
§52
Finite Fields

We have seen some examples of finite fields, i.e., fields with finitely

many elements. In this paragraph, we want to discuss some properties

of finite fields.

In modern times, it is customary to treat finite fields after the presenta-

tion of Galois theory. Our approach to finite fields will be more elemen-

tary and more concrete than usual. We hope this will prepare the way to

a better understanding of Galois theory. See also Example 54.18(c) and

Theorem 54.26.

We begin by restricting the order of a finite field to prime powers.

52.1 Lemma: Let q be a natural number and K a field with q elements.

Then q = pn for some prime number p and for some natural number n.

Proof: Let K be a field with q elements. The prime subfield of K cannot

be (isomorphic to) , for then K would contain infinitely many elements.
Hence the prime subfield of K is (isomorphic to) 

p
 for some prime

number p. We consider K as an 
p
-vector space. The dimension of K over

p
 must be finite, say K:

p
 = n  . Let {k1,k2, . . . ,k

n
} be an 

p
-basis of K.

Then K consists of the elements

a1k1 + a2k2 + . . .  + a
n
k

n

as a1,a2, . . . ,a
n
 run independently through 

p
, and

a1k1 + a2k2 + . . .  + a
n
k

n
  b1k1 + b2k2 + . . .  + b

n
k

n

whenever (a1,a2, . . . ,a
n
)  (b1,b2, . . . ,b

n
). Hence there are p possible choices

for each of a1,a2, . . . ,a
n
 and there are precisely pp. . . p = pn elements in K.

Thus the condition q = pn is a necessary condition for the existence of a

field with q elements. One of our main goals in this paragraph is to show

that it is also a sufficient condition.
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By the proof of Lemma 52.1, we know that a field with pn elements is of

characteristic p. We prove two lemmas about (not necessarily finite)

fields of prime characteristic.

52.2 Lemma: Let K be a field of characteristic p  0. Then

(a + b)p = ap + bp and (ab)p = apbp

for all a,b  K.

Proof: We use the binomial theorem (Theorem 29.16). Here p is a prime

number and the binomial coefficients (p
k) are divisible by p when k =

1,2, . . . ,p  1: note that p! is divisible by p, so k!(p  k)!(p
k) is divisible by

p, but k!(p  k)! is relatively prime to p, so p divides (p
k) by Theorem

5.12. Then, for any a,b  K, we have

(a + b)p = ap + ∑
k=1

p 1
 (p

k)ap kbk + bp = ap + ∑
k=1

p 1
 0 + bp  = ap + bp

since p(p
k) and char K = p imply that (p

k)ap kbk = 0 for k = 1,2, . . . ,p  1.

This proves (a + b)p = ap + bp. The claim (ab)p = apbp follows from Lemma

8.14(1).       

Lemma 52.2 states that the mapping : K  K  is a field homomorphism

a  ap

(clearly 1p = 1  0). By induction on m, we obtain

(a1 + a2 + . . .  + a
m
)p = a1

p + a2
p + . . .  + a

m
p

for any m elements a1,a2, . . . ,a
m
 of a field of prime characteristic p.

52.3 Lemma: Let K be a field of characteristic p  0 and n  . Then,

(a + b)p
n
 = apn

 + bpn

for any a,b  K.

Proof: We make induction on n. The claim is established for n = 1 in

Lemma 52.2. If the assertion is true for n = k, then, for any a,b  K,

(a + b)p
k+1

 = [(a + b)p
k
]p = [apk

 + bpk
]p = (apk

)p + (bpk
)p = apk+1

 + bpk+1
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and it is true for n = k + 1 also. Hence it is true for all n  .       

52.4 Lemma: Let q   and let K be a field with q elements.

(1) aq 1 = 1 for all a  K .

(2) aq = a for all a  K.

(3) xq  x = ∏
a K

 
 (x  a)  in K[x].

(4) Let f(x) be a nonzero polynomial of degree d in K[x]. If f(x) (xq  x) in

K[x], then f(x) has exactly d roots in K, and these roots are pairwise

distinct.

Proof: (1) K  is a multiplicative group of order K  = K\{0}  = q  1. Hence

aq 1 = 1 for any a  K .

(2) This follows from (1) if a  0 and from 0q = 0 if a = 0.

