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Splitting Fields

Given a fieldK and a polynomiaf(x) € K[X]\K, is it possible to find an
extension fielck of K suchthat f(X) can be written as a product of poly
nomials inE[x] of first degree? In this paragraph, we study this problem.

This problemis related to another importagtiestion in the theory of
field extensibnswhether a field isomorphism cée extended to a field
isomorphism of the extension field. More precisel¥, /K, andE/K, are
field extensions and #: K, — K, is a field isomorphism, can we find a
field isomorphismy: E1—> Ezsuch thatpIK = ¢? The answer is negative in
general, but in the importardase of simple algebraic extensions,
turns out to be positive. |

Let us recall that, for any field isomorphigmK, — K,, we have a ring

isomorphism@: K [X] — KJx] given by (i aixi)<B = i (a,e)x' (Lemma
i=0 i=0

33.7, Theorem 33.8).

53.1Lemma: Let El/K1 and EZ/K2 be field extensions and IestK1—> K2
be a field isomorphism\ssumé, (X) € K [X] is an irreducible polynomial
in K[X] and letf(x) = (f,(X))% € K]x] be its image undey. Letu, € E be
a root off (X) andu, € E, a root off (X). LetK (u)) < E, be the subfield of
E, generated by, and letK(u,) < E, be the subfield d&, generated by
u,. Theny extends to an isomorphism of fieKigu,) = K(u,) that maps
u, tou,; thatis, there is a field isomorphismt K (u) — K(u,) such that
uy = U, and Yy =@ Moreover there is only onesomorphismy with

these properties

Proof: We make use of Theorem 50.6 and Theorem 30.18. 8jnisea
root of f,(X) andf (X) is irreducible inK [X], we see thato'lfl(x) is the

minimal polynomial ofu, overK,;, wherec, is the leading coefficient of

f,() (Theorem 50.3; af(x) is irreducible, it is not theero polynomial
or a polynomial of degree zero). Nomb'{‘fl) = (f) and from Theorem

50.6 and its prao(which depends on TheoreB0.17 andTheorem
30.18), we know that
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o Ky(u) — K IXI/(F)

> au'— > alx+ @)

i i
is a field isomorphism. Likewise there is a field isomorphism

B: K (w,) — KJXI/(L,).
> au'— Z a.(x+ (f))’

i
Besides, we have an isomorphism of rings

©: Ky[X] — KJX].
Here €)) is an ideal oK [x], thereforelm 6|(f1) = (f,) is an ideal ofK]X]
and K [xX]/(f) = KJX]/Im Cﬁl(fl) = KX]/(f,) by Theorem30.19(7). More
specifically, we have the isomorphism

2 K XU/ (F)) — KIX/(F).
g+ (f)) — go + (f)

Hence orp™t: Ki(u) — K[(u,) is a(ring, and therefore also a) field iso
morphism. We writep = c2p™. Thenayp = @o)Aap™ = arp™ = [a + ()™ =
[a + (£,)]p" = ap™ = a for any a € K, (we regardK, as asubfield of
K [XI/(f) and K, as a subfield oK ][x]/(f,) asin Kronecker's theorem
(Theorem 51.D)and up = (Ue)AB™ = (x + D)2 = (x + (FY)B™ = u,.
Thusy is an extension af such thaUllp =W,

The uniqueness qfas an extension a@f with wy =u, follows from the
fact that powers ofi, form aK -basis ofK (u,) (Theorem 50.7)Indeed,
if p K (u) — K (u) isa field isomorphism such thatu = u, and Hy =@

thenp maps any elemertt= Z aiuli of K,(u), wherea, € K, to tu =
1

> (aup= z an(u,p) = z aow) = (z aiuli)tp =tp, and squ=vy. O

53.2Theorem: Let E /K and E,/K be field extensions and lef € E
andu, € E, be algebraic over KThen the minimal polynomial of over
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K coincides with the minimal polynomial @f if and only if there isan
isomorphism(necessarily uniqyeof fieldsy:K(u)) — K(u,) that mapsu,
to u, and whose restriction to K is the identity mapping on K

Proof: If u, andu, have the same minimal polynomial o¥erthen we
apply Theorem 53.1with the identity mapping K — K in placeof ¢ and
concludethat the identityisomorphism can be extended to a unique
isomorphismyp: K(u,) — K(uw,) such that,y = u,,.

