortiori, mutually distinct). Ifr ,r,, ... ,r_ are integers mutually incongru
ent modm, then {,,r,, ....r_} is a complete residue system miod Also,
if any integer iscongruent, modulen, to one of the integens,r,, ... r,
then {r,,r, ....r } is a complete residue system muwd

A reduced residue system modsndefinedo be a set of(m) integers
such that one andnly one of themis congruent to each one of the
integers among 1,2,.,m that are relatively prim® m. Thus a reduced
residue system mathis a set 4, a, ... ,acp(m)}
classes modn of a,,a,, 8 m) make upZ:n. In particular,a, are then
mutually incongruent modn (and, a fortiori, mutually distinct). If
a8y By are integers relatively prime toa and mutuallyincongru
ent modm then @, a,... am)
if any integer that is relatlvely prime@ m is congruent,modulo m, to
one of the integers ,a,, By then f,.a, ...,acp(m)} is a reduced resi

due system monh

c /Z such that the residue

} is a reduced residue system nmodAlso,

52.10 Lemma:Letg be Euler's functionLet mn ¢ Nand(mn) = 1.

@ i {ryr, ...r} < Z is a complete residue system mod m and if
{s;s,....8} & Z is a complete residue system mothen
{ms + 0, i=1,2,....mj=12,...nfc/

is a complete residue system mod mn

2 If {a,a, ...,acp(m)} c Z is a reduced residue systambd m and if
{b,.b, ...,bcp(n)} c /Z is a reduced residue systenod n then
{ma, + nb] i=1,2,...0(m), ) =1,2,....0(N} = Z

is a reduced residue system mod mn
(3) e(Mn) = p(mM)p(n).

Proof: (1) It will be sufficient to show that any twaistinct of themn

numberams + nr, are incongruent modulmn Indeed, if
g +nr, =ms. +nr, (modmn),

then ms +nr, =ms. +nr, (modm) andms + nrJ =ms. +nr, (modn)

m; = nrJ (modm) andms =ms. (mod n)
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n=r (modm) and
n=r ands =s

ITBI + nrj =ms. + nrj,.

s =s. (modn)
S .

(2) Let us take a complete residsyestem {,,r,, ...,r } mod m such that
{a,a, ...,acp(m)} c{ryr,...,r}and a complete residue system.g, ....,s}

modn such that b, ,b,, ...,bcp(n)} c{s.s,....s} We have §,a, ... ,acp(m)} =
{rj ) =1,2,...,m, (rj,m) =1} and {b, b, ...,bcp(n)} ={s:i=12,....n,(gn) =
1}. Now {ms + nr, j=1,2,....m j =1,2,...,n} is a complete residue

system modmn So it will be sufficientto show thatms + nr, is
relatively prime tannif and only if §,n) =1 and lg,m) =1.

If (s,n) > 1, then ¢,n) divides bothms + nr, andmn so §,n) divides
(ms +nr;, mn) and(ms + nr, mn) > 1. Likewise (J.,m) > 1 implies that
(ms + nr, mn) > 1.

On the other hand, ig(n) = 1 and ﬁ,m) = 1, then (s + nrj,mn) = 1. For
otherwise ins + nr, mn) would be divisible by a prime numbex Then
we would haveggmn soplm or pln. Without loss of generality, assume
plm. Also plms + nr, soplnrj. Sincep/m and (m,n) = 1,we would get jp,n)

= 1. Thenplnrj and 6,n) =1 would giveplrj and p would divide (J.,m),
contrary to g,m) =1.So¢.n) =1and |§,m) = 1 implies (ns + nr, mn) =

1.

(3) From part (2)we learn that a reduced residue system moduho
hase(m)e(n) elements. Hence(mn = p(M)e(n) wheneverm andn are
relatively prime. O

It follows by induction ork thate(mm,... m) = e(Mm)e(mMm,). ..e(m) for
all naturalnumbersm ,m,, ...,m_that are pairwise relatively prime. In

particular, ifn € N andn = p,p,?...p 2

of ninto prime numbers, thestn) = ¢(p,*)e(P,™). .. ¢(B1.

k is the canonical decomposition

Now it is easy tdind ¢(p? in closed form ifp is prime: among the?
integers 1,2,..,p% exactlyp®?! of them, namely

pl, p2,....pp*t
are not relatively prime tp, so exactlyp?® - p?* of them are relatively
prime top. This means(p?) = p? - p*1. We can also write(p?)
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= pa(l - ;)

Therefore, ifn € N,n> 1andn = p*p,*2. .. g% is the canonical decom

position ofn into prime numbers, then

(N = (P, - PP, - P (A - B
=p, 2P, p & p, - D, - 1)...(B - 1)

= p, 1P, .. pkak(l - F:)L1) (1- F:)LZ) (13- ;;()
_ Ay, 1 1
=n(1- Iol) (1 IOZ). (1 Iok).