(3) Any element a of K is a root of the polynomial xq  x  K[x] by part

(2). Thus both xq  x and ∏
a K

 
 (x  a) are monic polynomials, in K[x], of

degree q having all the q elements of K as roots. If xq  x were not equal

to ∏
a K

 
 (x  a), then (xq  x )  ∏

a K

 
 (x  a) would be a nonzero polynomial

of degree less than q having at least q distinct roots, contrary to

Theorem 35.7. So xq  x = ∏
a K

 
 (x  a)

(4) We put xq  x = f(x)g(x), with g(x)  K[x]. Then deg g(x) = q  d. The

roots of xq  x are pairwise distinct by part (3) and, since any root of f(x)

is also a root of xq  x, we see that the roots of f(x), too, are pairwise

distinct. Likewise the roots of g(x) are pairwise distinct. Now g(x) has at

most q  d roots in K (Theorem 35.7). If f(x) had r roots in K and r  d,

then xq  x = f(x)g(x) would have at most r + (q  d)  q roots in K,

contrary to the fact that all q elements of K are roots of xq  x. Thus f(x)

has at least d roots in K. But it can have at most d roots in K by Theorem

35.7. Hence f(x) has exactly d roots in K.       
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52.5 Lemma: Let L/K be a field extension and assume that K has q ele-

ments, q  . Let b be an element of L. Then b  K if and only if bq = b.

Proof: b  K if and only if b is a root of  ∏
a K

 
 (x  a), so if and only if b is

a root of xq  x, so if and only if bq = b.       

The last two lemmas will now be employed to get information about the

subfields of a finite field. If K1  K2 are finite fields, with pm1 and pm2

elements, respectively, then K1  is a subgroup of K2 , hence pm1  1 = K1  

divides K2  = pm2  1 by Lagrange's theorem. We proceed to show that

this happens if and only if m1 divides m2.

52.6 Lemma: Let m,n   and put d = (m,n).

(1) For any k  , we have (km  1, kn  1) = kd  1.

(2) If K is any field and x an indeterminate over K, then, in the unique

factorization domain K[x], we have (xm  1, xn  1)  xd  1.

Proof: (1) We put e = (km  1, kn  1). Since

km  1 = (kd  1)((kd)(m/d) 1 + (kd)(m/d) 2 + . . .  + kd + 1),

we have kd  1km  1. Likewise kd  1kn  1 and so kd  1e. On the other

hand, km  1 (mod e), so km = 1 in 
e
, so o(k) m. Likewise o(k) n, so

o(k) d, so kd = 1 in 
e
, so kd  1 (mod e), so ekd  1. From kd  1e and

ekd  1, we obtain e = kd  1, as claimed.

(2) We put f(x) = (xm  1,xn  1). Since

xm  1 = (xd  1)((xd)(m/d) 1 + (xd)(m/d) 2 + . . .  + xd + 1),

we have xd  1xm  1 in K[x]. Likewise xd  1xn  1 and so xd  1 f(x). On

the other hand, f(x) xm  1, so (x + (f))m = xm + (f) = 1 + (f) in K[x]/(f(x)),

hence x + (f) is a unit in K[x]/(f) and the order of x + (f)  (K[x]/(f))  is

divisible by m, likewise by n, and therefore by d. Thus xd + (f) = (x +

(f))d = 1 + (f), and f(x) xd  1 in K[x]. From xd  1 f(x) and f(x) xd  1, we

get f(x)  xd  1, as claimed.       
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52.7 Lemma: Let m,n,p   and let K be a field and x an indeterminate

over K.

(1) For any k  , we have km  1kn  1 if and only if mn.

(2) In the polynomial ring K[x], we have xm  1xn  1 if and only if mn.

(3) In the polynomial ring K[x], we have xp
m
  x xpn

  x if and only if mn.

Proof: (1) km  1kn  1 if and only if (km  1, kn  1) = km  1, so if and

only if k(m,n)  1 = km  1, so if and only if (m,n) = m, so if and only if

mn.

(2) xm  1xn  1 in K[x] if and only if (xm  1, xn  1)  xm  1, so if and

only if x(m,n)  1  xm  1, so if and only ifx(m,n)  1 = xm  1, so if and only

if (m,n) = m, so if and only if mn.