Conversely, suppose thaK(u,) — K(w,) is a field isomorphismsuch that

wy =u,anday = a for all a € K. Letf(x) = E aixi be the minimal poly
i=0

nomial ofu, overK. Then 0 =f(u,) = 2) au' Hence 0 =9 = (_2) au')y
1= 1=

- _Z) (au, Yy = i awu 'y = Z) a (uy) = 2) auw' =f(u). Thusu, is a

i= 1=
root of f(X) and f(x) € K[X] is a monic irreducible polynomial, which
means thaf(x) is the minimal polynomial aofi, overkK. O

53.3 Remark: Theorem 53.1 should natislead the reader to believe
that any field isomorphism can be extended to larger fields. Con&ider,
example, the isomorphism@(\/z) — @(\/5) given bya +b\/§ —a- b\/E

(a,b € O). Now@(é\l/z) is an extension field (@(\/5). If @: @(\E) — @(\E)
could be extended to an isomorph@rﬁil)(i/z) — @(i/z), we would have
A2 = (\/E)cp = (\E)lp = ((‘\‘/E)Z)m = ((i/E)tp)Z, a contradiction, since the
square of 4{/5)1p € @(‘\‘/E) c R has to be positive. Socannot beextended
to an isomorphism dﬁ)(i/z).

The most important application of Theorem 53.1 is that anysphitiing
fields of a polynomial are isomorphic. We now discuss this matter.
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53.4 Definition: Let E/K be a field extension anfdx) € K[X]\K. If f(xX)
can be written as a product of linear polynomilg[x], i.e., if there are
aydy ., -8 In Esuch that(x) =a (x-a)(X - &,)...(x - a ), thenf(X) is
said tosplit in E. If f(X) splits in E but not in any proper subfield &f
containingK, thenE is called asplitting field off(x) over K

53.5 Examplesi(a) Considerx? + 1 € R[x]. Nowx® + 1 = & - i)(x +i) in
C[x], sox® + 1 splits inC. It doesnot split in any proper subfield &
containingR becausdR is the only proper subfield df containingR
andx? + 1 does not split ifk[x]. SoC is a splitting field of? + 1 overR.

C is not a splitting field ok? + 1 overl), because? + 1 splits inthe field
O(@i) c C. Nowx? + 1 does not split ifd which is the only propesubfield
of (i) containingl. Hencel)(i) is a splitting field of? + 1 over(.

(b) D(/2) is a splitting field 062 - 2 € @[x] over.

(c) X2 - 2 € Q[x] does not split ir@(i/z) becaused - 2

= (x - i/z)(xz + i/zx + (i/E)Z) in @(i/a)[x] and the second factor is
3 3 3

irreduc-ible in@(\E)[x]. On the other hand - 2 =(x - \/E)(x - o\V2)(x

- co23 2) in G;D(i/z,w)[x], sox - 2 splits in@(i/z,w)[x]. In fact @(i/E,w) is a

3 3 3 3
splitting field ofx® - 2 over®. Notice thatD(\2,0) = O(\V2, V2, «2\2)
is the field generated by the rootsdf 2 overd.