Expanding the last expresion, we find

N=n-("+" ...+ .
o =n-(, P, P, k) (plpz PPy pklpk

CORC—).

PP, - Py

+_ -

Thus¢(n) is equal to a sum akerms of the forms whered is a

a ’
product of distinct prime divisors of and the sign is er - according as
the number of prime divisors is even or odd. Thus we can write

OEDWICB

dn
whereyu(d) = O if d is divisible by the square of some prime number,
and, ifd is not divisible by thesquare of any prime numben(d) = 1 or
-1 according as the number of (distinpt)me divisors ofd is even or
odd. This leads us to the function named after A. F. MObius (1790-1868).

52.11 Definition: The functioru: N — Z, where
n(1) =1,
u(n) = (-1)" if nis the product of distinct prime numbers,
u(n) = 0 otherwise, i.e., M is divisible by the square of a
prime number,
is called theMo6bius function

For example, u(1)=1, u)=-1, u@) =-1, u@) =0, u@®d) =-1,
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The two formulasi = ) ¢(d) ande(n) = ) u(d)g are equivalent. This
dn dn

is a special casef a formula known as MoObius inversion formula that
connects a divisor surE ay with thea, To establish this formula, we

dn
need a lemma.

52.12 Lemma:Lety be the Mo6bius function andenN. Then z u(d) is
dn

equal tol in case rr 1 and toO in case > 1.

Proof: If n=1, then) p(d)=) p(d)=p(1)=1.
dn dn

If n> 1 andn = p,*p,*...p 2 is the canonical decompositi@f n into
prime numbers, then
> oudy = > u(d) = @) +(upy) +u@,) + - +u@))
dn dip,p,.---Py

+ (“(plpz) + l-l(plpg) +e ”(pk—lpk))

+ (r(Py PPy + -+ + 1B P 1PY)

+ ...
+ w(pP,-- B

=1+ + O 02+ () )@+ - + (1)
=(@-1)=o0. O

52.13 Lemma (Mobius inversion formula): Let K bea field and let
f: N — K be any functiorDefine the function F by declaring

F(n) = > f(d).

dn

foralln e N. Then f(n) = Z u(d)F(g) =

n
“)F(d
Z z u(F)

for all n € N.
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Proof: Letn € N. For any positive divisad of n, we have

FC) =2 o),

ME

n
u(AF(y = > u(d)f(b)
b|§
n
u(AF(y => > uwdf(b).
dn dn n
bl |
The last sum is over all ordered pdunld) of positive divisors oh such
thatdbn. Hence it is also the sum over all ordepadrs p,d) of positive
divisors ofn such thabdn and we get
n
> HAF(Y=) ¥ w@f) =3 fO(Y u(d) =fn)
din bjn dD bjn dD
b b
sincez u(d) is equal to 1 wherm = n and to O wherb is a proper
n
di_
divisor ofn (Lemma 52.12).
O

52.14 Lemma:Let K be a field and let:fN — K* be anyfunction Define
the function FN — K* by declaring

F(n) = f(d).
dn

forallne N. Then f(n) = |_| F(g)“(d) = |_| F(d)H (/D

din dn
for all n € N.

Proof: Letn € N. We have F(g) =[] f),

n
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|_| F(g)l-l(d)zl_l |_| f(b)p(d)

dn dn bﬂ
Iy
and so

(d)

) =f(n) =

2
Nyu(d) |_| |_| f(b)u(d):l_l (f(b)

dn bn n bln
d|b

u
d|(n/b)

T

~
Q|

-/
[l

We return to finite fields. We will prove thdtr any prime numbep

and natural numbar, there is a finite field withp" elements and that
any two finitefields with the same number of elements are isomorphic.
We begin by discussing the decompositioxbf- x € [Fp[x] into irreduc

ible polynomials in the unique factorization domﬁgﬁx]. It turns out
that all irreducible factors of" - x are distinct, and ainreducible poly
nomial in[Fp[x] dividesx?" - x if and only if its degree dividas

52.15 Theorem:Let p be a positivprime number and lef (X) be the
product of all monic irreducible polynomials of degrem ﬂp[x] (if there
is no monic irreducible polynomial of degreénd[Fp[x], let F,(X) be the
constant polynomidl € [Fp[x]). Then

X" -x=[] F, in F[x.
dn

Proof: All roots ofx?" - x are simple, becausé@ - x is relatively prime
to its derivative derivativel. Sox”" - x is not divisible by the squaoé

any polynomial in[Fp[x]. In particular, xP" - x is not divisible by the
square of any of its irreducible factoréFipn[b(].'