(3) We have xpm
  x xpn

  x  if and only if xpm 1  1  xpn 1  1, so if and only

if pm  1  pn  1 by part (2), so if and only if mn by part (1).       

52.8 Theorem: Let K be a field with pn elements (p prime). Then K has

a subfield with pm elements if and only if mn. In this case, there is

exactly one subfield of K with pm elements. This subfield is

{a  K: apm
 = a}.

Proof: As noted earlier, if K has a subfield H with pm elements, then H

is a subgroup of K , so pm  1 = H  divides K  = pn  1 by Lagrange's

theorem. From pm  1pn  1, we get mn by Lemma 52.7(1).

Suppose now mn. We want to show that K has a subfield with pm

elements. Lemma 52.5 leads us to consider the set of all elements a in K

satisfying apm
 = a. So we put K1 = {a  K: apm

 = a}. Then K1 is not empty

and, for any a,b  K1, we have

(a + b)p
m
 = apm

 + apm
 = a + b, so a + b  K1           (Lemma

52.3),

( b)p
m
 = ( 1b)p

m
 = ( 1)p

m
bpm

 = ( 1)b, so b  K1                (even when p = 2),

(ab)p
m
 = apm

bpm
 = ab, so ab  K1,

(1/b)p
m
 = 1/bpm

 = 1/b, so 1/b  K1                        (if

b  0).

Thus K1 is a subfield of K. We now show that K1 has exactly pm elements.

Since mn, we have xpm
  x xpn

  x in K[x] (Lemma 52.7(3)). Thus the
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polynomial xpm
  x has exactly pm roots (and these are pairwise distinct).

(Lemma 52.4(4)) and the roots of xpm
  x are precisely the elements in

K1. Hence K1 has indeed pm elements.

This proves that K has a subfield K1 with pm elements whenever mn.

Moreover, there is only one subfield with pm elements, for if K2 is a

subfield of K and K2  = pm, then any element b of K2 satisfies bpm
 = b by

Lemma 52.5, so K2  K1, so K2 = K1. The proof is complete.       

As an illustration of Theorem 52.8, assume that K4096 is a field with

4096 = 212 elements. Then all subfields of K4096 are as the figure below,

where K
q
 denotes a field with q elements.

K4096

K26

K24

K23

K22

2

In particular, assuming the existence of a field with 4096 elements, we

can conclude the existence of a field with 21, 22, 23, 24, 26 elements, too.

However, we do not know whether a field with 4096 elements really

exists, so the foregoing argument is very weak. It is in fact true that

there is a field with pn elements, for any prime number p and for any

natural number n. We wish to prove this assertion. We need some

results from elementary number theory.

*

* *

In the following, we use the notation ∑
d|n

 
 a

d
. This means that n   and

that we take a sum of terms a
d
 as d ranges through the positive divisors
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of n, including 1 and n. For instance ∑
d|12

 
 a

d
 = a1 + a2 + a3 + a4 + a6 + a12 and

∑
d|15

 
 = a1 + a3 + a5 + a15. We cleary have ∑

d|n

 
 a

d
 =  ∑

d|n

  
 a

n/d. The notations ∏
d|n

 
a
d

and 
d|n

 S
d
 will have similar meanings.

52.9 Lemma: Let  be Euler's function. Then, for any natural number n,

 ∑
d|n

 
  (d) = n.

Proof: For any k  , (k) is defined to be the number of positive

integers less than (on equal to) k that are relatively prime to k. The

greatest common divisor of any integer in {1,2, . . . ,n} with n is a positive

divisor d of n. Hence we have

{1,2, . . . ,n} =  
d|n

 S
d
, where S

d
 = {k  : k  n and (k,n) = d}.

Counting the number of elements, we get n = {1,2, . . . ,n}  = ∑
d|n

 
 S

d
. Here

      S
d

= {k  : k  n and (k,n) = d}

= {k  : dk, k  n and (k,n) = d}.

= {k  : k = db for some b  , k  n and (k,n) = d}

= {db  : , db  n and (db,n) = d}

= {db  : , db  n and (db,d 
n
d

) = d}

= {db  : 1  b  
n
d
 and (b, 

n
d

) = 1}.

Thus S
d

 is the number of positive integers b such that 1  b  n/d and

(b, (n/d)) = 1, and this number is (n/d) by definition. We then obtain

     n = ∑
d|n

 
 S

d
 = ∑

d|n

 
  (n/d) = ∑

d|n

 
  (d).       