(d) LetE/K be a fieldextension andf(xX) € K[X] a polynomial of positive
degreen. Assume thak containsn rootsa, a,, ...,a, of f(x) (counted with
multiplicity). ThenH =K(a,a,, ..., a,) is a splitting field off(x) over K.
Indeed, with the leading coefficieaj € K, we havehe factorizatiorf(x)
=a,(x-a)(x-4a,)...(x-a) in H[X] since each factor - a_belongs td[x].
Hencef(x) splits inH[xX]. On the other hand, kif is any intermediate field
of E/K in whichf(x) spli'ts, thernx - a, iIs inL[X] and soa, is in L for all k,
thus fa, &, ...,a} = L andH =K(a,a,, ...,a) < L. Hencef(x) does not split
in any proper subfield df containingK. ThereforeH is a splitting field
of f(xX) over K. This argument shows.in fact thléaal,az, C ,an) is the
unique intermediate field &/K which is a splitting field off(x) overK.
In particular.E is a splitting field off(x) if and only ifE = K(él,az, can).
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(e) LetE/K be a field extensiolh, an intermediatéield of this extension
andf(x) € K[X]\K. Assume that is a spliting field off(x) overK. ThenE

is a spliting field off(x) overlL, too, sincef(x) splits inE but notin any

proper subfieldof E containingK so that all the more sf{x) does not
split in any proper subfield & containingL.

(f) Let p be prime. Any greatest common divisor Xt - x with its
derivativep™® -1 =-1 is a unit in[Fp[x]. Hence xP" - x ¢ [Fp[x] has no
multiple roots (Theorem35.18(2). Thus an extension field dfp in
which xP" - x splits must have at least tpe distinct roots off(x). We
know that X" - x splits in the field [Fpn with p" elements (Lemma
52.4(3). Thus[Fpn is a splitting field oiP" - x over[Fp.

(9) LetE/K be a field extension arf@) € K[X]\K. Leta, € E be a root of
f(x) and letL =K(a,) be the subfieldf E generated by, overkK, so that
() = (x-a)g9(x) for someg(x) € L[X]. We claim that, if(lg(X) has positive
degree anypE is asplitting field ofg(x) overL, thenE is also a splitting
field of f(xX) overK. Indeed, ifE is a splitting .field ofg(x) over L, then
g(x) =c(x-4a,)...(x-a) wherec € Kanda,, ...,a, € E We know that =
L(a,, ....a,) from Example 53.5(d). Thefifx) =c(x - a,))(x-a,)...(x-a) in
E[X] andf(X) splits inE[X]. On the other hand, & is any intermediate
field of E/K andf(x) splits inE’, thenc(x-a )(x-a,)...(x - a) in E[X], so
a, € E’, soL = K(al) o andaz, S € E, soL(aZ, ...,an) C E andE c E.
Thusf(x) cannot split in any proper subfield ®€ontainingK andE is a
splitting field off(x) overk.

3
(h) We saw in Example 53.5(c) tl“@(\/z,w) is a splitting field ofx® - 2.

3
over(®. Likewise, O(\N2)[yI/(yY? +y + 1) andD(w)[yl/(Y3 - 2) are splitting
fields of x> - 2 overQ (herey is an indeterminatever @). In these
fields, x® - 2 splits as

[x- (N2 + 62 +y+ D) [x- N2y + 02 +y + )] [x - (V22 + 02 +y +
1))] and [x-(y+&2-2)][x - (0y + ¢/ - 2)] [x - (o2y + Y° -
21,

respectively.
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A natural question is whethany polynomial has a splitting field. We
show nowthis is indeed the case. The following theorem is due to
Kronecker.

53.6 Theorem:Let {X) be anarbitrary polynomial of positive degree
over an arbitrary field K Then there is an extension field E of K such
that |EK|<< (deg {X))! and E is a splitting field ofX) over K

Proof: We make induction on =deg {x). If n = 1, thenf(X) = c(x - a)
for somec,a € K and soK is a splitting field off(xX) overK and we have
IEK] = 1< 1!. So the claim is established when 1.

Suppose novwdeg {x) = n = 2 and the theorem is true fany poly
nomial over any fieldf its degree isn - 1. We construct an extension
field L of K in which f(X) has a roota and |LK| << n (Theorem 51.5;
possiblyL =K). Then, by theorem 35.€6X) = (x - a)g(x) for someg(x) in
L[X]. Nowdeg dX) = n- 1 and, byinduction, there is an extension fiedd
of L such thatE is a splitting field ofg(x) overL and|EL|l < (n - 1)!.
From Example 53.5(g), we conclutdeatE is a splitting field off(x) over
K. Moreover |EK| = |EL|ILK < (n- DILKI < (n- DIn=nl.