Suppostx) € [Fp[x] iIs amonic irreducible polynomial itﬁip[x] and letd =
degf(x). We construct the fielﬂp(a) by adjoining a rooa of f(x) to [Fp.
Now f(X) is theminimal polynomial ofa over [Fp, sol[Fp(a):[Fpl =deg fx) =
d and [Fp(a) is a field ofpOI elements. Thereforg® = b for all b ¢ [Fp(a)
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(Lemma 52.4(3). Weare to prove thaf(x)x”" - x in [Fp[x] if and only if
dnin Z.

Assumedn. Asa € [Fp(a), we hava® = a, soa is a root ofx?’ - x ¢ [Fp[x].
But f(xX) is the minimal polynomial of over[Fp, hencef(x)lxpd -X in [Fp[x].

Fromdin, it follows thatx?" - x [x?" - x (Lemma 52.7(3), sof(x)|x"" - x.

Assume now(X)|xP" - x. Thenf(x)g(x) = xP" - x for someg(x) € [Fp[x], and
f(a)g(a) = aP" - a = 0. Soa is a root ofx*?" - x. But then any element of
F(a) is a root ofx?" - x: if b € F (), sayb =f, +fa + f,a%+... +f, a%"
with f £, f, ..., € [Fp, then we get
B> =, +fa+fa®+ - +f, _a%hHF

=f P +f,PaP + P @)+ + ()P @D

=f,+fa+fa®+... +f, a%"=b
Since the elements dﬁo(a) coincide with the roots of® - x (Lemma
52.4(3), we see that any root ®f' - x is also a root of”" - x. Therefore
xP" - x dividesx”" - x and, by Lemma 52.7(3)l, dividesn. m|

52.16 Lemma:Let p be a prime number and Ik be the number of
monic irreducible polynomial®f degree d in[Fp[x]. Let F,(X) be the
product of all theN  monic irreducible polynomials afegree d in[Fp[x]
(with the understanding,(xX) = 1in caseN, = O;weprove presently that
Ny > 0).For any ne N, we have

(1) p"=> dNg;
dn
) F00 =[] & - 5uve;
din

_1 Ny d.
(3) Nn - n an IJ'(d)p '
4) N, > O.
Proof: (1) This followsfrom xP" - x = F,(X) by equating the degrees

dn

of the polynomials on both sides.
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(2) This follows from the same equation by Lemma 52(idth the
functionF: N — [Fp(x) that maps € N to Fn(x)).

(3) This follows from part (1) by Mobiusmversion formula (Lemma
52.13).

. - . n
(4) N, = 0 by its definition. Also, ilN_ = 0, we get}n u(a)pd = 0 from

part (3) and, dividing both sides by the smallgsfor which u(g) Z 0,

say byp%, we obtain an equatiom(di) = Z p(g)pd*jo, where theight

o) dn
d=d,
hand side is and the ldfand side is not divisible by, a contradiction.
HenceN_ > O. O

52.17 TheoremilLet ne € N and let p be a prime numbdrhen there
exists a finite field with'pelements

Proof: By Lemma 52.16(4)there is an irreducibl@olynomial f(x) of
degreen in [Fp[x]. LetK be the field obtained by adjoining a rootf@d) to

[Fp. ThenIK:[FpI =n andK is a field withp" elements (Theorem 50.7). O

52.18 Theorem:Let K be a field andet G be a finite subgroup of'K
Then G is cyclicln particular, if K is a finite fieldthen Kis cyclic

Proof: Let n = |G. The order of any elemegtin G is a divisor ofn.
Hence we have the disjoint union
G=Ll{g € G o(g) =n},

from which we obtain

n=1G =) y(d),

dn
wherey(d) is the number of elements @Gof orderd.