For ease in formulation of the next lemma,. we introduce some terminol-

ogy. Let m  .. A complete residue system mod m is defined to be a set
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of m integers such that one and only one of them. is congruent to each

one of 1,2, . . . ,m.. Thus a complete residue system mod m is a set

{r1,r2,. . . ,rm
}   such that the residue classes mod m of r1,r2, . . . ,rm

 make

up 
m
. In particular, r

i
 are then mutually incongruent mod m (and, a

fortiori , mutually distinct). If r1,r2, . . . ,rm
 are integers mutually incongru-

ent mod m, then {r1,r2, . . . ,rm
} is a complete residue system mod m. Also,

if any integer is congruent, modulo m, to one of the integers r1,r2, . . . ,rm
,

then {r1,r2, . . . ,rm
} is a complete residue system mod m.

A reduced residue system mod m is defined to be a set of (m). integers

such that one and only one of them. is congruent to each one of the

integers among 1,2, . . . ,m that are relatively prime to m.. Thus a reduced

residue system mod m is a set  {a1,a2, . . . ,a (m)}   such that the residue

classes mod m of a1,a2, . . . ,a (m) make up 
m
. In particular, a

i
 are then

mutually incongruent mod m .(and, a fortiori , mutually distinct). If

a1,a2,. . . ,a (m) are integers relatively prime to m and mutually incongru-

ent mod m, then {a1,a2,. . . ,a (m)} is a reduced residue system mod m. Also,

if any integer that is relatively prime to m is congruent,. modulo m, to

one of the integers a1,a2, . . . ,a (m), then {a1,a2, . . . ,a (m)} is a reduced resi-

due system mod m. .

52.10 Lemma: Let  be Euler's function. Let m,n   and (m,n) = 1.

(1) If {r1,r2, . . . ,r
m

}   is a complete residue system mod m and if

{s1,s2, . . . ,sn}   is a complete residue system mod n, then

{ms
i
 + nr

j
 : i  = 1,2, . . . ,m, j  = 1,2, . . . ,n}  

is a complete residue system mod mn.

(2) If {a1,a2, . . . ,a (m)}   is a reduced residue system mod m and if

{b1,b2, . . . ,b (n)}   is a reduced residue system mod n, then

{ma
i
 + nb

j
 : i  = 1,2, . . . , (m), j  = 1,2, . . . , (n)}  

is a reduced residue system mod mn.

(3) (mn) = (m) (n).

Proof: (1) It will be sufficient to show that any two distinct of the mn
numbers ms

i
 + nr

j
 are incongruent modulo mn. Indeed, if

     ms
i
 + nr

j
   ms

i´ + nr
j ´ (mod mn),

then       ms
i
 + nr

j
  ms

i´ + nr
j ´ (mod m) and ms

i
 + nr

j
  ms

i´ + nr
j ´ (mod n)

       nr
j
  nr

j ´ (mod m) and ms
i
  ms

i´ (mod n)
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   r
j
  r

j ´ (mod m) and s
i
  s

i´ (mod n)

          r
j
 = r

j ´ and s
i
 = s

i´

     ms
i
 + nr

j
  = ms

i´ + nr
j ´.

(2) Let us take a complete residue system {r1,r2, . . . ,rm
} mod m such that

{a1,a2, . . . ,a (m)}  { r1,r2, . . . ,rm
} and a complete residue system {s1,s2, . . . ,sm

}

mod n such that {b1,b2, . . . ,b (n)}  {s1,s2, . . . ,sn}. We have {a1,a2, . . . ,a (m)} =

{r
j
 : j  = 1,2, . . . ,m, (r

j
,m) = 1} and {b1,b2, . . . ,b (n)} = { s

i
 : i  = 1,2, . . . ,n, (s

i
,n) =

1}. Now {ms
i
 + nr

j
 : j  = 1,2, . . . ,m, j  = 1,2, . . . ,n} is a complete residue

system mod mn. So it will be sufficient to show that ms
i
 + nr

j
 is

relatively prime to mn if and only if (s
i
,n) = 1 and (r

j
,m) = 1.