O

We see that Theorem 53.6 is nothilhgit repeated application of
Kronecker's theorem (Theorem 51.5). We use The&®m succesively
until we find a field which containall the roots off(x). In the proof of
Theorem 53.6, the successive adjunction of rootsemaced by an
inductive argument.

We nowturn to the question of uniqueness. Example 53.5(h) reveals
that there can be many distinct splitting fields of a polynorhialvever,

as has already been remarked, all splitfiegfdls of a polynomial are
isomorphic. We prove a slightly more general theorem.

53.7 Theorem:LetE /K, andE/K, be field extensions and letK, — K,
be a field isomorphisntet f,(x) € K [X] be a polynomial irK [X]\K; and
let £,(x) = (F,())% € KIX]\K, be its image undey. If E, is a splitting field
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of f,(X) overK, andE, is a splitting field off ,(X) overK, then¢ extends
to a field isomorphisn®: E, — E, and soE, = E,

Proof: E, is generated oveK; by the roots off (X). Since each root of
f,(X) is algebraic overK; and there are finitely many roots, Theorem
50.12 yields thag K/ is finite. We make induction df, K,|.

If [E:K]| =1, therE, =K, andf (X) splits inK,. Thenf,(X) splits inK, and
K,=E,. ThuskE, = Klﬂ K, =E, is the desired isomorphism.

Suppose noyE K| = 2 and suppose that any field isomorphism can be
extended to an isomorphiswf splitting fields of corresponding poly
nomialswhenever the degrex a splitting field is less than or equal to
n - 1. SincelE K| = 2 andE is generatedver K, by the roots off (x),
there must be a root 6f(x) in E, which does not belong . Letu, be

a root off (X) in E\K;. Assumeg, (X) € K[X] is the minimal polynomial of
u, overK, and letu, be aroot of (ql(x))cB = 0g,(¥) € KX in E,. From
Lemma 53.1, we know thatp can beextended to an isomorphism
v K (u) — K(w,). Nowu, € ENK,, solK(u)K| > 1 andlE K (u)l < n
(Theorem 48.13). AE, is a splitting field off,(xX) overK (u)) andE, is a
splitting field of f,(X) over K(u,) (Example 53.5() we conclude by
induction, thatp can be extended to an isomorphisng, — E,. This® is
the desired extension of _ |

53.8 Theorem:Let K be a fieldand let {xX) be any polynomial of
positive degree in [K]. Then anytwo splitting fields of (k) over K are
isomorphic In fact the splitting fields of () are isomorphic by an
isomorphism fixing each element of K

Proof: LetE andE2 be splittingfields of f(X) overK and apply Theorem
53.7 withK, =K =K, andg =/ = identity mapping oK. O

In the remainder of this paragraph, we discafgebraically closed
fields.
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53.9Definition: A field K is said to bealgebraically closedf K has no
proper algebraic extension field, i.e.,afy algebraic extensioB of K
coincides withK.

53.10 Theorem:Let K be a fieldThe following statements are equi
valent

(i) K is algebraically closed

(i) Any irreducible polynomial in [K] has degree one

(i) Every polynomial of positive degree ifxKhas a root in K

(iv) Every polynomial of positive degree iixKsplits in K

Proof: (i) = (ii)) Assume thakK is algebraically closed. If there were an
irreducible polynomiaf(x) in K[x] with deg tx) > 1, thenE = K[x]/(f)
would be an algebraic extension Kfwith K < E, contrary to the
assumption thatKk has no proper algebraic extension. Thus every
irreducible polynomial irK[X] has degree one.

(i) = (i) Suppose that any irreducible polynomiaKjr] has degreene.
We want to show thaf has no proper algebraic extensidhE were a
properalgebraic extension of, then there would be anc E\K. Now a
is algebraic oveK andK c K(a) sincea ¢ K (Lemma 49.6(1). This leads
to the contradiction

1 << |[K(a):K| = degree of the minimal polynomial @bverk

= degree of an irreducible polynomiakix] = 1.