We claim thatp(d) is either O op(d). If there is no element @& of order
d, then of course(d) = 0. If there does exist an elemeanin G of order
d, thenall thed elements in the cyclic groufg> generated by satisfy
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g9 = 1. Hence they are roots of the polynomi@l- 1 € K[x] and this

polynomialhas therefore at leadtroots inK. On the other hand, it can
have at most roots iK, thusit has exactlyd roots in K, namely the
elements in<g>. Thus any element irG that has orderd, which
necesarily is a root of? - 1, is in the subgroupy>, and an element in
<g> is of orderd if and only if thatelement is a generator of>. Thus
the elements G of orderd coincide withthe generators ofg>. There
areg(d) generators ofg>, so there are(d) elements irc of orderd, i.e.,
p(d) =9(d), as claimed.

Sincey(d) < ¢(d) for any positivadivisor of n, we obtainn = z p(d) <
dn

Z ¢(d) = n and this gives(d) = ¢(d) for all positive divisord of n. In
dn

particular,p(n) = ¢(n) > O: there isan element in G of ordern. ThusG
is the cyclic groupa>. O

52.19 Theorem:Let K be a field of 'belements and let t begenerator

of the cyclic group KThen
(LHK= [Fp(t).
(2) The minimal polynomial of t ovérg has degree.n

(3) If K, is anyfield of g' elementsthen the minimal polynomial t over
[Fp has a root irK,.

Proof: Since O¢ [Fp(t) and since any nonzero elemenkKpbeing gpower

of t, is in [Fp(t),we getK < [Fp(t); thusK = [Fp(t). This proves (1). Then the
degree of the minimal polynomial vaer[FIO is equal td[Fp(t):[FpI = IK:[Fpl
=n. This proves (2)Finally, since the degree of the minimal polynomial
of t over[Fp is equal tan, hence a divisor atf, this polynomial is alivisor

of x*" - x (Theorem 52.15) and has distinct rootsin K, (Lemma
52.4(3); in particular, there isa root of this polynomial ink,. This

proves (3). O

52.20Theorem: Any two finite fields with the same number of ele
ments are isomorphic
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Proof: Let K andK, be fields ofp" elements. The* is a cyclic group
(Theorem 52.18). Lett be a generator &f. ThenK = [Fp(t) by Theorem
52.19(1).Let f(X) € [Fp[x] be the minimal polynomial of over [Fp. Now
f(X) has a root in K; (Theorem 52.19(3) Let [Fp(c) C K, be the subfield
of K, generated by over [Fp. Thenn = deg x) = I[Fp(c):[Fpl < |K1:[Fp| =n
yields [Fp(c) =K. We then get
K, =F p(C) =F p[x]/ (fx) =F p(t) =K
from Theorem 50.6. Hendg = K. O

In view of this theorem, we identify dlhite fields of the same number
of elements. Thus there is a unique figld) elements ¢ = p"), and this
field will be henceforward denoted Eé(‘

Exercises

1. Find finite subgroups &f and show directly that they are cyclic.

2. LetE andK be finite fields, withK € E and|EK| = 5. Leta € K. If there
is nob € K such thab? =a, show that there is noc E such thab® =a.

3. LetE andK be finite fields, withK € E and letlEK| = n. Leta € K be
such that there is nwe K such thab® =a. Prove that, ifh is odd, there
is nob € E such thab? = a and that, ifn is even, there is b € E such
thatb? = a.

4. Find all monic irreducible polynomials ih'}[x] of degree2,3 and 4.
Verify Theorem 52.

5. Let p and g be distinct prime numbe_rsF.ind the number of monic
irreducible polynomials irﬂip[x] of degrea.

6. LetK be a field withp" elements. Led € K and puftf(x) = rﬁ (x - apk).

k=0
Show thatf(x) € [Fp[x]. Conclude thaa +aP+a” +--- +aP"™ ¢ [Fp. This sum
a+aP+aP + ... +aP" is called therace of a oveﬂFIo and is denoted by
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Ty /[Fp(a). Prove thatT, /[Fp(a +b) =T, /[Fp(a) + Ty /[Fp(b) and T, /[Fp(ca) =

cT, (@) for allab € K andc ¢ [Fpand show that there is an< K with
p

TK/[Fp(a) =z 0.

7. Keepthe notation of Ex.6.Prove thag(x) = xP - x - a € K[X] is either
irreducible inK[X] or is aproduct ofp polynomials of degree ond?rove
that the latter alternative holds if and only jf,- (a) = O.

P

8. Construct addition and multiplication tables for the finite fié|ds,Fy
andf, 4

9. Find a generator of the cyclic grokipvhenK =T ,F_FF FoF, S

10. Prove that a root of + 7x + 2 € F_,[X] is a generator df’,.
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