If (s
i
,n)  1, then (s

i
,n) divides both ms

i
 + nr

j
, and mn, so (s

i
,n) divides

(ms
i
 + nr

j
, mn) and (ms

i
 + nr

j
, mn)  1. Likewise (r

j
,m)  1 implies that

(ms
i
 + nr

j
, mn)  1.

On the other hand, if (s
i
,n) = 1 and (r

j
,m) = 1, then (ms

i
 + nr

j
,mn) = 1. For

otherwise (ms
i
 + nr

j
, mn) would be divisible by a prime number p. Then

we would have pmn, so pm or pn. Without loss of generality, assume
pm. Also pms

i
 + nr

j
, so pnr

j
. Since pm and (m,n) = 1, we would get (p,n)

= 1. Then pnr
j
 and (p,n) = 1 would give pr

j
 and p would divide (r

j
,m),

contrary to (r
j
,m) = 1. So (s

i
,n) = 1 and (r

j
,m) = 1 implies (ms

i
 + nr

j
, mn) =

1.

(3) From part (2), we learn that a reduced residue system modulo mn

has (m) (n) elements. Hence (mn) = (m) (n) whenever m and n are

relatively prime.       

It follows by induction on k that (m1m2. . . m
k
) = (m1) (m2). . . (m

k
) for

all natural numbers m1,m2, . . . ,m
k
 that are pairwise relatively prime. In

particular, if n   and n = p1
a1p2

a2. . . p
k

ak is the canonical decomposition

of n into prime numbers, then (n) = (p1
a1) (p2

a2). . . (p
k

ak).

Now it is easy to find (pa) in closed form if p is prime: among the pa

integers 1,2, . . . ,pa, exactly pa 1 of them, namely

p1, p2, . . . ,ppa 1

are not relatively prime to p, so exactly pa  pa 1 of them are relatively

prime to p. This means (pa) = pa  pa 1. We can also write (pa)
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= pa(1  
1
p
).

Therefore, if n  , n  1 and n = p1
a1p2

a2. . . p
k

ak is the canonical decom-

position of n into prime numbers, then

(n) = (p1
a1  p1

a1 1)(p2
a2  p2

a2 1). . . (p
k

ak  p
k

ak 1)

= p1
a1 1p2

a2 1. . . p
k

ak 1(p1  1)(p2  1). . . (p
k
  1)

= p1
a1p2

a2. . . p
k

ak(1  
1
p1

)(1  
1
p2

). . . (1  
1
p

k

)

= n(1  
1
p1

)(1  
1
p2

). . . (1  
1
p

k

).

Expanding the last expresion, we find

(n) = n  ( n
p1

 + 
n
p2

 + . . .  + 
n
p

k

) + ( n
p1p2

 + 
n

p1p3

 + . . .  + 
n

p
k 1pk

) +  . . .  +

( 1)k( n
p1p2. . .pk

).

Thus (n) is equal to a sum of terms of the form  
n
d
 , where d is a

product of distinct prime divisors of n, and the sign is + or  according as

the number of prime divisors is even or odd. Thus we can write

(n) = ∑
d|n

 
  (d) 

n
d

where (d) = 0 if d is divisible by the square of some prime number,

and, if d is not divisible by the square of any prime number, (d) = 1 or

1 according as the number of (distinct) prime divisors of d is even or

odd. This leads us to the function named after A. F. Möbius (1790-1868).

52.11 Definition: The function :   , where

(1) = 1,

(n) = ( 1)r if n is the product of r distinct prime numbers,

(n) = 0 otherwise, i.e., if n is divisible by the square of a 

prime number,

is called the Möbius function.

For example, (1) = 1, (2) = 1, (3) = 1, (4) = 0, (5) = 1,
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(6) = 1, (7) = 1, (8) = 0, (9) = 0, (10) = 1.

The two formulas n = ∑
d|n

 
  (d) and (n) = ∑

d|n

 
  (d) 

n
d
  are equivalent. This

is a special case of a formula known as Möbius inversion formula that

connects a divisor sum ∑
d|n

 
 a

d
 with the a

d
. To establish this formula, we

need a lemma.

52.12 Lemma: Let  be the Möbius function and n  . Then ∑
d|n

 
  (d) is

equal to 1 in case n = 1 and to 0 in case n  1.

Proof: If n = 1, then ∑
d|n

 
  (d) = ∑

d|1

 
  (d) = (1) = 1.