ThusK is algebraically closed.

(i) = (iii) Suppose that any irreducibpmlynomial in K[x] has degree
one. Letf(X) beany polynomial of positive degree kfix]. We show that
f(xX) has a root irK. Indeed, any irreducible divisor &fx) has the form
c(x - a) with c,a € K and thus has a roetn K, sof(xX) too, has a root ia
in K.

(i) = (iv) Assume that any polynomial of positive degre&[x} has a
root inK and letf (x) € K[X]\K. Thenf (X) has a root, in Kandf (X) =

(x - a)f,(X) for somef(X) € K[X]. If ,(xX) has positive degre¢hen f,(x)

has a roog, in K andf,(x) = (x - a,)f;(X) for somef,(X) € K[X]; sof (X) =

(X -a)Xx-a)f;(x). If f;(x) has positive degree, thgjix) has a root, in

K andf,(x) = (x - a))f,(X) for somef,(x) € K[X]; sof,(x)
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= (x-a)x-a,)(x-ayf,(x). Proceeding in this way, we will meat f_(X)
of degree zero anfl(x) = (x - a,)(x - a,)(X - a3)... (X - a )f | splits inK.

(iv) = (ii) Suppose every polynomial of positive degrek[uh splits inK
and letf(x) be an irreducible polynomial iK[Xx]. Then, by assumption,
f(xX) is a product ofdeg {x) polynomials of degree one. Sin€¢€&) is
irreducible, thenumberdeg {x) of factors must be onelteg {x) = 1. So
any irreducible polynomial iK[xX] has degree one. O

An example of an algebraically closed fieldisThisis a consequence of
the result known athe fundamental theorem of algebra, which says
that any polynomial with complex coefficients hawat in C. The name
'fundamentatheorem of algebra' is grotesk, for this is neither a funda
mental theorem nor a theorem of algebra! Amgof of this result is
bound to use some results from analysis.

53.11 Lemma: Let ZK be a field extension and assume that E is
algebraically closedLet A be the algebraic closud K in E (Definition
50.15).Then A is an algebraically closed field

Proof: It suffices to prove that any polynomialAfx]\A has a root i\
Let f(X) be a polynomial of positive degree Afix]. Then f(x) is a poly
nomial of positive degreen E[X] and therefore has a rodd in E
(Theorem 53.10). TheA(b) is an algebraiextension ofA and A is an
algebraic extension d&f, soA(b) is an algebraic extension Kf(Theorem
50.16). Consequently € A(b) is algebraic oveK and henceb € A by
the definition ofA.
O

53.12 Definition: Let E/K be a field extension. IE is an algebraic
extension oK andE is algebraically closed, thdénhis called amlgebraic
closure of K
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Does every fielK have an algebramosure? The answer is 'yes' and its
proof requires Zorn's.emma. There is no algebraic difficulty in the
proof, but there areertain set-theoretical subtelties and we will not
give the proof in this book. It is also true that an algebraic clasfuae
fieldK is unique inthe sense that any two algebraic closures of a field
are isomorphic by an isomorphism that fixes each elemédtt of

Exercises

1. Construct a splitting field ovél of

(a) X° - 3;

(b) X% - 5;

(c) X% - p, wherep € N is a prime number;
(d) x> - 1;

(e)xP - 1, wherep € N is a prime number;
(f) x* - 5x% + 6;

(g) X® - 10x* + 31x? - 30;
(h) x® + 3x* +x3 - 8x% - 6x + 4;
(i) x* - x% + 1.

2. LetK be a field and l€ft(x) € K[x] be of degree > O. If E is asplitting
field of f(X) overK, show thatEK| dividesn!.

3. What is the difference between an algebctosure of a fieldk and
the algebraic closure &fin an extension field?

4. Prove that a finite field cannot be algebraically closed.
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