If n  1 and n = p1
a1p2

a2. . . p
k

ak is the canonical decomposition of n into

prime numbers, then

 ∑
d|n

 
  (d) = ∑

d|p1p2...pk

 
  (d) =  (1) + ( (p1) + (p2) + . . .  + (p

k
))

+ ( (p1p2) + (p1p3) + . . .  + (p
k 1pk

)) 

+ ( (p1p2p3) + . . .  + (p
k 2pk 1pk

))

+ . . .

+  (p1p2. . . p
k
)

= 1 + (k
1)( 1)1 + (k

2)( 1)2 + (k
3)( 1)3 + . . .  + (k

k)( 1)k

= (1  1)k = 0.       

52.13 Lemma (Möbius inversion formula):  Let K be a field and let

f :   K be any function. Define the function F by declaring

F(n) =  ∑
d|n

 
 f(d).

for all n  . Then f(n) = ∑
d|n

 
  (d)F(

n
d

) = ∑
d|n

 
  (

n
d
)F(d)

for all n  .   
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Proof: Let n  . For any positive divisor d of n, we have

F(
n
d

) = ∑
b|

n

d

 
 f(b),

(d)F(
n
d

) = ∑
b|

n

d

 
  (d)f(b)

∑
d|n

 
  (d)F(

n
d

) =∑
d|n

 
 ∑

b|
n

d

 
  (d)f(b).

The last sum is over all ordered pairs (d,b) of positive divisors of n such

that dbn. Hence it is also the sum over all ordered pairs (b,d) of positive

divisors of n such that bdn and we get

∑
d|n

 
  (d)F(

n
d

) =∑
b|n

 
 ∑

d|
n

b

 
  (d)f(b) =∑

b|n

 
f(b)(∑

d|
n

b

 
  (d)) = f(n)

since ∑
d|

n

b

 
  (d) is equal to 1 when b = n and to 0 when b is a proper

divisor of n (Lemma 52.12).

      

52.14 Lemma: Let K be a field and let f :   K  be any function. Define

the function F:   K  by declaring

F(n) =  ∏
d|n

 
 f(d).

for all n  . Then f(n) = ∏
d|n

 
 F(

n
d
) (d) = ∏

d|n

 
 F(d) (n/d)

for all n  .   

Proof: Let n  . We haveF(
n
d

) = ∏
b|

n

d

 
 f(b),

F(
n
d
)

(d)
= ∏

b|
n

d

 
 f(b) (d)

636



      ∏
d|n

 
 F(

n
d
)

(d)
= ∏

d|n

 
 ∏

b|
n

d

 
 f(b) (d)

and so 

∏
d|n

 
 F(

n
d
)

(d)
 = ∏

b|n

 
 ∏

d|
n

b

 
 f(b) (d) = ∏

b|n

 
 (f(b)

∑
 

 
 

d|(n/b)
 

(d)

) = f(n)       

*

* *

We return to finite fields. We will prove that, for any prime number p

and natural number n, there is a finite field with pn elements and that

any two finite fields with the same number of elements are isomorphic.

We begin by discussing the decomposition of xpn
  x  

p
[x] into irreduc-

ible polynomials in the unique factorization domain 
p
[x]. It turns out

that all irreducible factors of xpn
  x are distinct, and an irreducible poly-

nomial in 
p
[x] divides xpn

  x if and only if its degree divides n.

52.15 Theorem: Let p be a positive prime number and let F
d
(x) be the

product of all monic irreducible polynomials of degree d in 
p
[x] (if there

is no monic irreducible polynomial of degree d in 
p
[x], let F

d
(x) be the

constant polynomial 1  
p
[x]). Then

xpn
  x = ∏

d|n

 
 F

d
(x) in 

p
[x].

Proof: All roots of xpn
  x are simple, because xpn

  x is relatively prime

to its derivative derivative 1.  So xpn
  x is not divisible by the square of

any polynomial in 
p
[x]. In particular, xpn

  x is not divisible by the

square of any of its irreducible factors in 
p
[x].

.

Supposef(x)  
p
[x] is a monic irreducible polynomial in 

p
[x] and let d =

deg f(x). We construct the field 
p
(a) by adjoining a root a of f(x) to 

p
.

Now f(x) is the minimal polynomial of a over 
p
, so 

p
(a):

p
 = deg f(x) =

d and 
p
(a) is a field of pd elements. Therefore bpd

 = b for all b  
p
(a)
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(Lemma 52.4(3)). We are to prove that f(x) xpn
  x in 

p
[x] if and only if

dn in .

Assume dn. As a  
p
(a), we have apd

 = a, so a is a root of xpd
  x  

p
[x].

But f(x) is the minimal polynomial of a over 
p
, hence f(x) xpd

  x  in 
p
[x].

From dn, it follows that xpd
  x xpn

  x (Lemma 52.7(3)), so f(x) xpn
  x.

Assume now f(x) xpn
  x. Then f(x)g(x) = xpn

  x for some g(x)  
p
[x], and

f(a)g(a) = apn
  a = 0. So a is a root of xpn

  x. But then any element of

p
(a) is a root of xpn

  x: if b  
p
(a), say b = f0 + f1a + f2a2 + . . .  + f

d 1ad 1

with f0,f1,f2, . . . ,f
d 1  

p
, then we get

   bpn
= (f0 + f1a + f2a2 + . . .  + f

d 1ad 1)p
n

= f0
pn

 + f1
pn

apn
 + f2

pn
(a2)p

n
 + . . .  + (f

d 1)
pn

(ad 1)p
n

= f0 + f1a + f2a2 + . . .  + f
d 1ad 1 = b.

Since the elements of 
p
(a) coincide with the roots of xpd

  x (Lemma

52.4(3)), we see that any root of xpd
  x is also a root of xpn

  x. Therefore

xpd
  x divides xpn

  x and, by Lemma 52.7(3), d divides n.      

52.16 Lemma: Let p be a prime number and let N
d
 be the number of

monic irreducible polynomials of degree d in 
p
[x]. Let F

d
(x) be the

product of all the N
d
 monic irreducible polynomials of degree d in 

p
[x]

(with the understanding F
d
(x) = 1 in case N

d
 = 0; we prove presently that

N
d
  0). For any n  , we have

(1) pn = ∑
d|n

 
 dN

d 
;

(2) F
n
(x) =  ∏

d|n

 
 (xpd

  x) (n/d);

(3) N
n
 = 

1
n

 ∑
d|n

 
  (

n
d
)pd;

(4) N
n
  0.

Proof: (1) This follows from xpn
  x =  ∏

d|n

 
 F

d
(x) by equating the degrees

of the polynomials on both sides.
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(2) This follows from the same equation by Lemma 52.14 (with the

function F:   
p
(x) that maps n   to F

n
(x)).

(3) This follows from part (1) by Möbius inversion formula (Lemma

52.13).

(4) N
n
  0 by its definition. Also, if N

n
 = 0, we get  ∑

d|n

 
  (

n
d
)pd = 0 from

part (3) and, dividing both sides by the smallest pd for which (
n
d
)  0,

say by pd0, we obtain an equation (
n
d

0

) =  ∑
d|n
d d

0

 
  (

n
d
)pd d0, where the right

hand side is and the left hand side is not divisible by p,. a contradiction.

Hence N
n
  0.       

52.17 Theorem: Let n    and let p be a prime number. Then there

exists a finite field with pn elements.

Proof: By Lemma 52.16(4),
.
 there is an irreducible polynomial f(x) of

degree n in 
p
[x]. Let K be the field obtained by adjoining a root of f(x) to

p
. Then K:

p
 = n and K is a field with pn elements (Theorem 50.7).      

52.18 Theorem: Let K be a field and let G be a finite subgroup of K.

Then G is cyclic. In particular, if K is a finite field, then K is cyclic.

Proof: Let n = G . The order of any element g in G is a divisor of n.

Hence we have the disjoint union
G = 

dn
 {g  G: o(g) = n},

from which we obtain

n = G  = ∑
dn

 
  (d),

where (d) is the number of elements in G of order d.

We claim that (d) is either 0 or (d). If there is no element in G of order

d, then of course (d) = 0. If there does exist an element g in G of order

d, then all the d elements in the cyclic group g  generated by g satisfy
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gd = 1. Hence they are roots of the polynomial xd  1  K[x] and this

polynomial has therefore at least d roots in K. On the other hand, it can

have at most roots in K, thus it has exactly d roots in K, namely the

elements in g . Thus any element in G that has order d, which

necesarily is a root of xd  1, is in the subgroup g , and an element in

g  is of order d if and only if that element is a generator of g . Thus

the elements in G of order d coincide with the generators of g . There

are (d) generators of g , so there are (d) elements in G of order d, i.e.,

(d) = (d), as claimed.

Since (d)  (d) for any positive divisor of n, we obtain n = ∑
dn

 
  (d) 

∑
dn

 
  (d) = n and this gives (d) = (d) for all positive divisors d of n. In

particular, (n) = (n)  0: there is an element a in G of order n. Thus G

is the cyclic group a .       

52.19 Theorem: Let K be a field of pn elements and let t be a generator

of the cyclic group K. Then
(1) K = 

p
(t).

(2) The minimal polynomial of t over 
p
 has degree n.

(3) If K1 is any field of pn elements, then the minimal polynomial t over

p
 has a root in K1.

Proof: Since 0  
p
(t) and since any nonzero element of K, being a power

of t, is in 
p
(t), we get K  

p
(t); thus K = 

p
(t). This proves (1). Then the

degree of the minimal polynomial of t over 
p
 is equal to 

p
(t):

p
 = K:

p

= n. This proves (2).. Finally, since the degree of the minimal polynomial

of t over 
p
 is equal to n, hence a divisor of n, this polynomial is a divisor

of xpn
  x (Theorem 52.15) and has n distinct roots in K1 (Lemma

52.4(3)); in particular, there is a root of this polynomial in K1. This

proves (3).     

52.20 Theorem: Any two finite fields with the same number of ele-

ments are isomorphic.
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Proof: Let K and K1 be fields of pn elements. Then K  is a cyclic group

(Theorem 52.18). Let t be a generator of K . Then K = 
p
(t) by Theorem

52.19(1). Let f(x)  
p
[x] be the minimal polynomial of t over 

p
. Now

f(x) has a root c in K1 (Theorem 52.19(3)). Let 
p
(c)  K1 be the subfield

of K1 generated by c over 
p
. Then n = deg f(x) = 

p
(c):

p
  K1: p

 = n

yields 
p
(c) = K1. We then get

K1 = 
p
(c)  

p
[x]/(f(x))  

p
(t) = K

from Theorem 50.6. Hence K1  K.       

In view of this theorem, we identify all finite fields of the same number

of elements. Thus there is a unique field of q elements (q = pn), and this

field will be henceforward denoted by 
q
..

Exercises

1. Find finite subgroups of  and show directly that they are cyclic.

2. Let E and K be finite fields, with K  E and E:K  = 5. Let a  K. If there

is no b  K such that b2 = a, show that there is no b  E such that b2 = a.

3. Let E and K be finite fields, with K  E and let E:K  = n. Let a  K be

such that there is no b  K such that b2 = a. Prove that, if n is odd, there

is no b  E such that b2 = a and that, if n is even, there is a b  E such

that b2 = a.

4. Find all monic irreducible polynomials in 2[x] of degree 2,3 and 4.

Verify Theorem 52.

5. Let p and q be distinct prime numbers.. Find the number of monic

irreducible polynomials in 
p
[x] of degree q.

6. Let K be a field with pn elements. Let a  K and put f(x) =  ∏
k=0

n 1
 (x  apk

).

Show that f(x)  
p
[x]. Conclude that a + ap + ap2

 + . . .  + apn-1
  

p
. This sum

a + ap + ap2
 + . . .  + apn-1

 is called the trace of a over 
p
 and is denoted by
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T
K/ p

(a). Prove that T
K/ p

(a + b) = T
K/ p

(a) + T
K/ p

(b) and T
K/ p

(ca) =

cT
K/ p

(a) for all a,b  K and c  
p
and show that there is an a  K with

T
K/ p

(a)  0.

7. Keep the notation of Ex.6.. Prove that g(x) = xp  x  a  K[x] is either

irreducible in K[x] or is a product of p polynomials of degree one.. Prove

that the latter alternative holds if and only if T
K/ p

(a) = 0.

8. Construct addition and multiplication tables for the finite fields 4, 8, 9

and 16.

9. Find a generator of the cyclic group K  when K = 4, 5, 7, 8, 9, 16, 27.

10. Prove that a root of x2 + 7x + 2  11[x] is a generator of 112.
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